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Mé& dau

1. Tinh cap thiét cua dé tai

Bai toan can bang 1a bai toan
Tim z* € K sao cho f(z*,y) >0, Yy € K, (EP)

trong d6 K la tap cho truée va f : K x K — R la mot ham cho trude
théa man f(z,x) = 0.

Bat dang thiic trén duge H. Nikaido va K. Isoda [39] dua ra lan dau tién
nam 1955 khi tong quéat héa bai toan can bang Nash trong tro choi khong
hgp tac.

Nam 1972, Ky Fan [22] goi bat dang thiic nay 13 bat dang thitc minimax.
Tuy nhién n6 c¢6 tén goi 1a bai toan can bang (equilibrium problem) theo
cach goi cta cac tac gid L. D. Muu va W. Oettli [38] nam 1992, E. Blum
va W. Oettli [2] nam 1994.

Bai toan can bang bao ham nhiéu 16p bai toan quen thuoc sau day:

1. Bai todn toi wu. Cho ¢ : K — R, bai toan t6i ttu 1a bai toan

Tim z* € K sao cho p(z") < ¢(y), Yy € K. (1)

f(x,y) = ¢(y) — o(z)
bai todn (1) c6 dang bai toan (EP). Song ham f don diéu trong trudng
hop nay.

2. Bai todn diém yeén ngua. Cho ¢ : Ky x Ky — R. Diém (2}, 23) dugc
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goi 1a diem yén ngua ciia ham ¢ néu va chi néu véi (z7, 23) € K x Ky

(a1, 12) < oy, 25), Y(yi,42) € K1 x K. (2)

Dit K = K; X Ky va dinh nghia f : K x K — R bdi

f((21,22), (Y1, 92)) == (Y1, 22) — p(1,2)-

Khi do, z* = (x7, 27) 1a nghiém ctia bai toan (EP) néu va chi néu (x7, z3)
théa man (2). Song ham f phai don diéu trong trusng hop nay.

3. Bai todn can bang Nash trong tro choi khong hop tac. Goi I 1a tap chi
s6 hitu han chi s6 ngusi choi. V6i méi ¢ € I ton tai mot tap K; 1a tap chién
luge cia ngudi choi thit 7. Dat K = Ky x Ko x ... x K,. V6imdii € I, ¢6
mot ham cho trude f; : K — R (ham thua thiét cia ngusi choi thit 7, phu
thuoc vao chién luge ctia nhiing ngudi choi khac). Voi x = (x;)ie; € K
dinh nghia " = () er j2i. Diem * = (a});e; € K dugc goi la diém can

bang Nash néu va chi néu v6i moi ¢ € I ta co6

filz®) < fi(zi, i), Yy € K. (3)

Dinh nghia ham f: K x K — R béi
fla,y) = (filz',u) = fi(x)).
icl
Khi d6 * € K 1a mot diém can bang Nash néu va chi néu z* 1 nghiém
clia bai toan (P).
4. Bai todn diém bat dong. Cho X 1a khong gian Hilbert, K 1a tap con
16i déng trong X. Anh xa T : K — K la mot 4nh xa cho trude. Bai toan

diém bat dong la bai toan
Tim z* € K sao cho 2" = T'(z"). (4)

Dat f(z,y) := (x — Tx,y — ). Khi d6 2* 1a nghiém ctia bai toan (P) néu

va chi néu x* 1a nghiém ctia bai toan (4).
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5. Bai todn bat dang thic bién phan. Cho T : K — X la mot anh xa

cho trugc. Bai toan bat ding thitc bién phan la bai toan
Tim z* € K sao cho (Tx",y —x*) > 0, Yy € K. (5)

bat f(z,y) = (T'r,y — x) thi bai toan (6) tuong duong véi bai toan (P).
6. Bai todn bu. Day 13 bai toan dic biet ctia bai toan bat dang thiic bién

phan trén. Cho K 1a tap con 16i dong véi
K*:={z" € X*| («*,y) >0, Vy € K}

goi la nén cuc. Cho T': K — X* la anh xa cho truéc. Bai toan bu la bai
toan

Tim 2" € K sao cho 2" € K, Txz* € K*,(Txz*,z*) = 0. (6)

Khi d6 bai toan (6) tuong duong v6i bai toan (5), tic la tuong duong véi
bai toan (P).

Trong nhitng nam gan day, cac phuong phap giai bai toan can bang
nhan dugc sy quan tam nghién ctu ctia nhiéu nha khoa hoc. Mot trong
cac phuong phap noi tiéng nhat 13 phuong phap diem gan ké. Phuong phap
nay lan dau tien dude gidi thieu béi Martinet cho bat dang thitc bién phan
va sau d6 duge md rong bdi Rockafellar [42] cho viec tim khong diém cho
toan tu don diéu cuc dai.

Mot cach tiép can nghiém khéc cho bai toan can bang EP(f,C) 1a nguyen
1y bai toan phu. Nguyen 1y nay duge giéi thig¢u lan dau tién bdi Cohen [17]
va sau d6 dude mé rong cho bat dang thic bién phan. Gan day, Mastroeni
[36] mG rong hon nita nguyén ly bai todn phu cho bai toan can bang
EP(f,C) trong truong hop song ham don diéu manh théa man dicu kién
kiéu Lipschitz.

Mot phuong phap khac ciing duge st dung dé giai bai toan can biang la

phuong phap chiéu. Tuy nhién, doéi véi cac bai toan can bang véi song ham
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don dieu thi thuat toan khong hoi tu. Dé khic phuc van dé nay, phuong
phap chiéu dao ham ting cuong (extragradient method) duge Korpelevich
gidi thieu lan dau tién vao nam 1976 cho bai toan diém yén ngua dugc mé
rong cho bai toan can bang gia don dieu.

Nam 2011, Santos va Scheimberg [43] gi6i thicu thuat toan chiéu duéi
dao ham xap xi cho bai toan can bang tién don di¢u (paramonotone).
Thuat toan nay uu viét & viec chi diung mot lan chiéu tai mdi buée lap ma
van ddm bao su hoi tu.

Thuat toan nay dugc mo ta nhu sau: Gia thiét C' 1a tap con 16i dong
trong khong gian R".

Lay tham s6 duong p va cac day so thue {pr}, {5}, {ex}, {&} thoa man
cac dieu kién

pr>p, B >0, 620,§>0 VkeN
S E oo, 37 < o,
j—1 Pk k=1

Y < oo, Y & < 400
—1 Pk k=1

Budc 0: Chon zg € C' and k = 0.

Budc 1: Lay 2% € C. Chon ¢* € 95" f (2%, 2%). Dat

o — f— trong d6 v = max{pr, "]}

Bude 2: Tinh z#t! € C sao cho
(g + 2" — ¥ o — 2" > —¢ Ve e

Bai toan chap nhan tach trong khong gian httu han chiéu duge Censor

va Elfving [11] dua ra lan dau tién vao nam 1994 trong mo hinh bai toan
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ngugce, sau d6 duge Byrne [10] tng dung vao ndm 2002 cho bai todn phuc
hoi va tai tao hinh 4nh y té. Gan day, bai toan nay con dugc tng dung
trong mo hinh diéu khién cudng do xa tri trong diéu tri ung thu.

Bai toan chap nhan tach dudc phat bieu nhu sau: Cho C' va Q la céc
tap 16i khac rong trong khong gian R va R™, tuong tng, va A 1a ma tran

cd m X n. Bai toan chap nhan téch dugc phat biéu nhu sau
Tim z € K sao cho Az € Q.

Byrne [10] dua ra mot thuat toan giai bai toan chap nhan tach, goi la thuat
toan CQ nhu sau:
Budce 0. Lay 2° tuy .

Budc k. C6 z¥, tinh
" = Po(ah + yAT(Pg — 1) Azb),

trong do6 v € (0, %) v6i L 1a gia tri riéng 16n nhat clia ma tran AT A.

Diat F = {c € C: ||Py(Ac) — Ac| dat cuc tiéu tren C}. Khi d6, néu
F khéc réng thi day {z*} sinh bdi thuat toan trén hoi tu t6i mot nghiem
clia bai toan chap nhan tach.

Nam 2013, Moudafi va Thakur [37] d& ching minh bai todn tim nghiém
x* € Hy cua bai toan
min{f(x) + gr(A2)}, (P)
trong d6 Hy, Hy 1a hai khong gian Hilbert thue, f : H1 — R U {400},
g : Hy — RU{+o0} la cdc ham 16i chinh thuong ntta lien tuc dudi va
A : Hy — H, la toan tit tuyén tinh bi chin, g(z) = mingep,{g(u) +
o |lu — 2||*} 14 ham xap xi Moreau-Yosida clia ham g véi tham s6 \.
Do tinh kha vi ctia ham xap xi Moreau-Yosida nén ta co6

I —proxy,

O(f(x) +gr(Ax)) = 0f (2) + A'Vgx(Az) = 0f () + A"(———)(Az).
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Diéu kién can t6i wu clia bai toan tdi wu trén (P) ¢ thé viét dusi dang
0 € NOf(z%) + A*(I — proxy,)(Ax"),
trong d6 prox,, = arg minyem, {g(u) + 55/lu — x||*} 1a anh xa gan ké ciia
ham ¢ va duéi vi phan cua ham f la tap
Of () := {prox,, »s(xr — A (I — proxzyy))(Ax")}.

Cha ¥ rdng bang cach 1ay f = d¢, g = g 1a cac ham chi cta hai tap 161
khac rong C, Q) cia Hy va Hy tuong ting. Khi d6, bai toan (P) ¢6 dang

min{0c(e) + (B)r(A)} & min{ (0 — Po)(An) ),

reHq

tuong duong véi bai toan chap nhan tach:
Tim x € K sao cho Ax € Q).

Moudafi va Thakur dé xuat thuat toan giai bai toan chap nhan tach: gia

st ¢6 xp, tinh xp, 1 bdi

Try1 = Prox,y, f(zr — pupA*(1 — prox,,)(Axy)),

trong dé do dai budc puy := pk% voi 0 < pp < 4.

Nam 2016, L.H. Yen, L.D. Muu, va N.T.T. Huyen trong (1) dé xuat
thuat toan mdi gidi bai toan chap nhan tach véi tap C la tap nghiém cta
bai toan can bang va @ la tap nghiém clia bai toan to6i vu:

Tim 2" € K : f(z%,y) > 0Vy € K va g(Az") < g(u) Yu € Hy, (SEO)

trong d6 ¢ 1a ham 16i nita lién tuc dudi chinh thuong trong khong gian Hs.
Chiing t6i mé rong thuat toan ciia [37] va [43] cho bai toan (SEO) nhu
sau: Lay cac tham s6 duong ¢, £ va cac day s6 thuc {ar}, {0}, {8k}, {ex},
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{pr} thdéa man céc diéu kien:

O<a<ar<b<l,0<é<pp<4—-¢& VkeN;
0p >0>0,8,>0,¢, >0, VkeN;
1

lim ar = =,
k—+o00 2

= +oo,2ﬁ,f < +00;

Z@<+

O«)‘m

%

Buéc 0: Chon 7 € K va chon k := 1.
Budc k: C6 1 € K,
lay gi € 05" f(xk, xx) va dinh nghia
= 2 trong 46 2 = max(3, o]}
Tinh y, = Px(xr — angr), tic la

(Y, — xp + cugr, x —yp) >0 Vo e K.

Lay
0 néu Vh(yx) =0,
Kk = )
PTG néu Vh(yg) # 0
va tinh
2z = Pg(yp — A" (I — proxyg) (Ayg)).
Tinh

Tpy1 = aprr + (1 — ag) 2z
Ching toi da ching minh duge thuat toan nay hoi tu dya trén mot sd
gid thiét dat len song ham f.
Hon ntta, trong mot bai béo (2) vita giti ding gan day, ching toi da dé

xuat mot thuat toAn mdi cho bai toan chap nhan tach trong truong hop
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toan tit A la phi tuyén. Cu thé, ching toi giai quyét cho truong hop A la
toan ti tya tuyén tinh trong khong gian httu han chiéu. Thuat toan ching
toi dé xuat nhu sau:

Lay s6 duong 0 va cac day so6 thuc {0x}, {8k}, {€x} thoa man cac dicu

kién

5k>5>0,5k>0,6k20, VEk € N;

k=1 k=1
0 /3 (o]
k
Z— = —l—oo,Zﬁi < +o0;
k=1 K k=1

Budc 0: Lay 21 € K va dat k := 1.
Budc k: Co xy, € K. Lay gi, € 05" f(xy, xx) va dinh nghia

o — f— trong d6 v = max{de, |gs]l}.

Tinh y = Px (v — orgi).
Néu Vpi(y,) =0 Vi € I(yy) thi lay hy = 0;
Ngugc lai, 1ay 0 # hy € co{Vpi(yx), i€ I(yx)} va dat

~ hy,
hi = —.
17

Tinh
Ther = Pr(ye — awhy),
tang k baéi 1 va quay lai buée k.
Chung t6i cing da ching minh thuat todn nay hoi tu dua trén cac gia
thiét dat len song ham f va toan ti A.
Nhu da trinh bay & trén, bai toan bat dang thitc bién phan 14 mot truong
hop riéng clia bai toan can bang. Do d6, dé giai bai toan can bang, ngudi

ta tim cach gidi bai toan bat ding thic bién phan. Trong phan tiép theo,



chiing t6i trinh bay mot cach tiép can thong qua diém can bing clia mang
no ron dé tim nghiém ctia bat déng thiic bién phan.

Trong nhitng nam gan day, viéc st dung mang no ron véi dao ham bac
nguyeén cé tré va khong cé tré gidi cac bai toan bat dang thic bién phan
tuyén tinh va cac bai toan t6i wu c6 rang budc da nhan duge sy quan tam
nghién citu ctia nhiéu nha khoa hoc [13, 14, 15, 33, 53]. Chang han, trong
[13], cac tac gid dé xuat ding mang no ron chiéu c6 tré dé gidi mot 16p
cac bai toan bat dang thiic bién phan phi tuyén. Ngoai ra, cac tac gia da
chiing minh dugce sy hoi tu mi toan cuc ctia diém can bing clia mang no
ron chiéu t6i nghiem ctia bat ding thic bién phan phi tuyén. Nam 2008,
trong mot nghién citu ctia minh, A. Boroomand va M.B. Menhaj [8] mo
hinh héa mang no ron béi hé dong luc phan thi. So v6i mang no ron mo ta
béi hé dong luc véi dao ham bac nguyén, mang nc ron mo ta béi hé dong
luc v6i dao ham phan thit c6 thé mo ta cac dic tinh va tinh chat clia mang
no ron mot cach chinh xac va day dt hon. Gan day, mot so tac gid da su
dung mang no ron phan tht dé giai cac bai toan bat dang thitc bién phan
tuyén tinh va cac bai toan t6i wu c6 rang budc va nhan duge mot vai két
qua sau sic [48, 49, 50, 51]. Vi vay c¢6 thé néi viec nghién citu cac tinh chat
dinh tinh ctia diém can bing clia mang no ron phan thi cé vai tro quan
trong trong viéc giai bai todn bat ding thitc bién phan. Trong bai bao sb
(3), chiing toi nghién ctu tinh 6n dinh trong thsi gian htu han va tinh
thu dong trong thoi gian hitu han clia mang no ron phan thi véi cach tiép
can st dung 1y thuyét on dinh hitu han va bat ding thitc ma tran tuyén
tinh. Bai toan dam bao chi phi diéu khién cho 16p mang no ron phan tht
v6i nhiéu ¢6 cau tric duge ching toi nghién citu trong bai béo (4) bang
cach tiép can st dung bat ding thitc ma tran tuyén tinh. Chu ring viec
giai bat dang thiic ma tran tuyén tinh c6 thé thuc hién bang phuong phap

diem trong clia gidi tich 16i. Noi dung chi tiét ciia cac két qua nay doc gia
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c¢6 thé xem trong bai bdo (3) va (4).
2. Muc tiéu cua dé tai
- Dua ra mot sé phuong phap méi dé giai mot sé 16p bai toan can bang.
- Tinh toan thit nghiém cac vi du sb trén may tinh.

- Nghién ctu bai toan mot s6 bai toin can bang khong nhat thiét 1oi

hoac don diéu va dua ra sy hoi tu cho nghiém.

- Hop tac nghién cttu véi cac co s nghién cttu ngoai Dai hoc Thai

Nguyén nhu Vién Toan hoc Viét Nam, Hoc vién Tai chinh.

- Hoc tap va nang cao nang lic nghién citu clia chit nhiem dé tai va cac
thanh vién nghién cttu.

3. No6i dung nghién citu ctia dé tai

- Nghién citu mdé rong két qué clia tac gia Santos va Scheimberg [43] cho
bai toan can bang gid don diéu c6 rang buoc va dua ra thuat toan cho bai
toan do, ching minh sy hoi tu ctia thuat toan.

- Nghién citu md rong bai béo [44] giai bai toan chap nhan tach gitta bai
toan can bang gid don diéu v6i rang budc ma toan tit ctia bai toan chap
nhan tach 1& phi tuyén, chiing minh sy hoi tu ciia thuat toan va dua ra vi

du s6 minh hoa.
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Chuong 1

Kién thitc chuan bi

Chuong nay trinh bay mot s6 khai niem va két qua co ban ctia giai tich
10i, tinh don diéu ciia song ham, gii thiéu bai toan can bang va mot s6

B6 dé bo tro nham phuc vu cho viéc nghién ctu céc chuong sau.

1.1 Phép chiéu métric

Dinh nghia 1.1. ([5, 6, 46]) Cho H la khong gian Hilbert va K la tap
con 10i déng, khac rdng ciia H. Phép chiéu métric tit H len K, ki hieu 1a
Py, dugc dinh nghia 14 v6i mdi € H, ton tai duy nhat diém Py (x) € K
thoa man

Py (z) = argmin ||z — x||.
z€K

Céc tinh chat ctia phép chiéu hay dung dude phat biéu trong Meénh dé
sau. Ching minh ctia Ménh dé nay c6 thé tham khéo trong cac tai liéu

[5, 6].

Meénh dé 1.1. Cho x € H, z € K. Khi dé ta co:

i) z = Pr(x) khi va chi khi (x — 2,y — z) <0, Vy € K.

ii) (x =y, Pg(x) = Px(y)) > | P (x) = Px(y)|*, Vo, y € K.
iii) |lv — Pg(2)|]* < [z — ylI* = ly — Px(2)|*, Vo € Hy € K.
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1.2 Tap léi, ham léi, ham tua 16i
Dinh nghia 1.2. ([6]) Cho H la khong gian Hilbert. Mot tap con K cua
H duoc goi 1a 16i néu
ar+ (1—a)ye K, Vz,ye K,Va € |[0,1].
Dinh nghia 1.3. ([1, 5]) Cho K la mot tap khac rong, f : K — [—o0, +00].
Mién hitu hiéu ctia f dude dinh nghia 13
domf ={zx € K : f(z) < +o0}.

Trén do thi ctia ham [ 1a

epif = {(z,§) € K xR: f(z) < £}

Sau day 1a dinh nghia ham 16i.

Pinh nghia 1.4. ([1, 5]) Cho f : H — [—00, +00|. Ham f duge goi 1a 16
néu trén do thi ctia f 1a tap 16i trong H x R. Hon ntta, f 1a ham 16m néu
— £ 1a ham 18i.

Ham tya 161 duge De Finetti [23] gidi thi¢u lan dau tién vao nam 1949.
Day 1a 16p ham ducgc ting dung rong rai trong toi wu, 1y thuyét tro choi,

kinh té,. ..

Pinh nghia 1.5. ([4]) Cho X C R" la mot tap 16i va ¢ : X — R.

i) ¢ dugc goi 1a ham tya 161 tren X néu tap mic dudi
Spa={r€ X :p(x)<a}

1 tap 16i v6i moi a € R.
ii) ¢ dugc goi la ham tya 16m tréen X néu —p la ham tya 161 trén X.
iii) ¢ dugc goi 1a ham tya tuyén tinh tréen X néu né via tya 10i, vira tua

16m.
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Dic trung ctia ham tuya 16i dude cho béi Ménh dé va Dinh 1y sau.
Ménh dé 1.2. ([24]) Cac phat biéu sau I3 tuong duong
(i) p la ham tya 16i tren X.
(i) Véi moi z,y € X va X € [0, 1] ta ¢

p(Az1 + (1 — A)z2) < max {p(x1), p(22)} -

Do d6, ham ¢ 1a tya tuyén tinh trén X néu va chi néu véi méi z,y € X

va A € [0,1] ta co

min {¢(z1), p(22)} < e(Az1 + (1 = A)z2) < max {p(21), p(z2)} .

Dinh 1y 1.1. ([4, 24]) Gid st ¢ : R" — R la ham khd vi trén mot tap oi

md chita X. Khi dé ¢ la ham tua tuyén tinh tréen X néu va chi néu
vy €X, oy <plr)= Ve(r)' (y—2) <0.

Ta thay, néu ¢; 14 ham tya 16i tren X véi méi ¢ = 1,2,...,m, thi

(x) := max;—12._mei(z) 1a ham tua 16 tren X.

Dinh nghia 1.6. ([1, 6]) Ham [ : R” — [—00, +00] duge goi 1a nita lien
tuc dudi tai x € X néu f(x) < liminfy_.o f(21), v6i moi day {2*} C X,
b — .

Ham f dugc goi 1a nita lién tuc duéi trén X néu né nia lien tuc dudi tai
moi x € X.

Ham [ dudc goi 1a nita lién tuc trén tai x € X néu — f nita lién tuc dudi.
Hay v6i moi day {2*} C X, 2% — o thi limsup,_ .. f(zx) < f(2).

Ham f dugdc goi 1a nita lién tuc trén trén X néu né nta lién tuc trén tai

moi x € X.
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1.3 Song ham don diéu

Dinh nghia 1.7. ([26, 31]) Cho K 1a mot tap 1oi va S C K. Mot song
ham f: K x K — R dugc goi la
a) don diéu manh trén K v6i hang s6 7 > 0 néu

f@y)+ fly,2) < —7llz —y|?, Yo,y € K;

b) don di¢u chat tren K néu
f(z,y) + fly,2) <0V, y € K,z # y;
¢) don di¢u tren K doi v6i tap S néu
flx,y)+ f(y,x) <0, Vr € S,y € K;
d) gid don dieu tren K ddi véi tap S néu
flz,y) > 0= f(y,x) <0, Vo € S,y € K;
e) tien don dieu tren K doéi véi S néu

veSyek: fxz,y) =flyx)=0=yeS.

1.4 Bai toan can bang

Cho K 1a tap con 16i dong khac rong ctia R” va f : R" X R” — (—o0, +00]
14 mot song ham sao cho f(z,z) = 0 véi ¢ € K vi K x K chita trong
mién gia tri ctia f. Bai toan can bang duge phat bicu nhu sau:

Tim x* € K sao cho f(z*,y) >0, Vy € K .
Bai toan can bang ki hi¢u la EP(K, f) hay ngan goi la (EP).
Tap nghiém ctia bai todn can bang ki hi¢u 1a S(K, f). Song ham théa man
dieu kien f(z,z) =0 v6i moi x € K duge goi 1a song ham can bang.

Sy ton tai nghiém clia bai toan can bang dudc trinh bay trong Ménh dé

dudi day.
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Ménh dé 1.3. ([31]) Cho K la tdp con loi déng trong khong gian R"™ va
[ K x K —=RU{+o00} la mot song ham can bing.
i) Néu f don diéu chat thi bai toan EP(K, f) ¢6 nhiéu nhat mot nghiém.
i) Néu f(.,y) nita lien tuc trén véi méi y € K, f(x,.) la ham loi, nia
lien tuc dudi véi moi x € K va f la don diéu manh thi bai toan EP(K, f)

c6 duy nhat nghiém.

1.5 Mot s6 bd dé bo trg

Sau day 1a mot s6 bo dé bé trg dung dé ching minh sy hoi tu ctia thuat

toan trong cac chuong tiép theo.

B dé 1.1. Gid st H la khong gian Hilbert. Cho x,y,z € Hva 0 < a < 1,
ta co

laz + (1 = a)y — 2| < aflz — 2| + (1 = a) |y — 2|>.
Ching minh. Ta co
laz + (1 = a)y — 2|
= ’llv — 2P + (1 = a)*lly — 2| + 2a(1 — a) (2 — 2,y — 2)
= allz —z|* + (1 - a)]ly - 2|

— a(l=a) [z — 2" + ly — 2I* = 2(z — 2,y — 2)]

IA

alle = 2| + (1 = a)lly — 2|
O

Bo dé 1.2. [43] Cho {vi} va {6} la cdc day so thuc khong am théa man
Vg1 < O + 0 001 Y poq O < +00. Khi dé day {vy} hoi tu.

Bo dé 1.3. [43] Cho H la khong gian Hilbert, {ay,} la mot day cdc s6 thuc

thoa man 0 < a < ap < b <1 vdi moi k =1,2,..., va cho {v}, {wy} la
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hai day trong H sao cho

lim sup |Jog|| < ¢, lim sup |Jwg|| < ¢,
k—+o00 k—+o0

lim ||apvr + (1 —ap)wi|| =¢, véic>0.
k—+o00

Khi dé, ]j.mk/*)+oo Hvk - wkH = 0.
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Chuong 2

Thuat toan chiéu két hop phép lap

Mann-Krasnoselskii

Chuong nay, ching toi trinh bay thuat toan chiéu két hop phép lip
Mann-Krasnoselskii giai bai toan chap nhan tach gitta bai todn can bang
va bai toan t6i wu. Y tudng clia thuat toan nay 1a su két hop phép chiéu
mot 1an ciia Santos va Scheimberg [43] cho bai toan can bang gia don digu
va ki thuat 1lap Mann-Krasnoselskii cho toan tit gan ké xac dinh bdi bai
toan t6i uu 16i.

Két qua ctia chuong nay duge viét dya trén noi dung bai bao (1) dang

trén tap chi Mathematical Methods of Operations Research.

2.1 M6 ta bai toan

Cho Hi va Hs 1a hai khong gian Hilbert va C' C Hy, Q € H> la cac tap
16i khac rong, A : Hy — H» 1a toan tit tuyén tinh bi chan. Bai toan chap

nhan tach la bai toan:
Tim x* € C sao cho Ax* € Q.

Khi C va ) 1a cac tap nghiém ctia cac bai toan bat dang thic bién phan
hoiic tap nghiém ctia bai toan diém bat dong thi da dudc xét béi nhicu tac
gid trong nhiéu cong trinh khac nhau.

Ching toi xét bai toan chap nhan tach trong truong hop C 1a tap nghiem
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clia bai toan can bang tién don diéu trong khong gian Hilbert H; va Q 1a
tap nghiém ctia bai toan to6i wu 16i trong khong gian H,. Bai toan dudgc

phat bic¢u nhu sau:
Tim z* € K : f(2%,y) > 0Vy € K va g(Az"™) < g(u) Yu € Hy, (SEO)

trong d6 g 1a ham 10i nita lien tuc dudi chinh thuong trong khong gian Ho.

2.2 Thuat toan va su hoi tu

Xét bai toan (SEO) sau day
Tim z* € K : f(z%,y) > 0Vy € K va g(Az") < g(u) Yu € H,

trong d6 K 1 tap con 16i déng trong khong gian Hilbert H va ¢ 14 ham
16i ntta lién tuc dudi chinh thudng trong khong gian Ho.

Ching ta can cac gid thiét sau cho thuat toan va su hoi tu ctia no:
(A1) V6imdi x € K, f(x,x) =0 va f(z,.) 1a10i, nita lien tuc dudi trén K.
(A2) 05f(x,z) khac rong véi moi € > 0 va z € K va bi chan trén mdi tap

con bi chan bat ki ctia C, trong d6 95f(x, z) ki hieu e-duéi vi phan
ctia ham 161 f(x,.) tai x, tic 1a

Dof (v, z) :={p€ H|(p,y —x) + f(z,x) < f(z,y) + € Vy}.

(A3) flagia don di¢u tréen K doi véi mdi nghiem cua (EP), tiic 1a f(z, 2*) <
0 v6i méi x € K, z* € Sol(EP), va théa man dicu kién sau, goi la

tinh chat tien don dieu
¥ € Sol(EP),ye K, f(z%,y)=f(y,2%) =0=y € Sol(EP).
(A4) V6i méi x € K, f(.,x) 1a ntia lién tuc trén yéu trén K.

Céc gia thiét (A1) va (A4) 1a cac gia thiét thuong duge sit dung cho bai
toan can bang, cac gid thiét (A2) va (A3) c6 thé tim thay trong [43]. Chiing
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toi nhéc lai 4nh xa gan ke ctia ham 16i g v6i A > 0, ki hiéu 1a prozx,,, duge
dinh nghia nhu sau
proxyg(u) := argmin{g(v) + %Hv —u||*:v e Hy). P(u)
Véi A > 0, dat h(z) := 3||(I — proxy,) Az||>. Bing cach st dung diéu kién
can va du cho bai toan t6i uu 10i, ta thay h(x) = 0 néu va chi néu Ax
1a nghiém ctia bai toan P(u) véi v = Az. Cha ¥ rang, xem [41] trang
52, tham chi néu g c6 thé khong kha vi, thi & luon kha vi va Vh(z) =
A*(I — proxyg)Azx. Suy ra h(x) = 0 khi va chi khi Vh(z) = 0.
Thuat toan chiéu két hgp phép lap Mann-Krasnoselskii duge mo ta nhu

sau.

Thuat toan 2.1
Lay cac tham sd duong ¢, £ va cac day s6 thuc {ag}, {0k}, {8k}, {ex}, {pr}
thoa man cac dieu kién:

O<a<ar<b<l;0<éE<pp<4-& VkeN; (2.1)

0p >0>0,8,>0,¢, >0, VkeN; (2.2)
1

I<:—1>I—|¥loo @ 27 ( 3)

Z B = 400, Zﬁ,% < +00; (2.4)
O

k=1 k=1

3 Prek 4 oo (2.5)

= Ok

Buéc 0: Chon 7 € K vacho k := 1.

Budc k: C6 zy, € K, lay gi € 95" f (xg, x1) va dinh nghia
k )
o = 2 trong 46 5 = max(3, o]}
Tinh Y = PK(J}k; — Ckk;gk;>, tic la

(Y — xp + cugr, x —yp) >0 Vo e K.
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Lay
i 0 ne:(:)h(ykj =0, (2.6)
PRTERGTE ReU Vh(y) # 0
va tinh
2k = Pr(yr — 1 A™(1 — prowyg) (Ayr))-
Tinh

L1 — QT + (1 — ak)zk.

Nhan xét 2.1. Chu y réng khi ¢ = 0, bai toan (SEO) trd vé bai toan
(EP). Trong truong hop nay thuat toan sé quay lai 1a phép chiéu Mann-
Krasnoselskii cho bai toan (EP).

Nhan xét 2.2. Néu chon ¢, = 0, thi z;, = y;. va h(xg) = 0 suy ra rang
1a mot nghiem. Theo cach nay, xy 1a e-nghiem néu € < € va ||z —yrl| < e,
|h(zy)| < e.

Céac bo dé sau rat can thiét dé ching minh sy hoi tu clia thuat toan.

Bo dé 2.1. ([37]) Goi S la tap nghiém ciia bai todn (SEO) va z € S. Néu
Vh(yr) # 0 thi bit dang thic sau ding

h* ()

B (27)

Iz = 201* < llgn — 2[1* — pr(4 — p1)
Bo dé 2.2. ([43]) V&i méi k, cic menh dé sau ding
(1) cnllgrll < Br;

(10) lyr — k| < B

B dé sau la mot danh gia ching téi chiitng minh dé phuc vu cho su hoi

tu cua thuat toan.
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Bo dé 2.3. Cho z € S. Khi do, vdi méi k sao cho Vh(yy) # 0, ta c6

h* (i)
IV h(yr)|I?
—|—2(1 — CLk)Oékf(ZCk, ) + Ak, (28)

21— 2l1° < g — 2| = (1= an) (4 = i) s <73

va vdi moi k sao cho Vh(y,) =0, ta co
zri1 — 2|1* < |log — 2|)* +2(1 — ap)anf (21, 2) + Ag, (2.9)
trong do Ay = 2(1 — ay.) (ager + 57).
Chiing minh. Theo dinh nghia ctia zj.1, nho Bo dé 1.1, ta co

|zp1 — 2II° = flawzr + (1 — a)zi — 2||°

< akHa:k—zHQ—l—(l—ak)sz—zHQ. (2.10)

Xét hai truong hop:
Trudng hgp 1: Néu VAh(y,) # 0, khi d6 nho Bo dé 2.1, ta c6

2 (yr)
e — 2|1 < apller— 2]+ (L —ar) [llye — 2|17 — pe(d — pr) =5
|V h(y)|?
(2.11)
Hon nita,
lye — 2II° = ||z — 25 + 26 — ]

= lax — 2)* = llor — vell* + 2(zk — v, 2 — i)

< oy — 2P + 2(zk — yrs 2 — y1)-
Trong thuat toan 2.1, vi y; duge chon sao cho
(Yyp — o + g, T — yr) >0 Vo € K,
bang cach lay x = z, ta thu dugc

(Y — xp + owgr, 2 — yp) > 0

& <Oé/<;gk, Z yk> > <37k: — Yk, 2 — yk;>-
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Suy ra,
lye = 211 < llr — 2[* + 2{angr, 2 — yr)
= lar — 2|* + 2{owgr, 2 — 1) + 2{0ugr, 21 — yi)(2.12)
Do d6 tut g, € 05 f(xk, xx) ta nhan duge
[y, 2) — f(og, o) > (g, 2 — 1) — €&
< f(ag, 2) + € > (g, 2 — Tk)- (2.13)
Mat khéc, tit Bo dé 2.2 ta c6
(ngrwr — i) < agllgellllon —yell < 57
T (2.12), (2.13) va ag > 0 suy ra
e — 2|1 < lzw — 2|1 + 200 f (1, 2) + 2aer, + 257 (2.14)

Két hop bat dang thiic nay véi (2.11), ta thu dugc

hQ(ZUk:)

Joiss = 21 <l = 21 = (1= an)puld = o) e S

+ 2(1 — ak)ozkf(azk, Z) + Ak,
trong d6 Ay, = 2(1 — ag)(ager + B7).
Trudng hgp 2: Néu VA(y,) = 0 khi do, theo dinh nghia cia a1, ta c6
thé viét
2k — 201 < arllzy — 2l* + (1 — ap) lye — 2|

Tuwong tu truong hop 1, ta co

e — 2|1 < ||lox — 2||* + 200 f (z1, 2) + 2ape, + 237
Khi do,

g — 201 < llog — 2|1 +2(1 — ag)ag f (a4, 2) + Ay,

voi A = 2(1 — ag) (ager + ﬁg)
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Két qua chinh ctia chuong nay 14 Dinh 1y hoi tu cho thuat toan 2.1 nhu
sau.

Dinh 1y 2.1. Gid st bai toin (SEO) c6 nghiém. Khi dé dudi cic gid thiét
(A1)-(A4) day (x) sinh bdi thudt todn 2.1 hoi tu yéu tdi nghiém cida ba
toan (SEO).

Chatng minh . Khing dinh 1: {||zx — z|*} hoi tu véi moi z € S.
That vay, lay z € S. Vi z € Sol(EP) va f la gid don dieu tren K doi

v6i moi nghiém cia bai toan (EP), ta ¢6

f(zg, 2) <0.
Néu Vh(y;) # 0, khi do, vi
1 (yr,)
Pi(4 = pr) =77 = 0,
IV h(ye)|I?
nén suy ra tit Bo dé 2.3 ta c6
lzpsr = 2l* < o — 2| + Ag, (2.15)

trong d6 Ar = 2(1 — ag)(aper + B2).
Vi ag = 2 v6i v, = max{0y, ||gx||},

Yk
+00 +00 6 +00 6
Zakek = Z —kek < Z 6—k€k < +00.
k=1 =1 'k k=1 "k

Chﬁyréngzzﬁﬁg<+oov30<a<ak<b<1,nén

+00 +00
ZAk < 2(1 — CL) Z(Ozkék + 6,%) < +00.
k=1 k=1

Bay gio stt dung B6 dé 1.2, ta ¢6 {||zx — z||*} hai tu véi moi z € S. Do
do, {zx} bi chan. Khi d6, theo Bo dé 2.2, ta thay {y} ciing bi chan.
Khang dinh 2: limsupy,_,, o f(7g, z) = 0 v6i mdi z € S.

Theo BS dé 2.3, véi mbi k, ta c6

—2(1 — ap)ag f(zn, 2) < o — 2] = [lwpsr — 2[* + Ay (2.16)
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Lay tong hai vé, ta nhan dugc
Z —2(1 — ap)agf(zg, 2) < +00. (2.17)

Mat khac, st dung gid thiét (A2) va day {x;} bi chin, ta c6 {||gx]|} bi
chin. Khi do, ton tai L > § sao cho ||gx|| < L v6i méi k. Do do,

o HQkH
1 -
S a1, O A (5
Suy ra,
=y 18
ke o L 5k

Vi z 14 mot nghiém nén theo tinh gia don diéu cua f, ta c6 —f(xg, 2) >0

vei 0 < a <ap <b<1suyra

= B

Z(l —b)—[—f(zk, 2)] < +o0.
Nhung tir 337, 55 = +o0, ta nhan dugc

limsup f(xg, 2) =0, Vz € S.

k——+o0

Khang dinh 3: V6i méi z € S, gia st {xy,} 1a day con cta {x;} sao cho

lim sup f(xx, )— lim f(xy,, 2), (2.18)

k—+o00 —+00
va z* 1a diem tu yéu ctia {x, }. Khi d6 2* thugc vao Sol(EP).
Khong mat tinh tong quat, gid st z, hoi tu yéu dén z* khi j — co. Vi

f(.,2) la nita lien tuc trén nén theo Khang dinh 2 ta c6

f(2*, z) > limsup f(xy,,2) = 0.

J—+o0
Viz € Sva flagia don diéu nén ta c6 f(z*, 2z) < 0. Vay f(z*, 2) = 0. Lai
nhg tinh gid don diéu ctia ham f(z,2*) < 0. Suyra f(z*, 2) = f(z,2*) = 0.
Khi d6, nhd tinh tién don di¢u (gia thiét A3), ta c6 thé két luan z* ciing

14 mot nghiém cia (EP).
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Khdng dinh 4: Véi mdi diém tu yéu Z ctia day {x;} théa man = € K va
AZ € argmin g.

Lay T 1a mot diem tu yéu cta {x;} vd {zy,} 1a mot day con cta {z}
hoi tu yéu dén 7. Khi d6 T € K. Mt khac, ta co ||yp — 2kl < Br va
S oo, B2 < +oo. Suy ra,

lim |y, — 2] = 0.
k—00

Vay, {y, } hoi tu yéu dén 7.
Tit B6 dé 2.3, néu Vh(y;) # 0 thi

h* (k)

INODIE <k — 2| = l|lzss — 2)* + Ag,

(1 — ax)pr(4 — pr)
va néu Vh(yg) = 0 thi
0 < [lag — 2)1* = llang — 211 + A

Goi Ny := {k : Vh(y;) # 0} va lay tong hai vé ta thu dugc

9 %
> (- a0 P R < I = I+ 3 A < o
Két hop dicu nay véi gid thiet € < pp, <4—E (Vi€ >0)val<a <ag <
b < 1, ta két luan rang
k%; HVh H2 < +o00. (2.19)
Hon nita, vi VA 1a lien tuc Lipschitz v6i hing s ||A||%, ta c6 [|[VA(yr)])
bi chan. Vi vay h(yx) — 0 khi & € Ny va k — oo. Chu y réng h(yx) = 0
v6i k & Ni. Do do,

lim h(y;) = 0. (2.20)

k——+o0

Nho tinh ntta lién tuc dudi ctia h, nén

0 < h(7) < liminf h(yx,) = klim h(yx) = 0, (2.21)
—+00

J—+00
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diéu nay suy ra AT la mot diém bat dong ctia anh xa gan ké ciia g. Vay,
A7 1a diém cyc ticu ctia ham g.

Khang dinh 5: 1imy,_s 4 oo T3, = limy_ 4 o0 Y = limy_s o0 P(23) = 2%, trong
d6 x* 1a mot diém tu yéu ciia ddy théa man (2.18).

Tu khang dinh 3 v khang dinh 4, ta suy ra 2* thuoc S. Theo Khang
dinh 1, gia sit

lim ||zp — 2*|| = ¢ < +o0.
k—+o00
Theo Bo dé 2.2, ta ¢6
2w — " < lyr — 27
< e — 27 + [lye — i

IA

[z — 2| + B,
diéu nay suy ra

limsup|| — o < limsup(lloy — 2| + &) = c.

k—+o0 k—+4-00
Mat khéc,
I a4 (1 ) = i -
i flag(ax — o)+ (1= ag) (a5 — )| =l [lrgn — o) =

Theo B6 dé 1.3 v6i vy, 1= xp, — 2%, wy, 1= 2z, — 2%, ta thu duodc

I — ] =0. 2.22
Jm |z = =0 (2:22)

Két hop diéu nay véi 2* 1a mot diém tu yéu ctia day {z;}, ta thu duge z*
ciing 13 mot diém tu yéu cta day {z}. Gid st {2} hoi tu yéu dén z*.

Chi § rang

IA

| 2k;+1 — Ps(g,41)]| |@k,+1 — Ps(ar,)|

IA

ak/’ijk’j - Ps(.%’kj)HQ + (1 - akj)szj - PS(wkj)HQ'
Mat khac,

I I

- sz_] - 'Tij2 - H'Tk_] - PS(xkj)

- 2<ij - Pg(ﬂjkj), PS(ZEkj) - ZIZ‘kj>.

szj - Ps(xkj)
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Suy ra,
H»’Ukjﬂ - PS(ZUijrl)HQ
< (2ax, — Vg, — Ps(ap)|I” + (1 — ax,) || 25, — w3, ||
— 2(1 — ax,){zr, — Ps(xy,), Ps(wr,) — ;).
< (2ax, = Dllg, — Ps(ap)|I” + (1 — ax,) || 25, — w3, ||
— 2(1 —ag,){zp, — 2%, Ps(y,) — 21,)
— 2(1 — ay,)(z" — Ps(xy,), Ps(wp,) — o3,).
Viz*e S,

(" — Ps(zy,), Ps(wy,) — op,) > 0.
Day {xy,} bi chan nén day {xy, — Ps(zy,)} cling bi chan.
Do limj_, 4o ||z, — 21, || = 0 va limj_ o ay, = %, ta thu duoc

lim [z, 1 = Ps(zi )]l = 0. (2.23)

Bay gio, ta sé chimg minh {Ps(xy,)} 1a mot day Cauchy. That vay, véi

moi m > 7, ta co

|Ps(xx,) — Ps(a,)|”
= 2|z, — Ps(ap,)|I* + 2llzk, — Ps(zs)|”
~ Allmk, — 5(Ps(r,) + Ps(o DI
< 2|y, — Ps(xs,)II° + 2l|lk, — Ps(an)|? — 4llzw,, — Ps(a,)|”

= 2|y, — Ps(zi)|* = 2|2k, — Ps(r,) | (2.24)

Khi d6, ap dung tinh chat ctia phép chiéu véi z = Ps(xy,) ta co

|zx,, — Ps(zi,) > < l@r,—1 — Ps(xr) 1> + Ak,
<
ky—1
< g, = Ps(ap) P+ > A (2.25)

i=k;
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Tu (2.24) va (2.25), suy ra
Fn—1

|1Ps(2r,,) — Ps(ax)|I” < 2||lwp, — Ps(ap)IP+2 > Aj—2[|l2, — Ps(aw,) I
1=k;

Tw (2.23) va lim; ij,;jl A; = 0, ta két luan rang {Ps(zy,)} 1a mot
day Cauchy. Do d6, {Ps(zy,)} hoi tu manh t6i mot diem z € S. Wi
lim;j_,o || 24,41 — Ps(zg,+1)|| = 0, ta nhan dugce {zy,} ciing hoi tu manh
dén z nao d6. Cudi cuing, sit dung Khang dinh 1, ta c6

lim zp = lim y, = lim P(xy) = x™.
k—+o0 k—+o0 k—+o0

Dinh 1y dugc ching minh.
U
Nhan xét 2.3. Vi du sau chi ra rang khi bai toan khong c6 nghiém, thi
day phép lip sinh bdi thuat toan 2.1 c6 thé khong bi chin.
Lay H, = Hy = R?, A la toan tit dong nhat.
1
K = {z=(@wv)eR*:u>1v>-}
U
Q = {z=(u,v) ER*:u>1v=0}
fla,y) = ix(y) —ix(x),va g(z) = ig(x),

trong d6 ij; 1a ham chi ciia tap M. Trong truong hop nay, bai toan (SEO)

c6 the quy vé bai toan tim mot diem trong S := K N Q ma tap nay la
rong.
Chon
1 1
e =0, 5 = %,5/{ =Lpy=2ar=7, Vk € N.

Vi f(x,y) = ix(y) —ix(x) nén ta c¢6 (0,0) € Osof (u,u), véi moi x =
(u,u) € K. Suy ra, tai méi bude k, ta c6 thé chon g; = (0,0), do d6 z = y
voi moi k. Vi K NQ =0, ta c6 hy(yi) # 0. Ta ¢6 proxy,(x) = Py(z) véi

moi A > 0. Do y; = x, va tinh toan thu dugce

2k = Pr(yr — (I — proxyg) (yr)) = Px(Po(ar)).
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Dat xp := (ug,v). Ta sé ching minh rang limg o ux = +o0o. That
vay, theo cach xac dinh cac tap @ va K, phép chiéu clia zy = (ug, vg) lén
Q 1a (uy, 0), trong d6 phép chiéu cta (uy,0) lén K ndm trén bién cia tap
K. Giasit (ag, o) 1a phép chiéu ctia (ug, 0) len K. Khi d6 ay, 1a nghiem t6i
uu clia bai toan min,sg ¢x(a), trong dé pi(a) = [(ug — a)® + =] la ham
16i manh trén [1,400). Vi ux > 1, nén

1
16 [uy,]®

gplk(uk + ) < 0.

Suy ra

ar > up +

ST (2.26)

Tu z. = PK(uk,O) = (CLk, 1/CLk) va Tpil 1= (uk+1,vk+1) = 1/2($k -+ Zk),

nén ti (2.26), suy ra

U1 = U + .
o 32 [uy)?

Vi ui > 1 v6i moi k, ta c6 limy_, o up = +00.

2.3 Vi du minh hoa

Trong muc nay, ching toi xét mot mo hinh bai todn can bang - to6i
wu ma c6 thé xem nhu mé rong clia mo hinh can biang ban doc quyen
Nash—Cournot trong mo hinh san xuat dién. Mo hinh bai toan can bang
trong san xuat dien dia dugc nghién citu bdi nhidu tac gid, (chang han
xem [18, 40]). Trong m6 hinh nay, gid st ¢6 n nha méy, moéi nha may
thit 7 c6 I; may phat dién. Dat = 1a vects bao gom bo z; 1a nang lugng
sinh b6i may phét j. Theo [18], gid st gid p;(s) la ham affin giam theo
s vl s = Zj-vzlxj trong d6 N 1a s6 tat cid cdc may phat dien, tic 1a
pi(s) = a — B;s. Khi d6 1¢i nhuan thu duge béi nha méy tht ¢ duge cho
béi fi(x) = pi(s)(Xjer, ) — Djer, ¢j(), trong d6 ¢;(w;) 1a ham chi phi

cho lugng dién x; boi may phat thi ¢. Gia st K; la tap chién luge ctia nha
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may thit 4, tic 1a dieu kién Zjeli z; € K; phai duge théa man véi moi .
Khi d6 tap chién luge ctia mo hinh 1a K := K; X Ks... X K,,.

Nhu thuong lé, moéi nha may tim kiém 1gi nhuan cuc dai bang cach chon
mic san xuat tuong thich dudi can cit san luong ciia cac nha may khac 1a
tham s6 dau vao. Mot cach tiép can chung cho mo hinh nay 1a dya trén
khai niém can bang Nash.

Chiing to6i nhic lai ring 2* € K = K| X Ky X -+ - X K,, 13 mot diém can

bang clia mo hinh néu

trong d6 vecto x*[z;] 1a vecto thu duge tir * bang cach thay =} boi x;.
f(x7y> = w(l}y) - ¢(l’al’)

(x,y) = — Z filxlyil), (2.27)

thi bai todn tim diém can bing Nash ctia mo hinh c6 thé dua vé bai toan
e K: f(a*,2) >0 Ve € K. (EP)

Ching toi mé rong mo hinh can bang nay bang cach thém mot gid thiét
rang dé san xuat dién thi cdc nha may phai st dung nguyen vat licu. Ki
hieu a; ; 1a $6 lugng vat lieu [ (I = 1,...,m) cho viéc san xudt mot don vi
dien béi may phat j (j =1,...,N). Dat A 1a ma tran toan bo a; ;. Khi d6
hang [ ctia vecto Az 1a s6 luong vat lieu [ cho viéc san xuat x. St dung
vat liu cho san xuat c6 thée lam 6 nhiém mai trudng va mdi nha may phai
tra phi moi truong. Gid stt g(Ax) 1a toan bo phi mai truong cho viéc san
xuat z. Nhiem vu dit ra bay gio 14 tim mot san lugng x* sao cho né 1a

diém can bang Nash v6i phi moi trudng cuc ticu. Bai toan nay cé6 thé dua
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ve dang
Tim 2" € K : f(2*,2) > 0Ve € K, g(Az") < g(Az) Ve € K. (SEP)
Gié stt v6i moi j, ham chi phi ¢; va phi moi truong g 1a cdc ham 10 tang.
Cac gia thiét 16i & day theo nghia ci hai ham chi phi va phi méi truong
cho viéc san xuat mot don vi dién tang khi s6 lugng dién tang.

Du6i gia thiét 101, ta thay (xem [40]) bai toan (EP) v6i ham f cho bdi
(2.27) c6 the dua vé dang

Tim z* € K : (Byz* —a,0 — ") 4+ ¢(x) — o(z*) >0 Vo € K, (2.28)

trong do

a:=(a,a,..,a)t
(6, 0 0 .. 0) (0 B B .. Bi)
L N LY
\0 0 0 0 B \Bu Bu By o 0)

N

o(x) == 2" B + Z ci(z;).
j=1

Cha y réng khi ¢; 14 cdc ham 161 khé vi v6i mdi 7, thi bai toan (2.28)

tuong duong véi bai toan bat dang thic bién phan sau
Tim z* € K : (Biz* —a+ Vp(z*),z — %) > 0, Yz € K. (2.29)

Chung t6i thit nghiém thuat toan 2.1 v6i ham chi phi cho bdi
L,
Cj(ZEj) = ipjxj +q;x, pj > 0.
V6i ham chi phi nay, stt dung Ménh dé 3.2 trong [26], thi toan tit trong bai

toan (2.29) la toan t1r tién don dieu.
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Lay cac day tham s6 1a

7
Bk—m,@c

= 0,0 = 3,7y, = max{3, [|gk|[} Vk
va gidi mo hinh véi cac ¢ khac nhau, 10 bai todn moi ¢d.

Thuat toan dude chay thuc hien bang MATLAB 7.8 trén may tinh Ram
8GB core i7.

Cac bai toan con dudc gidi bang MATLAB Optimization Toolbox bing
cong cu QUADPROG cho cac ham bac hai nita xac dinh duong g(u) :=
1/2u” Du + d¥u. Céac két qua tinh todn dugc trinh bay trong Bang 2.1.
Céc truc ngang va truc doc biéu thi s6 buéc lip trung binh k, thoi gian
CPU (giay) trung binh va errorl := ||x — y||, error2 := h(z), tuong tng.
Céc tham s 5;, pj, q;, v6i moi j = 1,...,n, dugc sinh ngdu nhién trong
khoang (0,1], [1,3], [1,3] tuong ting, cadc ma tran A, D va vectd d duge sinh
ngau nhién trong khoang [-2,30].

Bang 2.1: Thuat toan 2.1
size N Prob. Iter CPU-times(s) Error 1 Error 2

6 10 1654 51.13 9.9996.10~° 1.1.1076
10 10 19793 622.09 9.7011.10~° 7.8.107*
20 10 25690 1282.10 9.9801.107°  0.0565
30 10 32001 1059.12 9.9504.107°  0.3283
50 10 67344 3213.47 9.8034.107°  2.9610

100 10 72469 3729.56 9.8624.107°  50.6554

2.4 Két luan

Trong chuong nay, chung toi nghién cttu moét thuat toan giai bai toan can
bang. Bang cach md rong thuat toan cia [43] st dung phép chiéu cho bai
toan can bang két hop ki thuat lap Mann-Krasnoselskii cho bai toan toi
uu 16i, ching t6i dé xuat mot thuat toan mdi cho bai todn can bang gia

don diéu. Mot mo hinh sin xuat dién duge dua ra nhu la mot ting dung
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thuc té cho thuat toan ma ching toi dé xuat.
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Chuong 3

Thuat toan dudéi dao ham giai bai
toan chiap nhan tach phi tuyén va
ting dung cho mé hinh can bang

Nash c6 rang budc

Chuong nay ching t6i trinh bay mot thuat toan méi giai bai toan
chap nhan tach phi tuyén, tng dung cho mo hinh can bang Nash cé rang
bugc: Tim z € K sao cho f(z,y) > 0, Vy € K théa man bao ham thic
F(z) € Q, trong d6 F 1a toan tt phi tuyén. Y tudng clia phuong phap nay
13 két hop phuong phap dudi dao ham giai bai toan can bang véi phuong
phéap chiéu giai bao ham thiic rang buoc. So vdi cac két qua da co, dong
gép ciia ching toi 1a xét toan ti F 1a phi tuyén, cu thé 1a toan ti tua
tuyén tinh, trong khi cic két qua nghién citu trude xét toan toan ti F' 1a
tuyén tinh lien tuc. Cac vi du s6 duge dua ra ¢ cudi chuong nham minh
hoa cho tinh hitu hiéu ctia thuat toan do chtng toi dé xuat.

Két qua cia chuong nay duge viét dya trén noi dung bai bao [54] gui

dang trén tap chi Journal of Global Optimization (minor revision).

3.1 Mo ta bai toan

Bai toan chap nhan tach 1a bai toan c6 dang:
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Tim x € C sao cho Ax € Q,

trong d6 C, @ 1a cac tap con 16i trong khong gian R", R" tuong ting, A :
R"™ — R™ 1a toan tit tuyén tinh lién tuc trong khong gian R".

Bai toan nay dugc Censor va Elfving [11] dua ra lan dau tién vao nam
1994. Khi C' va/hodc @ 1a tap nghiém ctia bai toan diém bat dong hoic
bai toan bat dang thiic bién phan, hoic bai toan t6i wu thi da dude nghien
ciu trong céc cong trinh [10, 12, 19, 45, 47]. Cac tng dung ctia bai toan
chap nhan tach c6 thé tim thay trong bai toan khoi phuc anh, va gan day
la trong diéu khién cudng do xa tri trong diéu tri ung thuw. Tuy nhién,
trong tat cd cac bai bao nay, cac tac gid déu gia thiét A 1a toan ti tuyén
tinh bi chan.

Trong nghién ctiu ctia ching toi, ching toi xét C' 1a tap nghiém ctia bai
toan can bang, toan tit A 1 toan tl tua tuyén tinh duge xac dinh béi cac
ham tya tuyén tinh trong khong gian Euclide hitu han chiéu. Cac ham tua
tuyén tinh déng vai tro quan trong trong toin hoc va cac bai toan thuc
té, chang han [4, 20, 30, 34].

Xét bai toan chap nhan tach nhu sau:

Tim 2z € K sao cho f(z,u) >0, Yu € K va F(z) € Q, (NSEP)
trong d6 ) # K CR"latap loi, f: K — R, ) # Q C R™ va F la mot
anh xa tu R" dén R™.

3.2 Thuat toan va su hoi tu

Gia st bai toan (NSEP) ¢6 nghiem va théa man cac gia thiét sau:

(B1) Q@ = Q1 X Q2 X -+ X @, trong d6 Q; 1a mot tap con 16i cia R vdi

moéii=1,2,...,m;
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(B2) F = (F, Fs, ..., F,) trong d6 F; : R" — R la tya tuyén tinh, tic la,

F vita tua 161 vita tua 16m va kha vi trén mot tap mé chia K.
Ki hieu Sol(EP) la tap nghiém ctia bai toan can bang:
Tim z € K sao cho f(z,u) >0Vu € K. (EP)
Khi d6, dudi gia thiét (B1), (B2), bai toan (NSEP) c6 thé dua vé dang

min max (I - Po,)(Fi(x))]> (OP)

zeC i=1.2,...m
v6i C' 1a tap nghiem ctia (EP). Hon nita, ham p;(z) = ||(I — Py, )(F;(z))]?
la tua 101, suy ra p(x) = max;—1 2., pi(x) cing 1a mot ham tya 16i. C6
nhiéu thuat toan dé tim nghiém cuc tiéu dia phuong hoic toan cuc cho
ham tya 1061 trén mot tap 16i. Tuy nhién trong bai toan (OP), tap C chua
tuong minh, ma hon nita né lai 14 tap nghiém ctia bai toan can bing.
Ching toi nhic lai mot s6 dinh nghia cia ham tya 16i, ma duge dung

rat nhiéu trong cac phan sau.

Cho X C R" la mot tap 16i va p : X — R.
(i) ¢ dugc goi 1a ham tya 16i trén X néu tap mic dudi
Spa={reX| @) <a)
1a tap 16i v6i méi o € R.
(i1) ¢ dugc goi la ham tya 1om tren X néu —¢ 1a tya 1oi trén X.

(iii) ¢ dugce goi 1a ham tya tuyén tinh trén X néu virta 1a ham tya 16i via

la ham tya lom.

TN AL e 5 — 5 . alatb

Hai ham tua tuyen tinh quan trong la ¢(x) := logz va ¢(x) := &5
Ham dau tién 1a tya tuyén tinh trén R, ., trong d6 ham thid hai 1a tua
tuyén tinh trén tap {x| Tr+d> O}.

V6i moi x € K, dat
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thi ta c6 bo dé sau.
Bo dé 3.1. Dudi cic gid thiét (B1) va (B2), cic ménh dé sau ding
i) Ham p; tua 107 va khd vi trén K ;
i) Ham p tua loi trén K.
Ching minh.
(i) Vi F; khé vi tren K, nén p;(z) = ||(I — Pg,)(Fi(x))||* ciing kha vi trén
K va
Vpi(x) = 2(I = Po,)(Fi(x))' VE(x).
Vi F; tya tuyén tinh trén K véi mdi 4, nén véi moi x1, 12 € K va
A€ [0,1] ta co
min {F(z1), F(x2)} < F(Az1 + (1 — N)xg) < max {F(xy), F(z2)} .
Do do, ton tai « € [0, 1] sao cho
Fi(Axy + (1 — Naxg) = aFj(x1) + (1 — a)Fj(x3).
Vi ham ||(I — Pg,)(.)||* 1& ham 13i, ta thu duge
pi(Az1 + (1 — N)axo)
= I = Po,)(Fi(Az1 + (1 = A)z2))|”
= || = Po,) [aFi(z1) + (1 — a) Fy(=2)] |
all (I = Po)(Fy(z))|* + (1 = a) |(I = Po,)(Fiw2)) |

IA

= api(z1) + (1 — a)pi(x2)
< max {p;(x1),pi(x2)} V1,72 € K,

diéu nay suy ra p; 1a ham tua 10i tren K.
(ii) dugce suy tryc tiép tit phan (i) va dinh nghia cta p.

B6 dé duoc chiing minh.
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Tiép theo, cac gia thiét sau dugc dit lén song ham f ciia bai toan can
bang.

(B3) V6i mdi x € K, song ham f(x,.) 1a ham 10i, kha dudi vi phan,
f(.,x) nta lien tuc trén trén mot tap 16i mé chita K va f(x,z) = 0 véi
moi x € K.

(B4) Song ham f gia don dieu trén K ddi v6i tap nghiem Sol(EP) cia
bai toédn (EP), tic la

flr,y) >0 = f(y,z) <0Vr € Sol(EP),y € K.

Nh&c lai rang, v6i mdi € > 0 ¢6 dinh, 05f(x, ) 1a ki hiéu e-duéi vi phan

ctia ham 161 f(z,.) tai x, tic la

Az, x) ={g: (g, y — ) < f(z,y) — f(z, )+ € Vy}.

Vi ham f(z,.) 1a ham 16i va kha du6i vi phan tréen mot tap 16i md chita
K, e duéi vi phan anh xa 95f(x,.) mot tap bi chin trén K thanh mot
tap bi chan.

Thuat toan dugc mo ta nhu sau:
Thuat toan 3.1
Lay s6 duong 6 va cac day so thuc {0}, {Br}, {€x} thoa man cac dieu

kién
6kz>6>06k‘>06k>0 VkEN; (31)
Zek<—|—oo Z@<+ (3.2)
=1 =1
i&:ﬂm,ZBi < +00; (3.3)
= Ok —

Buéc 0: Lay 71 € K va diat k= 1.
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Budc k: Co xy, € K. Lay gi, € 05" f(xy, x5) va dinh nghia

B )
Qg = -~ trong d6 v; = max{dy, || gxll}-

Tinh yi = Pr (21 — arg)-

Néu Vpi(yr) =0 Vi € I(yy) thi lay hy = 0;

Nguoe lai, 1ay 0 # hy, € co{Vpi(yx), @€ I(yr)} va dat
N hy.

kK= T 1

|||
Tinh
T = Pr(yp — axhy),

tang k baéi 1 va quay lai buée k.

Nhan xét 3.1. (i) Néu e = 0, 2 = yx va p(xg) = 0, thi 2 1a mot nghiem
chinh x4c. Vi vay, goi z; 1a mot e— nghiem néu ¢, < €, ||z — yi|| < € va
p(zr) < e

(ii) Néu Q; = R v6i mdi ¢, thi p;(x) = ||(I — Pp,)Fi(x)|| = 0 v6i mbi
i. Khi d6 bai toan (NSEP) trd thanh bai toan can bang (EP). Trong
truong hop nay, thuat toan 3.1 trd thanh thuat toan trong [43] véi phép
chiéu chinh xac. That vay, vi h; = 0 v4i mdi k, budc lap k trong thuat
toan 3.1 ¢6 thé viét lai 1a

Budc k: Cho trude z € K. Lay gi € 95" f (xy, zx) va dinh nghia

= 2 trong 46 2 = max(3, o]}

Tinh x5 = Pr(xr — apgr).

Bo6 dé sau dugc chiing minh trong [43)].

Bé6 dé 3.2. Vdi moi k, cic bit ding thic sau ding:

(i) oullgrll < Br;
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(10) ||yr — k| < B

Céc bd deé sau dugc st dung trong chitng minh sy hdi tu ciia thuat toan

1.
Bo dé 3.3. Vdi méi z € K, ta c6
zrsr — 2|12 < llye — 2|1* = 20 (i, y — 2) + a2, Vz € K.
Chiing minh. Do tinh khong gian ciia toan tit chiéu, ta co

|lzkar — 27 = || Px(yr — cwhy) — 2|7
< lyr — arhy, — 2||°

= |lyr — 2|I” = 2cn(hi, yp — 2) + aj. Vz € K.

B6 dé duge chitng minh.

Dua vao Bo dé 3.3, chung toi danh gia dudge bat déng thic sau.
B6 dé 3.4. (i) Dudi cic gid thiét (B1), (B2), (B3), ta co
zrsr — 2|2 < |2k — 2|2 + 20 f (2r, 2) — 200 (B, g — 2) + Ag, (3.4)
trong dé Ay = 2(ager + 53) + ai.
(ii) Néu ton tai z € K, € >0 va d > 0 sao cho
p(y) <plyr) — 0 Vy € B(z,¢€),

thi
@k,yk —2z) > e Vk

trong do /f\Lk # 0.

Ching minh.
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(i) Ta c6

Hyk‘_zH2 = HZ—J?k-i-JJk—yk:HQ
= |l — 21> = llor — well* + 2(zk — yi, 2 — i)

< |xk — ZH2 + 2(xk — Yk, 2 — Yk)-
Vi yp, = Pr(zr — aigr), ta co

(Y — xp + owgr, 2 — yg) > 0

& <CW<:gka Z yk;> > <l‘k — Yk, 2 — yk;>-
Suy ra,

lye — 20 < Naw — 2l + 2{ougr. 2 — vi)
= ||z — 2|* + 2{kgr, 2 — k)

+  2(ougr, Tk — Yi)-
Tu gi € 05" f(xk, xx) suy ra

f(xr, 2) — f(z, 1) > (gr, 2 — Tk) — €

< f(ag, 2) + € > (g, 2 — Tk)-
Mat khac, theo Bo dé 3.2, suy ra
(g, o —yr) < anllgrllllze — well < 67
T (3.5), (3.6) va o, > 0, suy ra
lys — 2lI* < [log — 2)1* + 200 f (w5, 2) + 2ane, + 265,
Vay, tit Bo dé 3.3, suy ra
i = 2lI° < g — 2|° + 20 f (2, 2) — 20%@; Yk — 2) + Ag,

trong d6 Ay = 2(ager + 87) + ai.

(3.6)

(3.7)

(3.8)

(3.9)
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(i) Vi z + chy € B(z,€), theo gia thiét, ta co
p(z + ehi) < plys).
Khi d6, tit dinh nghia cta p va I(yg), ta thu duge
pilz + ehy) < pilyr) Vi € I(yp).
Ap dung Dinh Iy 1.1 v6i ¢ = p;, y = 2 + eﬁk, va T = Yy ta co
(Vpi(yr), z + ehy, — yr) <0, Vi e I(yg).
Vay, vi hy, # 0, Ty, = ﬁ voi hy € co{Vp;i(yr), € I(yr)}. Nen,
@k, z+ ehy, — yr) < 0.

Suy ra,
(his e — 2) > €.

B6 dé duoc chiing minh.

]

Trude khi bat dau chitng minh két qua hai tu ctia thuat toan, ching toi nhac
lai dao ham theo huéng ciia mot ham Lipschitz dia phuong ¢ : R" — R
tai  theo huéng d dugc dinh nghia la

td) —
O, d) = lim sup LY = eW)
y—,tN\0 t

Dué6i vi phan theo nghia Clarke ctia f tai  dugc dinh nghia la
No(z) = {£ € R": Qx,d) > (£, d) Vd € R"}.

Chu y rang, vi p(x) := max{p;(z) : i € I(x)}, vd p; kha vi, Lipschitz dia
phuong, nén theo Ménh dé 2.3.12 [16], ta c6 d"p(z) = co{Vp;(z) : i €
I(z)}, trong d6 co 1a ki higu cho bao 16i. Nhu thuong lg, diém x* € C' 1a
diém ding ctia bai toan mingcc () (hosic x* 1a mot diém dimg cia

tren C), néu 0 € % (z*) + Ne(x*), dic bigt, 0 € 3% (z*).
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Ki hiéu S la tap nghiém ctia bai toan (NSEP), khi d6 ta c6 Dinh 1y

hoi tu sau day.

Dinh ly 3.1. Dudi cdc gid thiét (B1) - (B4) va gid st thém rang f la tién
don dieu doi vdi tap nghiém cia bai toan (EP), day {gr} bi chin. Khi
do, day {xr} hoi tu tdi mot nghiém cia bai toin (NSEP) hodc tdi mot
nghiém cia bai todn can bang (EP) ma cing la diém ding ciia bai todn

min{p(x) : x € K}. Ro rang hon, dat

J= {k\ Ry # 0} , (3.10)
thi

(i) Néu > o, ap = +0o thi day {xi} hoi tu tdi mot nghiém ciia bai todn

(NSEP).

(1)) Néu Y ;o < +00 thi day {xy} hoi tu tdi mot nghiém x* cia bai
todn can bing (EP), ma cing la diém ding cia bai todn min{p(z) :

r e K}.

Nhan xét 3.2. Cac diéu kien dé day {gx} bi chin dugc xét trong [43].
Chi ¥ rang trong truong hop bat dang thic bién phan trong dé f(z,y) :=
(p(x),y—x), day {gx} bi chan khi ¢ 1a ham lien tuc. Dicu kien ), _; oy =

+00 théa man néu ton tai mot s6 nguyen ko sao cho hy # 0 véi k > k.

Chiing minh Dinh ly. Chtung t6i chia chiing minh thanh cac budc nhu
sau.
Budc 1. Truée hét ching toi chiing minh trong truong hop bat ki, day
{||xr. — 2||*} hoi tu v6i moi 2z € S, suy ra {xx} va {yx} déu bi chan.
That vay, vi f gid don diéu tréen K ddi v6i tap nghiém clia bai toan
(EP), nén ta co
fyr, 2) <0 Vz € Sol(EP).
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Mit khac, vi 2 1a cyc tiéu clia p, nén p(yx) > p(z). Suy ra, tit dinh nghia
cua p va p;, ta co
(Vpi(ye), 2z — yr) <0 Vk.

Vi hy, € co{Vpi(yx), i€ I(yx)} va Ty = 0 hodc hy, = IIthI’ ta ¢

O\lk, Z — yk> S 0 Vk.
Khi d6, theo Bb dé 3.4 (i), ta thu dugc

|zpsr — 2||* < ||op — 2||* + A V2 € S, (3.11)

_ﬂk

trong d6 Ay = 2(ager, + 87) + az. Vi oy = 2= v6i vy = max{dy, |lgx|l},

—+00
Z%W5ﬁ5<2§“wm
1 'k =1 K
Vidp > 6 > 0,
—+00 ) —+00 /6]% 400 /6]% 400 ]%
Dor=) 5<) w<)
Tk Oy, 0
k=1 k=1 k=1 k=1

két hop véi Zk, | B2 < +o0 suy ra

Z Ay = Z (arer + B7) + Oé%} < +0o0.

k=1
St dung Bo6 dé 1.2 suy ra {||z — z||*} hoi tu v6i moi z € S. Suy ra, {z;}
bi chan. Khi d6, vi y = P (z; — apgr) nén theo Bo dé 3.2 day {y;} cling
bi chan.

Bay gio, ta xét hai truong hop.

(i) Truong hop 1. ey ou = +00.
Buéc 2(i): Chung ta chiing minh rang, véi z € S,

lil?leijnf [(hk,yk —2) — f(x, z)} = 0.
—00

That vay, theo Bo dé 3.4(i), véi mdi k, ta co

20 (s g = 2) = Flan, 2)| < lla =202 = lowsn = 2|2+ Ap. (3.12)
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Tong lai ta thu dugdc
232041€ {(lAzk,yk — 2) — f(x, z)} < 400. (3.13)
k=1
Vi z la mot nghiém cua bai toan (NSEP), do tinh gid don diéu cuia
song ham f, ta ¢6 f(xg, z) <0 va (ﬁk,yk — 2y > 0. Suy ra,
ZO% [(ﬁk,yk — 2y — f(xg, z)} < 400. (3.14)
keJ

Nhung tit ), ; ap = 400, ta cb

lil?leijnf [(hk,yk —2) — f(x, z)} = 0.
— 00

Bué6c 3(i): Ching ta ching minh ring néu z € S va {zj,} 1a mot

day con ctia day {x\} sao cho
}\ij % 0 v]?

hl?le}]nf |:<hk7yk - Z> - f(xka Z):| - jhﬁrglo |:<hkj7 Yk; — Z> - f(xkja Z):| )
—00

(3.15)
va z* 1a mot diém tu cia {xkj}, thi z* thuoc S.

Két hop (3.15) véi f(xp,,2) < 0 va O\zkj,ykj — z) > 0, ta thu dugc

lim (ﬁkj, Yr, — 2) = lim f(xy,,2) = 0. (3.16)

J—00 J—00
Khong méat tinh tong quat, gid st rang Ty, hoi tu t6i x* vi j — 0o. Vi

f(., 2) 1a nita lién tuc trén, nén

f(@*,2) > lim f(xy,,2) = 0.

J—00
Do gia thiét (B4), song ham f 1a gid don dieu trén K déi véi tap S,
nén ta c¢6 f(z*, z) <0néuz € S. Vivay, f(x*, z) = 0. Hon nita, lai do
tinh gia don diéu cta f, f(z,2*) < 0. Suy ra, f(z,2%) = f(z*, 2) =0,
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Khi d6 st dung tinh tién don diéu cta f, ta c6 z* 1a mot nghiem cla
(EP).
Bay gio, ta ching minh p(x*) = 0. That vay, gia st nguge lai, ton tai
a > 0 sao cho
p(z*) > a.

Vi im0 7, = % VA limg oo ||7n — yil| < limgpoe B = 0, ta c6
limy o0 yg, = ™. Vi vay,

lim p(yx,) = p(z*) > a >0,

‘]4)00

do d6 ton tai jy € N sao cho

Vi > Jo.

|

p(yx,) >

Chu y rang 0 = p(z) < § v6i méi z € S. Vi p lien tuc, nén ton tai
e > 0 sao cho

(0%
p(y) < 5 "€ B(z,€).

Khi d6 p(y) < p(ys,) v6i moi j > jo vy € B(z,€). Vi by, # 0 véi
moi j, ap dung Bo dé 3.4(ii), ta thu dugc

<ﬁk’jaykj - Z> > € \V/j > j07

diéu nay mau thuan véi (3.16). Vay p(z*) = 0, tic la z* € S.

Step 4(i): Bay gig, ta ching minh {x;} hoi tu t6i mot nghiem cua
(NSEP).

Trong budc 1(i), ta thay day {||z; — z||} hoi tu v6i moi z € S. Két

hop diéu nay véi Bude 3(i) ta co
lim ||z — 2% = lim [jz}, — 27| = 0.
k—o0 j—00

(ii) Truong hop 2. > ;o < 400
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Budc 2(ii): Chung ta chiing minh rang, v6i moi z € S,
lim inf {(ﬁk, yr — 2) — f(xk, z)] = 0.
k—o00
That vay, theo Bo dé 3.4, v6i mbi k, ta co
200, | (s g = 2) = fa, 2)| < llan =217 = awsr — 2P+ Ar. (3.17)
Lay tong hai vé, ta thu duge

iZozk {(lAzk,yk — 2y — f(zy, z)} < +00. (3.18)
k=1

Mat khac, st dung gia thiét (B2) va {z;} 1a day bi chdn, nén ta c6
{Ilgk||} bi chan. Khi d6, ton tai L > 6 sao cho ||gi|| < L v6i méi k. Vi

vay,
Y Hng <L
5k -5
Suy ra,
N 5/<: 0 B
b T ey

Vi z la mot nghiém cta bai toan (NSEP), nén do tinh gia don diéu
cia f, ta c6 f(xp, z) <0 va (fzk,yk — z) > 0. Suy ra, tir (3.18 ta ¢6

Z ?l’j [@k Yk —2) — f(wk,Z)} < +o0. (3.19)

Nhung do 3,2, g—: = +00, nén

lilgn inf [(ﬁk,yk —z) — f(x, z)} = 0.

Budc 3(ii): Chang ta chiing minh rang, néu z € S va {xk]} 14 mot

day con ctia day {x\} sao cho

lim inf [@k, uk — 2) — flar, z)] — lim [(Ekj, yk, — 2) — [z, z)] ,

k—o0 j—00

va z* 1a mot diém tu cla day {xkj}, thi 2* thuoc Sol(EP).
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That vay, khong mat tinh tong quét, gid st réng zy, hoi tu t6i 2* khi

j — 00. Ta c6

lim {(ﬁkj,ykj —2z) — f(a:kj,z)} = 0.

j—00

Két hop v6i f(xy,,2) <0 va (ﬁkj, Yr, — z) > 0, suy ra

lim (ﬁkj, Yr, —2) = lim f(xy,,2) = 0. (3.20)
j—00

00
Bing cach lam gidng Buée 3(i), ta c6 thé chi ra ring z* 13 mot nghiem
cia (EP).
Bay gid, néu ton tai mot day con cta day {k;} sao cho /f\ij # 0, thi
tuong tu phat biéu trong Budc 3(i), ta c6 thé két luan z* thuoc S. Gia

st ngudc lai, ton tai 71 sao cho véi moi j > jy,

hi, =0,

suy ra Vp;i(y,) = 0 v6i moi i € I(yy,). Cha ¥ rang {yk]} cling hoi tu
tGi .

Budc 4(ii): Ching ta chiing minh day {||zx — z*||} hoi tu, va suy ra
toan bo day {xx} hoi tu t6i z*.

Vi z* € K, theo Bo dé 3.4(i), ta c6

g — 2 (* < Nz — 2|1 + 200 f (zg, 27) — 200 (i, g, — 27) + Ay

Trong Budc 3(ii), ching ta da ching minh rang x* thuoc Sol(EP), va

do tinh gid don diéu ctia song ham f, nén
f(xg, z*) > 0 Vk.
Vi vay,
|zt — 212 < |loe — 2°||? = 200 (e i — &) + Ay (3.21)
Néu k &€ J, thi /Hk = 0 va vi vay,

|zpp1 — 2| < ||on — 2% + Ap. (3.22)



49

Néu k € J, thi hy # 0 va |[ly]| = 1, suy ra
(e i — &) > —|lye — 27

Cht y rang {yx} bi chan, nén ton tai M > 0 du 16n sao cho

lye — ™| < M Vk.
Khi do,

(hiey g — 2%) > — M.
Suy ra, tir (3.21) ta ¢6

|zrgr — 2|* < ||op — 2| + 2M oy, + A VE € J. (3.23)
T (3.22) and (3.23), ta thu dugc
lwpe1 = 2*|1* < flag — 27> + By,

trong do
Ay + 2May, if ke J,
B, = )
Ay néu nguge lai.

VI 0 Ap <400 va ) o o < 400, nén ta cé

o0 o0

S B=3 A+ > 2May < +oo.

k=1 k=1 keJ
Nho Bo dé 1.2, ta c6 {||zx —2*||*} hoi tu, va suy ra {x}} hoi tu dén z*,
vi, theo Buée 3(ii), c6 mot day con hoi tu t6i x*. Mot cach chinh xéc,
néu tdn tai Ny sao cho hy, # 0 véi mdi k > Np, khi d6 bsi khéng dinh
nhu trong truong hop 1, ta c6 thé chi ra rang z* 14 mot nghiém cta
bai toan (NSEP). Néu iLk = (0 1a httu han v6i nhiéu & vo han, thi ton
tai mot day vo han {y, } sao cho Vp;(yx,) = 0 v6i méi j va i € I(y,).
Dat

Iy :={i| i€ I(y,), Vpi(yx,) = 0 v6i nhicu s6 j vo han}.
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Vi Vp;(yx,) = 0 v6i nhieu s6 j vo han, va I(y,) € {1,...,m}, ta c6
Iy # 0. Cho j — oo ta thu duge Vp;(z*) = 0 v6i méi i € I;. Mt
khéc, véi i € I,

pi(x") = lim p;(yy;) = Tim p(ys;) = p(z”),
diéu nay suy ra Iy C I(z*). Vi vay, 0 € co{Vpi(z*) =01i € Ip}) C
co({Vpi(z*) = 04 € I(x*)}) tidc 1a z* 1a mot diem ding clia p trén

C'. Vi cé hai day {x}, {yx} hoi tu dén x*, nén ta c6 dic¢u phai chiing

minh.

3.3 Vi du minh hoa

Trong phan nay, ching toi thit nghiém thuat toan ctia ching to6i, ki hieu
la NSEP va so sanh né véi thuat toan MACEP dugce dua ra trong [44] giai
bai toan can bang cé rang buoc trong 3 vi du. Vi du dau tién 1a mo hinh
can bang Nash ¢6 rang budc. Vi du thit hai 1a vi du duge dua ra trong [44]
cho mo hinh Nash—Cournot. Trong vi du cudi cuing, chiing t6i xét mot bai
toan NSEP ma méi ham Fj(x;) = log(a;x; + b;). Céc thuat toan duge lap
trinh bang MATLAB 7.8 trén may tinh 8Gb RAM core i7.

Vi du 3.1. ([j’ng dung cho mé6 hinh can bang Nash cé rang budc)

Gid st ¢6 7 = 1,...,n ngudi tham gia mot tro choi. Mo6i ngudi choi ¢6
mot hoat dong riéng, ki hieu 1a x; € R. Tat ca ngudi choi ¢c6 mot tap hoat
dong chung x € R". Moi ngudi choi thi ¢ st dung mét ham chi phi f;
ma phu thudc vao cac hoat dong ctia nhiing ngudsi choi khac. Khi d6 ham

Nikaido-Isoda cua tro choi duge dinh nghia 1a

n

fle.y) =Y (fila) = fiely))), (3.24)

=1
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trong do vecto x[y;] 1a vecto nhan duge bang cach tit vecto x thay thanh
phan z; béi y;. Ki hieu K; C R 1a tap chién luge ctia nguoi choi thit 4. Khi
d6 tap chién lude ctia tro choi 1a K := Ky X ... X K,,. Chung t6i nhac lai

rang, mot diem z* € K dugc goi 1a diém can bang Nash ctia tro choi néu

fi(@®) = max fi(z"[y]) Vi € K;, Vi.

Diém z* 1a diém can bang néu va chi néu f(2*,y) > 0 Vy € K. Trong mot
vai mo hinh thuc té, mot diém can bang c6 thé phai théa man thém rang
budc F(x) € @, trong d6 F' 1a mot anh xa tit R” vao @ véi @ 1a mot tap
con 10i trong khong gian R™. Khi d6 bai todn nay c6 dang clia bai toan
(NSEP).

Ching t6i xét mot mo hinh san xuat dién, trong d6 giad stt mot cong ty
c6 n chi nhanh, méi chi nhanh sin xuat mot loai dién, chfmg han, dién hat
nhan, dién mat troi, dién gio, thiuy dién va nhiét dién.

Gia st gia san xuat tai moi chi nhanh ¢ 13 mot ham affin duge cho bdi
pi(T1, oy @p) == o — Yy Tk VOl moi 4, trong d6 a > 0, 73 > 0. Ham
gid nay xuat phéat tit mo hinh hang hoa khac nhau cta [25], trong d6 nguoi
dung thich dung dién ctia chi nhanh nay hon chi nhanh khéc, chang han,
nhiéu ngusi thich dung dién mat troi va dién gié hon nhiét dien hoac dién
hat nhan. Khi ¢;;, = 7 v6i moi ¢ va k£ thi ham gia trd thanh mot ham thong

dung. Lgi nhuan cta chi nhanh thi ¢ duge cho béi

filx) = pi(x1, ..., zn)x; — (), (3.25)
trong do ¢;(x;) 1a chi phi (bao gom phi 6 nhiém moi trudng) cho viéc san
xuat x; bdi chi nhanh thi 7. N6i chung ¢; 1a mot ham 16i tang. Tinh 16i
nay c6 nghia 1 chi phi sdn xuat cho viéc san xuat mot don vi dién ting
khi s6 lugng san xuat tang len.

Cong ty tim kién l¢i nhuan bang cich chon mot mitc san xuat tuong

ting tai mdi chi nhanh dudi viéc gid thiét tai moéi chi nhanh khac nhau
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mot tham sé dau vao. Dat K; 1& tap chién lude ctia chi nhanh thi 4, tic
13 mtc san xuat x; phai duge chon trong K;. Mot cach tiép can chung cho
mo6 hinh nay 1a dya trén khai niem can bang Nash bang cach stt dung ham
Nikaido-Isoda duge dinh nghia trong (3.24). Ham nay da duge st dung
trong mo hinh san xuat dién va mot s6 mo hinh khéc [18, 27].

Trong thuc té, mic sdn xuat tai mdi chi nhanh phai théa man mot ty
lé, chang han, ty lén ctia thiy dién z; va tong san luong dién 41T clia

tat ca cac chi nhanh khac bi han ché bdi mot s6 phan tram cho trude, ma

c6 thé hidu 1a l; < ij&ll - < uy, trong d6 I va uq 1a cac hang s cho trude.
Trong truong hop nay, bai toan tim diém can bing théa man them dicu
kién rang buoc dan dén bai toan chap nhan tach phi tuyén (NSEP). Céc
mo hinh c6 rang buodc ¢6 the xem trong mot s6 bai bao, chang han [3, 32].

Chung toi thi nghiém thuat toan 3.1 v6i ham chi phi cho bdi

Lo s
ci(z;) == 73] +qjxj, 7 >0
va cac ham gia la
pl(z z;) =30 — Z Tii %5,
j=1 j=1

trong do r;, ¢; vd méi 7;; duge lay ngdu nhién trong khoang [0, 20], [0, 3]
va trong khoang [0, 1/n] tuong tng. V6i cdc ham chi phi va ham gia nay,
bang cach st dung Ménh dé 3.2 trong [26], song ham ham f xac dinh béi
(3.24) v6i ham f cho béi (3.25) 1a tien don dieu.

Chung toi lay tap chién luge K; := [0, 6] v6i mdi ¢ va yéu cau ty s6 moi
loai dién véi tong tat cd luong dién nhé hon bing nam muci phan tram,
tiic 1 bieu dién bdi rang buoe 0 < Fy(z) < 0.5 v6i mdi i = 1, ..., m.

Chon day cac tham s6 1a
€ — 075k = 3, Vk.

va ching t6i tinh mo6 hinh v6i m = 5 va cac gia tri khac nhau ctia n tir 10
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dén 50 va
= —0

1=1,...,m,
2. T
J=1

trong do6 I; 1a tap cic chi nhanh ma san xuat loai dién 7.

Fi(x)

Két qua tinh toan dugce chi ra trong bang 3.1 véi cac ¢d khac nhau,
mot tram bai toan dugde tinh & mdi c¢d. Thuat toan ding 6 budce lip & néu

lzx—yr]| < 1074 va p(ay) < 1074 hodc s6 budc lap khong vugt qua 20000.

Bang 3.1: Thuat toan 3.1 with 8 =

2(k+ 1)

n m Iter  CPU-times(s)

10 5 248.11 7.2859
20 5 674.82 24.9143
30 5 12242 40.4671
40 5 1670 58.5344
50 5 2259.7 84.3867

Hinh 3.1 chi ra rang cac sai s6 p(xx) va ||z — yx|| déu dan dén 0 khi s6
budc lip k tién ra +oo. Ching ta c6 thé nhin thay trong vi du nay, ca hai
sai s6 déu giam nhanh khi s6 budc lip & di 16n. Tuy nhién, trong mot vai
truong hop, gia tri ham p(zy) c6 thé khong don diéu ting. Ngoai ra, dbi
v6i tat ca cac bai toan chung toi thit nghiém, gia tri ciia ham p tai buée
lap ding 1a rat nhé. Chung toi cling thit nghiém thuat toan véi cac gia tri

7 10 20 50 100
k+1)? (hk+1) (h+1) k10 k+1°

khac nhau cta [y x Ching toi thay rang, viec
chon tham s6 B déng vai trdo quan trong trong thuat toan, nhin chung,
|2 — yg|| tién dén O rat cham khi tham s6 nay la qua nho hosic qua 16n,
xem hinh 3.2.

Gan day, cac tac gia trong [44] xét bai toan can bang
Findzee CND: f(x,y) >0Vy € C, EP(f,C,D)

trong d6 C, D 1a cac tap con 1oi trong R"™ v f 1a mot song ham httu han

xéac dinh trén mot tap mdé chia C va D.
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Error p(x).[Ix, -y, I
T T T T I
—¥— p(Xk)

—o -kl

S
L
Iteration
Hinh 3.1:
Error
50— ‘ I
451 “ — B, =712(k+1)
ol v —— B, =10/(k+1)
= ot \ — B =20/(k+1) ]
L 30 —— B, =50/(k+1) |
Ex 251~ - - [3k=100/(k+1) H
& 20 .
é 15 .
101 .
5L i

Iteration

Hinh 3.2: Sai s6 tng véi cac gia tri khac nhau ctia By



95

Dé so sanh véi thuat toan ctia ching toi, ki hieu la NSEP, véi thuat
toan , ki hieu 1a MACEP trong [44] 6 vi du trén, chung toi viét bai toan
(NSEP) vé dang bai todn can bang EP(C, D, f) bang cach lay C' := K,
D :={zx: F(z) € Q} va ap dung thuat toan MACEP trong [44] dé giai
mo hinh nay. Chting t6i thit véi tieu chuan dimg giéng nhau max{||xz) —
yrll, p(z1)} < 1074, va thay rang thuat toan MACEP mét nhiéu thai gian
hon, tham chi v6i s6 chiéu nhé n = 10, k = 5.

Bang 3.2 bén dudi 1a két qua tinh toan trung binh 150 budc lip dau
tién cho ca hai thuat toan.

Bang 3.2: MACEP vs NSEP (n=10,k=5)
Iter. Cpu(s)  Err.

MACEP 150 2.3349 0.0116
NSEP 150  4.2481 0.0012

Tt bang tinh toan, ta thiy, ddi v6i vi du nay, thoi gian tinh toan thuat
toan MACEP it hon thoi gian cta thuat toan NSEP trong 150 buée lap
dau tién, nhung sai s6 thu dugc bdi thuat toan NSEP tién dén 0 nhanh

hon thuat toan MACEP.

Do thi vé sai s6 ctia hai thuat toan dugec mo ta trong hinh 3.3:

NSEP vs MACEP
\

1.8

MACEP
1.6 —— NSEP H

141 -

1.2 -

0.8 -

0.6 - m

0.4 -

0 | 1 = T — - -
0 10 20 30 40 50 60 70 80 90 100
Iteration

Hinh 3.3: So sanh
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Hinh 3.3 cho thay céc sai s6 ciia thuat toan MACEP trong 30 budc lip
dau tien giam rat nhanh, nhung tit bude lap 30 tré di, thuat toan NSEP
hoi tu dén 0 nhanh hon.

Vidu 3.2. ([44]) Chang t6i thit nghiém thuat toan 3.1 trén vi du 4.3 trong

[44], trong d6 song ham duge cho béi

flay)=(Az+ X" (y+ )+ p—a,y — ),

v61
(OXX-~X\
x 0 x ... x

A=|x x 0 ... x xX=3a=(22,....2)", n=(3,4,56,7)".
KX X - ... 0)10X10

Nhu trong vi du 4.3([44]),

r € R,
1+ 219 + 3+ 224 + 25 < 10,

2$1+$2—$3+I’4+3$5§15,

1+ 29+ 23+ 24 + 0.505 > 4.
Bang cach dat
Q) = (—00;10] X (—o00; 15] x (4, +0o0]

va F'(z) = Mx trong d6

11 1 2 1
M=1]21-11 3|,
11 1 105

ta thay D = {x| F(z) € Q}.
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Chiing toi chon 2° = (1;2;1; 1; 1) va Ay = k/(k+1), pr = 1, B = 40/k,
2% = (1;2;1;1;1). Két qua tinh toan dugc cho bdi bang 3.3:

Béang 3.3: Vi du 2

Iter. Cpu(s) Err. zk zh ok zk zk

MACEP 46  1,4078 8,8654.107° 0,9466 0,9449 0,9425 0,9404 0,4510
NSEP 21  0,1551 4,8698.10~6 0,9467 0,9447 0,9426 0,9405 0,4509

Vi du 3.3. Ching t6i xét bai toan (NSEP) trong dé

K =0,6] x [0,6] x ... x [0, 6]

Y
7

-~

10
F(x) = (Fi(z1),. .., F5(x5))
voi Fi(x;) = log(ax; + b;), a = (1,2,3,4,5),b; =14 v6imoi i = 1,...,5,
va
Q@ =10,3] x[0,3] x...x0,3].

-~

5

Song ham f dugc xac dinh béi

flz,y) =(Px+qy— ),

trong d6 ¢ = (—28, —29, —27, —29, —29, —29, —28, —29, —28, —29),

(2310 3 7 6 4 7 10 2 2)
1228 2 9101 9 9 5
4 3 141109 5 4 5 3
1 6 7216 9 7 5 3 8
b |21004 4204103 9 3
8 8 210 6 15 9 8 8 9
8 9 5101 9 149 9 9
9 5 4 3 5 10 8 24 3 4
6 58 9 7 7 5 62 5
\1 6 8 9 6 3 10 6 7 20/



98

Khi d6 song ham f théa man cac gid thiét ddm bio sy hoi tu clia ca hai
thuat toan. Lay pr = 3, B = 7/2(k + 1), 2° = (3;3;3; 3;3;0;0;0; 0; 0) v&
thit thuat toan MACEP va thuat toan clia chiing toi. Két qua tinh toan
duge mo ta trong Bang 3.4 va 3.5.

Bang 3.4: Vi du 3.3
Iter. Cpu(s) Err.

MACEP 4415 70.4365 10~*
NSEP 737  15.4585 107*

Béng 3.5: Vi du 3.3(tiép)

Nghiém xap xi

MACEP  (0.3402, 0.2121, 0.9073, 0.4221, 0.6421, 0.3109, 0.2946, 0.3426, 0.1756, 0.1518)
NSEP  (0.3466, 0.2203, 0.8904, 0.4399, 0.6305, 0.2709, 0.2648, 0.3585, 0.2040, 0.1703)

3.4 Két luan

Trong chuong nay, chung toi thu duge mot thuat toan méi gidi bai toan
chap nhan tach phi tuyén: tng dung cho mo hinh can bang Nash c¢6 rang
budc. Tinh hitu hiéu va uu viét cia thuat toan duge dua ra thong qua 3

vi du s6 minh hoa.
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Chuong 4

Nghién citu tinh chat dinh tinh cta

mang nc ron

Trong chuong nay, ching toi nghién cttu mot s6 tinh chat dinh tinh cta
mang no ron. Ly do ching toi nghién cttu van dé nay 1a do nhiéu nha khoa
hoc dé xuat ding mang no ron dé gidi mot 16p cac bai toan bat dang thic
bién phan phi tuyén ma day l1a mot truong hop riéng ciia bai todn can
bang. Cu thé, ching t6i nghién citu bai toan dam bao chi phi diéu khién
trong thoi gian hittu han ciia mang no ron phan thit va nghién ctu tinh
thu dong trong thoi gian hitu han cia mang no ron phan thi khong chic

chan.

4.1 Bai toan dam bao chi phi diéu khién trong thai

gian httu han ciia mang no ron phan thw

Trude hét, ching t6i nhic lai mot s6 dinh nghia.

Dinh nghia 4.1. ([29]) Cho a@ > 0 va |a,b] € R, tich phan phan thi

Riemann-Liouville cip o ctia ham [ : [a,b] — R dugc cho bdi

1

IMf(t) =
(a

s)ds,

\N

0

trong dé I'(.) la ham Gamma zdc dinh bdi T'(s f e 't s> 0.
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Dinh nghia 4.2. ([29]) Cho a > 0 va [a,b] € R, dao ham phan thi Caputo
cap o cia ham f : [a,b] — R dugc dinh nghia la

t

o /
Dif) n—a/t—sa“”S’

0

trong dé, t > 0,n—1 < a <n,n la moét s6 nguyén duong. Ddc biét, khi

O<a<l,taco

t

Do F(t) = n_a/ /(s >0,

t—s
0

Bo dé 4.1. ([29]) Cho z(t) € C™([0,+<],R) van -1 < a <n, (n >
1,n € Z"Y). Khi d6

193 () = a(t) — 3 =2 (0).

Dac biet, khi 0 < ao < 1 ta co
I} (Dix(t)) = (t) — (0).

Xét mang no ron phan thit Caputo

2

Dex(t) = —[A+ AAW®)z(t) + [D + AD®)] f(x(t))
4 +[W + AW ()]w(t) + [B+ AB®)]u(t), t>0, (41)

z(0) = z9 € R",

\
trong d6 o € (0,1), x(t) € R"™ la vec to trang thai clla mang no ron,
u(t) € R™ la vecto diéu khién dau vao, w(t) € RP la vecto nhiéu, A =
diag{ay, as, ..., a,} € R""1a ma tran duong chéo chinh, xac dinh duong;
D, W, B la cac ma tran hang sd da biét v6i s6 chiéu thich hop; AA(t) =
G F,(t)H,, AD(t) = GqFy(t)Hy, AW (t) = GuFu(t)Hy,, AB(t) =
GyFy(t)Hy, trong d6 G, Gq, Gy, Gy, Hy, Hg, Hyy, Hp 1 cdc ma tran thuyc,

hang s6, da biét véi s6 chieu thich hop;
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F,(t), Fy(t), Fu(t) va Fy(t) 1a cac ma tran khong biét nhung thoa man
FIWF,(t) <I,FF(t)Fy(t) < I, FI(t)F,(t) < I, BF(t)Fy(t) < I,Vt > 0;
fx(t) = [filz1(t), ..., fulza(H)]T € R™ 1a cdc ham kich hoat clia céc
no ron; o la dieu kién ban dau.

Dé nghién citu tinh 6n dinh clia mang no ron phan thit (4.1), ta can céc
gid thiét sau:
H1. Cac ham kich hoat f;(.) (i=1,...,n) lién tuc, théa man diéu kién

Lipschitz véi hang s6 Lipschitz [; > 0, f;(0) =0 (¢ =1,...,n), tic la

| fi(&1) — fi(&)]] < Lill& — &l

v6i moi &1,& € R. Dieu kién trén tuong duong véi ton tai mot ma tran

dudng chéo chinh, xéc dinh duong L = diag{ly,...,[,} théa man

1 (y) = f)ll < [[L(y — =),

voi moi x = (z1,...,2,),y = (y1,...,yn) € R™
H2. Nhiéu w(t) € R? thoa man diéu kién:

dd >0 : wh (t)w(t) < d, vt € [0,Ty). (4.2)

Cho trudec mot sd duong T'y. Ham chi phi bac hai lien két v6i mang no ron

phéan tha (4.1) ¢6 dang
Ty

J(u) = =—— /(Tf — )2 N2l (5)Q12(s) + vl (5)Qqu(s))ds,  (4.3)

trong d6 Q1 € R™", Q9 € R"™ ™ 13 cac ma tran déi xing xac dinh duong
cho trudec.

Xét hé phuong trinh
(

Dix(t) = —[A+ AA(t)]z(t) + [D + AD(t)] f(x(t))

X +[W + AW (@®)]w(t), t>0, (4.4)

z(0) = zp € R",

\
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Dinh nghia 4.3. ([29]) Cho trudc cic so duong ¢y, cs, Ty va mot ma tran
doi ming wac dinh duong R. Hé (4.4) dugc goi la on dinh trong thoi gian
hitu han tuong dng vdi bo (c1,ca, Tr, R, d) néu va chi néu

vl Rry < e; — 2T (t)Ra(t) < ¢, t €[0,Ty],
vdi moi nhiéu w(t) € RP théa man (4.2).
Dinh nghia 4.4. Néu ton tai mot dieu khién nguoc u*(t) = Kx(t) va mot

5o duong J* sao cho hé phuong trinh vi phan
(

Déx(t) = [-A+ BK — NA(t) + AB(t)K]z(t)
+[D + AD(E)]f (x(t))
+[W + AW (H)]w(t), t>0,

z(0) = zp € R",

\

on dinh trong thoi gian hitu han tuong tng v6i bo (cy, e, T, R, d) va
ham chi phi (4.3) théa man J(u) < J* thi gia tri J* goi 1a gia tri dam bao
chi phi diéu khién, u*(¢) goi 1a luat diéu khién ddm bao chi phi diéu khién.
Tiép theo, ching toi nhic lai mot bo dé bd tro can thiét cho chiing minh
két qué chinh.
Bo dé 4.2. ([29]) Gid st x(t) € R™ la mot ham lién tuc va c6 dao ham.
Khi do, vdi moit > ty, bat dang thite sau ding
S DI (1) Pa(t) < o (1) PDF (1),
Va € (0,1), Vt >ty >0,
trong dé P € R™™ la ma tran doi zing xdc dinh duong.
B6 dé 4.3. ([9]) Cho trudc cic hing s6 X,Y, Z véi s6 chiéu hitu han théa
minY =YT >0, X =X"T, khi d6 X +ZTY'Z < 0 néu va chi néu
X Z7
Z =Y

< 0.
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Bé dé 4.3 con dudc goi 1a Bo dé Schur.
Dinh 1y sau dua ra mot diéu kién di méi cho hé phuong trinh vi phan

phan thi no ron (4.5).

Dinh ly 4.1. Gid st cdc dieu kien H1 va H2 théa man. Cho trude cdc
s0 duong c1, ¢a, Ty va ma tran doi zing zdc dinh duong R. Néu ton tai ma
tran doi zing zdc dinh duong P va ma tran Y, cdc s6 duong €, s thoa

man diéu kién sau

My, PHT YTHT PL" PQ, YTQs D |
« —al 0O 0O 0 0 0
s % —el 0 0 0 0
% % % I 0 0 0 | <0, (4.6a)
s s« s« % —Q, 0 0
T
ks Mg
Aacy + 61{((102_)\13; TF < Mea, (4.6b)

trong do

My = —AP — PAT + BY +Y'B" + ¢G,GT
+ GGl + GG+ WW! + GG,

My = -1+ H'Hy,

P=R P 'R 2 A = Auin(P), X2 = Anax(P),

A3 = Max(HLH,), L = diag{ly,...,1,}.

Khi dé, hé (4.5) on dinh trong thoi gian hitu han tuong ing vdi bo (c1, co, Ty, R, d).
Hon nia,

u(t) =Y P 'a(t), Vt>0,

la luat diéu khién dam bdo chi phi diéu khién cho hé (4.1) véi gid tri dam



64

bdo chi phi diéu khién la
d(1 4+ A3)

L = Tt

TJ? + A\oc.

Chiing minh. Xét ham toan phuong khong am cho mang ng ron (4.5)
V(z(t) =27 ()P a(t).

Tit Bo dé 4.2, dao ham Caputo ctia V(z(t)) theo ¢ ctia hé (4.5) duge dinh

nghia la
DV (x(t))
< 227 ()P~ D (t)

= 27 () [ —P'A-ATP '+ PIBK

- KTBTP1] (t) (4.7)

eT (PG, () Hyx(t) 4+ 22T (1) P Df(2(t))

T

eT ()P IGaFy(t) Hyf (2(1)) + 22T (1) P71 Ww(t)

2T (t

—2:T(t)P

+2x° (t)P

+ 22T (1) PG By (1) H o (1)
+ 22T () PGBy (1) HyK (1),
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Bang cach stt dung bat ding thitc Cauchy, ta c6 danh gia sau

— 22T ()P G F,(t) Hyx(t)

< ezt (P 'G,GTP ta(t) 4+ et (O H Hyx(t);

T'GaFy(t) Haf (2(t))

207 (t) P~ W w(t)
< 2T PWWTP a(t) + Wl (Hw(t);
22T () PGy Fy () Hot (1)
< 2T () P'G,,GT P a(t) +
<2T(t)P71G, G P a(t) + 3wT( )W(t);
227 () P Gy Fy (t) Hy K (1)
< ez (1) PIGyGT P a(t)

+ e T () KT H HyKx(t).

Mat khac, tu dieu kien H1 ta c6
0 < —f(x(t)f(z(t) + 2" (t)L" La(t).
Tu (4.7)—(4.9), ta thu duge

DYV (x(t)) < 0" ()Qn(t) + (14 A3)w” (H)w(t)
— 2T #)[Q1 + KT QK] (1),

t)p
<2 ()P GaGE P a(t) + f7 (x(t)) HY Hyf (x(t));
)

(4.10)
(4.11)
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trong do

a0 = [0 )]
o QO P'D |
Drp-1t Q,
Qu=-P'A-A"P '+ P'BK + KTBTP!
+ 6P 'G,GTP ' ¢ ¢'H H, + P'G,GE P!
+P'wwrtpt + PG, GEP!
+ &P GG P + &' KTH Hy K
+LTL + Q1 + KTQsK,
Qg = HYHy — 1.
Bay gio, nhan ca hai vé béen trai va bén phai Q v6i P = diag{ P, [} va dat
K=YP tacé
o—pop— | V|
DT =,

trong do

=n=—-AP — PAT + BY + YT'B? 4+ ¢,G,GY
+e'PH'H,P + GG +WWT +G,GE
+ 6G,GE + YT HE ALY
+ PLTLP + PQP +YTQ,Y.
Cha ¥ ring Q < 0 tuong duong véi ® < 0. Ap dung B6 dé Schur, ta ¢6
® < 0 tuong duong véi (4.6a). Do do, tir cac dieu kien (4.6a), (4.10) va
2T ()[Q1 + KT Qe K]x(t) > 0, ta c6

DEV(x(t)) < (1+ M) (Hw(t), Vit e [0,Ty. (4.12)

Tich phan cap « ca hai vé cta (4.12) tit 0 dén t(0 < t < T¥) va si dung
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B6 dé 4.1, ta thu dugc
eT ()P x(t)
< 2T (0) P12 (0) + I((1 + A3)w” (H)w(t))

= g7 1y L+ ff — ) T ($w(s)ds
= OP 2 (0) + 7 [ =9 ()

< 27(0)P~'2(0) + %/{) (t—s)* 'ds
d(1+ A3)

< ZCT(O)P_le'(O) + m

TS,

Mat khac, ta c6

va

2T (0)P'z(0) = 2T(0)R*PR>z(0)

Tit (4.13)-(4.15), ta nhan dugc

Mzl (O Rx(t) <V (x(t)) = 7 (1) P a(t)
d(1+X3) .

<\ —=T7.
R TP

(4.13)

(4.14)

(4.15)

Dié¢u kien (4.6b) suy ra z(t) Rz (t) < co. Vay, he (4.5) én dinh trong thoi

gian hitu han tuong tng véi bo (c1, c2, T, R, d). Tiép theo, ching toi sé

tim gia tri chi phi ddm bao diéu khién cho ham chi phi (4.3). Tit cac diéu

kien (4.6a) va (4.10), ta c6

DV (x(t) < (1+ A’ (Hw(t) — 2" (1)[Q1 + KT Q2K (t), Vt € [0, Ty].

(4.16)
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Tich phan cip « ca hai vé clia (4.16) tit 0 dén Ty va sit dung Bo dé 4.1,
ta thu dugce
V(z(Ty) = V(2(0)) < If, (1 + As)w' (Hw(t)) — J(u). (4.17)
Suy ra
J(u) < Ig, (1 + Xg)w' (Hw(t)) + V (2(0))

do V(z(Ty)) = 2T (Ty) P~*x(Ty) > 0. Dinh 1y dugc chitng minh.

<

O

Nhan xét 4.1. Cha ¥ rang, trong Dinh 1y 4.1, bat dang thiic ma tran
(4.6a) 1a tuyén tinh v6i ciac an €; > 0,65 > 0, P > 0 va ma tran Y. Vi vay
cac diéu kién nay co thé giai trong thoi gian da thic bing cach st dung

MATLAB’s LMI Control Toolbox trong MATLAB.

Nhan xét 4.2. T Dinh 1y 4.1 va Nhan xét 4.1, chung ta thu duge thuat
toan sau day giai bai toan dam bao chi phi dic¢u khién trong thsi gian hitu
han ctia mang no ron phan tha nhu sau:

Budc 1. Giii bat dang thitc ma tran tuyén tinh (4.6a) thu dugc ma
tran doi xing xac dinh duong P, va ma tran Y va hai s6 duong e;, € .

Budc 2. Tinh ma tran nghich ddo P~!, ma tran P = R:P'Rz va
cac 56 A1 = Auin(P), A2 = Amax(P), A3 = Amax(HL H,).

Buédc 3. Kiém tra diéu kién (4.6b) trong Dinh 1y 4.1. Néu dtng, tiép
tuc Budc 4; néu sai thi quay lai Buéc 1.

Buéc 4. Didu khién ddm bao chi phi cho hé (4.1) dugc cho béi u(t) =
Y P lz(t).
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4.2 Tinh thu dong trong thoi gian hitu han cho

mang nd ron phan th@ khéng chic chan

Xét mang no ron phan thit khong chic chan

2

CDfx(t) = —[A+ AA®)]z(t) + [D+ AD®)]f(z(t) + Ww(t), t >0,

y y(t) = Mf(x(t) + Nw(t),

z(0) = z9 € R,

(4.19)
trong d6 0 < a < 1, 2(t) = (21(t), ..., 2,(t))T € R" la vécto trang thai,
y(t) € RP 1a vécto dau vao, w(t) € R™ la nhiéu dau vao, n 1a s6 cac no ron,
flx(t) = (fulx1(t), fo(z2(t)), ..., falz,(t)))T € R™1a cAc ham kich hoat,
A = diag{ay, a9, ...,a,} € R™" 1a ma tran dudng chéo chinh, xac dinh
duong, D € R™" 1a ma tran trong s6, W € R™™ M € RP*" N ¢ RP*™
1a cac ma tran thuyc da biét, AA(t) = G, F,(t)H,,

AD(t) = GgFy(t)Hy, Gq,Gq, Hy, Hy 1a cac ma tran thyc da biét véi s6
chicu thich hop; Fy(t), Fy(t) 1a cac ma tran thoi gian thuc chua biét nhung
thoa man FT(¢)F,(t) < I, FI(t)Fy(t) < I,Vt > 0.

Ching toi st dung hai gia thiét kinh dién H1, H2 & muc trudc dé chiing
minh tinh thu dong trong thsi gian hitu han cho mang no ron phan thit
(4.19).

Dinh nghia 4.5. (Tinh thu dong trong thoi gian hitu han) Hé (4.19) dugc
goi la thu dong trong thoi gian hitu han tuong dng vdi bo (c1,ca, T, R, d)
néu cic dieu kién sau day duoc théa man

(i) Khi dau vao y(t) = 0, thi he (4.19) on dinh trong thoi gian hitu han
tuong ung vdi bo (c1,c2, Ty, R, d).

(it) Dudi dieu kién ban dau bang khong, ton tai mot vo hudng v > 0 sao
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cho bat ding thic sau ding
2015 (y" (Hw(t) > =7 ol (W' (Hw(t)), Vs € [0, Ty].

B6 dé 4.4. ([35]) Gid st x(t) € R™ la mot vécto kha vi. Khi d6, vdi moi
hang so thoi gian t > tg, bat dang thic sau ding
1
2
trong dé P € R™™ la ma tran doi zing zdc dinh duong.

CDM " (t)Px(t)) < 2" ()P § Dx(t), Va € (0,1),Vt >ty >0,

Tiép theo, chiing t6i chiing minh mot diéu kién du cho tinh bi chan hitu
han ctia hé phuong trinh vi phan no ron phan thi véi tham s6 bat dinh.
Dinh 1y 4.2. Gid s cic gid thiet H1, H2 théa man. Cho cdc so duong
c1,¢2, Ty va ma tran doi ming vdc dinh duong R. Hé (4.19) wvdi dau vao
y(t) = 0 la on dinh trong thoi gian hitu han tuong ing vdi bo (c1, ¢, Tr, R, d)
néu ton tai mot ma tran doi zing zdc dinh duong P € R™" va cdc hang

50 duong 0, €1, €2, €3 théa man cdc dieu kién sau

=, PD PG, PG, PW|
* Do 0 0 0
x  x —el 0 0 | <0, (4.20a)
* * x —el 0
* * * * —63]_
Noct + LT}Y < hies, (4.20b)
I'(a+1)

trong do

En=-PA-A"P+eH'H, +0L7L,

Sy = eHI Hy — 01,

Ching minh. Chon ham Lyapunov nhu sau

V(x(t) = o7 (t) Pa(t).

P=R PR 7, A = Auin(P), Ao = Amax(P), L = diag{ly, s, . ..

7ln}7
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Do dé6, tit B6 dé 4.4 ta thu duge dao ham Caputo cap a véi (0 < a < 1)

ctia V (z(t)) theo quy dao ctia hé no ron (4.19):
§ DV (x(t) < 227 ()P § D a(t)
—= 27 (t)[-PA — AT Pla(t) — 227 (t) PG, F,(t) H,x(t)
+ 22" (t)PDf(w(t)) + 22" (1) PGaFu(t)Haf ((1))
+ 22T (1) PWw(t).
Duing bat dang thiic ma tran Cauchy, ta c6 danh gia sau:

—22T (1) PG F,(t)Hux(t) < €2 (1) PG, G Pa(t) + ey’ () HI Hyx(t),
(4.21)

227 () PGaFy(t)Hyf (x(t)) < e 'al (t)PGyGY Px(t) (4.22)
+ eof (a(t) Hy Haf (1)),
20 (1) PWw(t) < 3tz (1) PWWT Pa(t) + esw” (H)w(t). (4.23)
Ap dung gia thiét H1 ta c6
0 < —0fT(x(t))f(x(t) + 027 (t) LT La(t). (4.24)

Tu (7?7)-(4.24), ta nhan dugc

o DYV (x(t)) < 0 (1) Qn(t) + esw” (B)w(?), (4.25)
trong do
.T](t) QH PD
n(t) = 2= :
[f(:c(t))] D'P Qy
v6i

Qu=—-PA—-ATP+OL"L + e H'H, + ¢, 'PG,GTP
+ 6 'PGyGYP 4 e ' PWWTP,
QQQ - EQHng - 9[
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Ap dung B dé Schur (BS dé 4.3), ta c6 Q < 0 tuong duong véi (4.20a).
Do do, tir diéu kién (4.20a) ta c6 danh gia sau:
o DV (x(1)) < e’ (tw(t), Vit € [0, T7]. (4.26)

Tich phan cAp « cd hai vé ctia (4.26) tit 0 t6i ¢ (0 < t < Ty) va st dung
Bo dé 2.1, ta co

:I:T(t)P:c(t) < xT(O)P:C(O) + Olf‘(eng(t)w(t))

— 27(0)P2(0) + FEZ) /0 (t — 5)° W7 (s)w(s)ds

¢ [ (4.27)
< 27 (0)Pz(0) + Fd(oz) /0 (t—s)* 'ds

d63

< 27 (0)Pz(0) + mTf .

Bang tinh toan truc tiép, ta c6 cac udc lugng sau day

L () Pz(t) = 2T () RTPR2%(t) > Amin(P)z” () Rz(t) = Mz’ (1) Rx(t),
(4.28)

va

2T (0)Pz(0) = 27 (0)R2PR*2(0)

IA

Amax(P)zT (0) Rz (0)
= Xoz? (0)Rz(0) < Aocy. (4.29)

Két hop (4.27), (4.28) vi (4.29), ta thu duge
Ml (O Rx(t) < V(z(t)) = 2T (1) Px(t) < hey + TT

Diéu kien (4.20b) suy ra 27 (t) Rz (t) < co. Vay, he (4.19) v6i dau vao y(t) =
0 1a on dinh trong thoi gian hitu han tuong tng véi bo (c1, c2, T, R, d).
Dinh 1y dugc ching minh.

]

Tiép theo, ching toi xét mot trudng hgp dic biét ctia hé no ron (4.19).
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Khi AA(t) =0,AD(t) =0, thi hé (4.19) c¢6 dang
(

CDex(t) = —Ax(t) + Df(z(t)) + Ww(t), t>0,

q y(t) = Mf(z(t) + Nw(t), (4.30)

x(O) =1z € R".

\

T Dinh 1y 4.2, ta ¢6 hai hé qua sau.

Hé qua 4.1. Cho cic s duong c1,co, Ty va mot ma tran doi xing xdc
dinh duong R. Gid st cdic gid thiet H1,H2 théa man. Khi dé, hé (4.30)
vdi dau ra y(t) = 0 on dinh trong thoi gian hidtu han tuong tng vdi bo
(c1, ¢, Tf, R,d) néu ton tai mot ma tran doi zing xdc dinh duong P €

R"™™™ va cac so duong 6, € théa man cdic dieu kién sau

(—PA— A"P +0L"L) PD PW]

x —61 0 | <0, (4.31a)
* x  —el
dooy + — Lo < ) (4.31D)
2€1 T(a+1) f 1€2, :

trong do

P =R PR % A = Auin(P), Mo = Aax(P), L = diag{l1, lo, ..., 1L,}.

Hé qua 4.2. Cho cic so duong cy,ce, Ty va mot ma tran doi zing xdc
dinh duong R. Gid st cac gid thiet H1, H2 théa man. Khi dé, hé (4.30)
la thu dong trong thoi gian hiu han tuong ing vdi bo (c1,c2, Tr, R, d) néu

ton tai mot ma tran doi zing zdc dinh duong P € R™™ va cdc s6 duong
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v, 0, € thoa man cac dieu kién sau

(-PA—ATP+0L"L) PD 0 PW
* —0I —MT 0
<0,
* x (el —(N+NT+~1)) 0
* * * —el
(4.32a)
Noor + 210 < e (4.32b)
C —_—— .
201 F(O[—|— 1) f 162,
trong do

P =R PR %, A = Auin(P), Mo = Amax(P), L = diag{l1, lo, ..., L,}.

4.3 Vi du minh hoa

Trong muc nay, ching to6i dua ra hai vi du minh hoa cho hai bai toan ma
ching t6i xét & trén.

Vi du 4.1. Trong hé (4.1), xét mang no ron ¢6 n = 2 no ron, @ =
0.95,2(t) = (21(t), 22(t))" € R?,u(t) € R,w(t) = v0.1cost, f(z(t)) =
(tanh(z1(t)), tanh(x9(t)))T € R%, A = diag{3,4} va

0
G, = , H, = {0.5 0.6} , Fu(t) = sint,
1
0.3 —0.5 0.2
D= , Gy = ,Hd:{O.l 0.3}7
04 0.7 0.3
0.2 (0.4
Fy(t) = cost, W = , Gy = , Hy = {1] :

0.3 0.6

5) 1
F,(t) = cost, B = , Gy = ;
3 0

H, = [1] , Fy(t) = sint.



(6]

Ta c¢6 ham kich hoat théa man diéu kien H1 véi L = diag{1, 1}, nhiéu
w(t) théa man diéu kien H2 v6i d = 0.1. Ham chi phi duge cho bdi (4.4)
vl

0.5 0

Q1 = 0 0 ,Q2={0.2}.

Lay ¢ = 1,¢c9 = 2,7y = 1, R = I, cac dieu kién (4.6a) va (4.6b) trong
Dinh 1y 4.1 thoa man véi € = 1.2473, ¢, = 1.2503, va

0.3364 —0.0366

—0.0366 0.3190

P —

Y = [_0.0717 —0.0790}.

Theo Dinh 1y 4.1, hé déng ctia hé dang xét on dinh trong thsi gian hitu
han véi bo (1,2,1,7,0.1) va gia tri ddm bao chi phi 1a J* = 0.5694. Hon

nita, bo dam bao chi phi diéu khién tim dugc 1a
u(t) = [—0.2430 —0.2755} z(t),t € [0,1].

Vi du 4.2. Trong he (4.30) véi dau ra y(t) = 0, chiung t6i xét mang no
ron ¢6 n = 3 no ron, a = 0.96, z(t) = (21(t), 22(t), 23(t))T € R3 la trang
thai gia, f(z(t)) = (sin(x1(t)), tanh(xo(t)), tanh(z3(¢)))? € R3 la ham
kich hoat, w(t) = 0.1 cost € R 1a nhiéu dau vao, A = diag{6, 2,2}, va

3 2 2 0.2
D=11 1 0]|,W=105
1 0 1 _0.9_
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Do d6, he (4.30) véi dau ra y(t) = 0 ¢6 thé viét lai 1

’

CDVg (1) = —6a1(t) + 3sin(ay(t)) — 2tanh(z(t)) — 2 tanh(xs(t))
+0.02 cos't,
¢ §DY%ay(t) = —2x9(t) + sin(a1(t)) + tanh(xo(t)) + 0.05 cost,

§ DY 90xs(t) = —2x3(t) + sin(z1(t)) + tanh(zs(t)) + 0.09 cost,

2(0) = zg € R3,

(4.33)
trong d6 t > 0.
Xét bai toan mang nd ron phan thi Caputo trong thoi gian hitu han bi chan
(4.33). Cac gia thiét H1, H2 thda man véi L = diag{1,1,1},d = 0.01.
Chon ¢; = 1,¢cp = 3.7,Ty = 10 va ma tran R = I. St dung Hé qua 4.1, ta
c6 cac dieu kien (4.31a), (4.31b) théa méan véi 6 = 0.8763, ¢ = 1.0818 va

_0.1692 —0.0033 —0.0035_

P = 1-0.0033 0.4879 —0.0249
—0.0035 —0.0249 0.4790

Vay, he (4.33) 1a én dinh tuong tng véi bo (1,3.7,10,7,0.01).

4.4 Két luan

Trong chuong nay, chiing t6i da thu duge hai két qua dinh tinh cho nghiém
clia bai toan can bing thong qua bai toan bat ding thiic bién phan bing

cach tiép can én dinh cho nghiém ciia mang no ron phan thi.
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Két luan chung

Dé tai da thu dudc cac két qua sau:

1) Dé xuat duge mot thuat toan chiéu két hgp phép lip Mann-Krasnoselskii
gial bai toan can bang. Thuat toan nay la sy md rong thuat toan chiéu
clia [43] cho bai todn can bang. Ching toi thu duge sy hoi tu manh cho
thuat toan. Ngoai ra, mot vi du mo hinh san xuat dién dugce tinh toan thi
nghiém bing chuong trinh MATLAB minh hoa cho thuat toan ma ching

to1 dua ra.

2) Dé xuat mot thuat toan dudi dao ham giai bai toan chap nhan tach
phi tuyén va tng dung cho mo hinh can bang Nash cé rang buoc. Dong
g6p clia ching toi 1a xét toan tit clia bai toan chap nhan tach 1a phi tuyén,
cu thé 1a ching t6i mé rong cho truong hop toan ti tua tuyén tinh. Ching
toi 4p dung thuat toan nay gidi bai toin can bang Nash cé rang buoc va
so sanh thuat toan clia ching t6i véi thuat toan trong [44], két qua tinh

toan cho thay thuat toan ctia chiing toi hoi tu téi nghiém nhanh hon.

3) Thu dugc mot s6 tinh chat dinh tinh ctia mang no ron phan thi.

Dé phat trién tiép nghién ctu ctia dé tai nay, ching toi hy vong sé
nghién ctiu duge thuat toan méi gidi bai toan chap nhan tach phi tuyén
va 4p dung cho mo hinh can bang c6 rang buoc, trong truong hop toan ti
clia bai toan chap nhan tach 1a phi tuyén tong quat. Dong thai ching toi

mong mudn chiing minh duge sy hoi tu clia no.
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