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Trong nhitng nam gan day, hé phuong trinh vi phan va diéu khién c6 tré da
nhan duge nhiéu sy quan tam nghién cttu ctia nhicéu nha khoa hoc trén thé giéi
(xem [11, 19, 24] va cac tai liéu tham khao trong d6). Trong do6, tinh 6n dinh
theo nghia Lyapunov [11, 19, 24], tinh 6n dinh hiu han [1, 49], tinh thy dong
(passivity analysis) [12] 1a nhiing tinh chat dinh tinh quan trong ctia hé phuong
trinh vi phan va diéu khién c6 tré. Do d6 nhiing tinh chat nay nhan duge nhiéu
sy quan tam nghién cttu ctia nhiéu nha khoa hoc. Ngoai ra, bai toan nghién cttu
bao cua tap dat dugc cho hé phuong trinh vi phan ¢6 tré cing nhan dugce sy
quan tam nghién cttu ctia dong ddo cac nha khoa hoc trong nhitng nam gan day
(xem [13, 10, 28, 47, 48, 58, 60, 80] va céac tai lieu tham khéo trong do).

Bai toan nghién cttu bao cta tap dat dugc cho hé phuong trinh vi phan c6
tré dugce nghién cttu dau tién vao nam 2003 bdi Fridman E. [13] cho 16p hé tuyén
tinh c6 tré. Sau do, bai toan nay dudc nhiéu nha khoa hoc nghién cttu va md
rong cho nhiéu 16p hé dong luc c6 tré khac nhau, chang han nhu hé tuyén tinh
co tré [47], 16p hé c6 tré dang tich phan [80], 16p hé trung tinh c6 tré [58], 16p he
phi tuyén c6 tré [48], 16p he sai phan c6 tré [28, 60], 16p hé phuong trinh vi phan
dai s6 c6 tré [10], mang no ron c6 tré [81]. Tuy nhién, theo nhu sy hiéu biét ctia
chiing toi, bai toan nghién citu bao clia tap dat dude cho 16p hé chuyén mach
c6 tré bién thién, bai toan nghién citu bao ctia tap dat duge cho mang no ron
tong quat c6 tré bién thien dang khoang van chua dude nghién ctu mot céch
day du. Bang cach tiép can st dung phuong phap ham Lyapunov—Krasovskii,
trong dé c6 st dung mot s6 bat ding thic tich phan méi dude dé xuat trong
[53], trong Chuong 1 ctia dé tai, ching t6i nghién cttu bai toan tim bao ctia tap
dat duge cho mot s6 16p hé phuong trinh vi phan c6 tré. D6 1a 16p hé phuong
trinh vi phan tuyén tinh chuyén mach c6 tré bién thién, mang no ron tong quét
c6 tré bién thién va mang no ron chuyén mach c6 tré hén hop bién thien. Céac
két qua trinh bay trong Chuong 1 dudc viét diya trén ba bai bio khoa hoc clia
cht nhigm dé tai va dong nghiep (xem [64, 65, 66]).

Khai niem 6n dinh httu han thsi gian (FTS) dude nghién citu dau tién trong
8, 70] dong mot vai tro quan trong trong ly thuyét on dinh cac he dong le.
Khéc véi bai toan 6n dinh theo nghia Lyapunov, nghién citu dang diéu ctia véc
to trang thai ctia hé phuong trinh vi phan c¢é tré trén mot khodng thoi gian vo
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han, khai niém 6n dinh hitu han thdi gian nghién citu dang diéu ctia véc to trang
thai trong mot khoang thoi gian hitu han. Cu thé hon mot hé phuong trinh vi
phan c6 tré duge goi 1a FTS néu khi ta dua ra mot gidi han cho diéu kién ban
dau, véc to trang thai ctia hé khong vuot ra khéi ngudng da gidi han trong sudt
khoang thoi gian da cho. Mat khac, trong céc bai toan ky thuat, ngoai viéc tim
cach thiét ké mot bo diéu khién lam cho hé théng khong nhing on dinh hitu
han thoi gian ma con dam bao mot miic do day du vé hiéu suat (guarantees an
adequate level of performance). Bai toan nay duge goi 1a bai toan dam béo chi
phi diéu khién trong thdi gian hitu han ctia hé dong luc. Noi dung co ban ciia
bai toan nay 1a ngoai viec thiét ké mot bo diéu khién dé dam bao cho hé théng
diéu khién 13 on dinh hitu han thoi gian, ta con phai dua trén diéu khién dé tim
mot can trén ciia ham muc tiéu (ham chi phi) tuong tng. Bang cach tiép can
sttu dung phuong phap ham Lyapunov-Krasovskii két hop v6i bat dang thiic ma
tran tuyén tinh, cac tac gid trong [50] nghién cttu bai toan dam bao chi phi dicu
khién trong thoi gian hitu han ctia 16p hé tuyén tinh c6 tré bién thién véi diéu
khién bi chan. Mot vai tieu chuan cho bai toan dam bao chi phi diéu khién trong
thoi gian hitu han ctia mang no ron ¢6 tré bién thien duge nghién cttu trong [49).
Bai toan dam bao chi phi diéu khién trong thoi gian hitu han ctia 16p hé ngau
nhién It6 duge nghién citu trong [73, 74]. Theo nhu hiéu biét cia ching toi c6
rat it cong trinh nghién citu bai toan dam bao chi phi dic¢u khién trong thsi gian
hitu han cho 16p hé duong c6 tré. Trong [3], cac tac gid giai bai toan dam bao
chi phi diéu khién trong thsi gian hitu han cho 16p hé tuyén tinh duong chuyén
mach c6 tré bién thién bang cach stt dung phuong phap tiép can thoi gian trung
binh phu thudc tham s6. Chu ¥ réng, két qua trong [3] thu duge bang cach sit
dung dinh nghia on dinh hitu han tuong ting v6i hé duong chuyén mach. Khai
niém nay khac véi khai niém on dinh hitu han thsi gian (FTS) dude dua ra trong
[8, 70]. Vi vay, viéc nghién citu bai todn ddm béo chi phi diéu khién trong thoi
gian hitu han cho 16p hé duong da tré sit dung dinh nghia pho bién dua ra trong
8, 70] 1a mot van dé md, can duge quan tam nghién citu. Trong Chuong 2 clia
deé tai, ching toi tap trung giai bai toan dam bao chi phi diéu khién trong thoi
gian hitu han cho 16p hé duong da tré bing cach tiép can sttu dung bat dang
thitc ma tran tuyén tinh véi cach chon ham Lyapunov—Krasovskii phit hop.
Bai toan nghién cttu tinh thy dong va tinh thu dong héa cho hé phuong trinh
vi phan va diéu khién tuyén tinh c6 tré dude nghién citu dau tien béi cac nghién
ciu cia Fridman E. va Shaked U. [12], Niculescu S.I. va Lozano R. [51]. Sau
do, bai toan nghién cttu tinh thu dong va thu dong hoéa duge cac nha khoa hoc
nghién cttu cho nhiéu 16p hé phuong trinh vi phan c6 tré khac nhau nhu mang
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no ron c6 tré (xem [27, 30, 32| va cac tai lieu tham khao trong d6), hé phuong
trinh vi phan mo ¢6 tré [31], he phuong trinh vi phan dai s6 ¢6 tré [34]. Ddi v6i
16p hé chuyén mach, da c6 mot s6 két qua thi vi duge cong bb cho bai toan
nghién citu tinh thu dong va thu dong héa cho 16p hé phuong trinh vi phan
chuyén mach khong c6 tré (xem [15, 79]). Tuy nhién, theo nhu hiéu biét ciia
chiing t6i, bai todn nghién cttu tinh thu dong cho 16p hé phi tuyén chuyén mach
c6 tré bién thién van chua c6 mot két qua nao dude cong bo. Bang cach sit dung
mot vai bat dang thiic tich phan méi duge dé xuat trong [53], két hop ki thuat
t6 hop 16i trong [52] khi udc lugng dao ham ciia ham Lyapunov-Krasovskii va
stt dung céach tiép can thoi gian ditng trung binh (the average dwell time), trong
Chuong 3 ciia dé tai ching toi nghién citu bai toan nghién ctu tinh thu dong va
tinh 6n dinh mi cho 16p hé phuong trinh vi phan phi tuyén chuyén mach cé tré
bién thién.

Trong nhiing nam gan day, giai tich phan thd va hé phuong trinh vi phan
phan thi da nhan dude nhiéu sy quan tam nghién citu ctia cac nha khoa hoc do
nhiing tng dung ctia ching trén nhiéu linh viyc ctia khoa hoc ki thuat. Nhieu
he théng trong k¥ thuat, chang han nhu he thong viscoelastic, sit phan cuc dién
moi (dielectric polarization), su phan cyc dién cyc (the electrode-electrolyte
polarization), mo hinh mang no ron, dugc mo ta t6t hon va chi tiét hon bdi he
phuong trinh vi phan phan thi. Nhu ching ta da biét tinh on dinh 13 mot tinh
chat quan trong ctia moi hé dong Iuc. Do dé bai toan nghién ctu tinh 6n dinh,
on dinh hoéa theo nghia Lyapunov ctia hé phuong trinh vi phan phan thi da
nhan duge sy quan tam nghién cttu ctia nhiéu nha khoa hoc. Trong nhitng nam
gan day, bai toan nghién cttu tinh dn dinh héa ctia hé phuong trinh vi phan phan
thit Caputo phi tuyén nhan duge nhiéu sy quan tam nghién citu va da cé nhiéu
két qua thu vi vé bai todn nay duge cong bo trén cac tap chi quoc té uy tin (xem
4, 5, 29, 69, 75]). Tuy nhién, cac két qua trong [4, 5, 29, 69, 75] chi nghien citu
tinh 6n dinh héa dugc dia phuong ctia diém can bang goc 0 ctia hé bdi vi thanh

phan phi tuyén trong cac két qua trén théa man diéu kien lin% W =0. Vi
T—r

vy, viéc tim ra cac tiéu chuan méi cho tinh on dinh héa duge toan cuc ciia hé
phuong trinh vi phan phan thit Caputo phi tuyén la can thiét va c6 ¥ nghia khoa
hoc. Trong Chuong 4 ctia dé tai, ching t6i nghién ctu tinh 6n dinh héa ctia 16p
hé phuong trinh vi phan phan thi Caputo c6 nhiéu phi tuyén bang cach tiép
can st dung bat dang thic ma tran tuyén tinh va phuong phap ham Lyapunov
cho hé phan thu.
Noi dung chinh ctia dé tai duge chia lam bén chuong:

Chuong 1. Bai toan tim bao ctia tap dat dudc cho mot sd 16p hé



phuong trinh vi phan cé tré

Trong chuong nay, ching toi trinh bay khai niem tap dat dugce tién va tap
dat dugc Ini déi véi mot s6 16p hé phuong trinh vi phan ¢6 tré nhu 16p hé tuyén
tinh chuyén mach c6 tré bién thién, mang no ron tong quét cé tré, mang no ron
chuyén mach c6 tré hén hgp bién thien. Ngoai ra, ching toi trinh bay mot sb
tieu chuan cho bai toan tim bao ctia tap dat dugc tién va bao ctia tap dat dugc
i cho ba 16p hé phuong trinh vi phan ¢6 tré trén. Cac vi du va hinh vé minh
hoa cho céac két qua Iy thuyét cling duge chting toi trinh bay chi tiét va day du
trong chuong nay.
Chuong 2. Bai toan dam bao chi phi diéu khién trong thoi gian hitu
han ctia 16p hé tuyén tinh duong da tré

Chuong nay trinh bay két qua nghién cttu ctia chit nhiém dé tai trong bai bao
[61] vé bai toan dam bao chi phi diéu khién trong thai gian hitu han ctia 16p hé
tuyén tinh duong da tré.

Chuong 3. Tinh 6n dinh mii va tinh thu dong ciia 16p hé phi tuyén
chuyén mach cé tré bién thién

Chuong nay trinh bay cac két qua ctia dé tai tit bai bdo [62] vé tinh on dinh
mii va tinh hu dong ctia 16p hé phi tuyén chuyén mach cé tré bién thien v6i cach
tiép can st dung phuong phap ham Lyapunov—Krasovskii. Cac vi du minh hoa
va so sanh két qua ctiia chiing toi vdi cac két qua da c6 ciing duge chiing to6i trinh
bay chi tiét trong Chuong 3 ctia dé tai.

Chuong 4. Tinh 6n dinh héa ctia 16p hé phuong trinh vi phan phan
thit Caputo c6 nhiéu phi tuyén

Trudc tién, trong chuong nay ching toi gi6i thieu vé giai tich phan thi bao
gom tich phan phan thit Riemann-Liouville cap «, dao ham phan thi Riemann—
Liouville cap «, dao ham phan thi Caputo cap a véi a € (0,1). Sau d6 ching
t6i trinh bay mot vai tidu chuan cho tinh én dinh héa ctia 16p hé phuong trinh
vi phan phan thit Caputo c¢6 nhiéu phi tuyén. Cudi chuong 1a mot vai vi du va
hinh vé dé minh hoa cho két qua 1y thuyét.



Chuong 1

Bai toan tim bao ctia tap dat dudc cho mét s6 16p
hé phuong trinh vi phan cé tré

Trong chuong nay, chiing téi nghién cttu bai toan bao ctia tap dat duge cho
mot s6 16p hé phuong trinh vi phan cé tré. Noi dung trinh bay trong chuong
nay dua trén cac bai béo [64, 65, 66].

1.1. Mot sé bd dé bb tro

Trong muc nay, ching toi nhic lai mot s6 bo dé bo trg duge ding dé ching
minh cic két qua trong cac muc sau.

B6 dé 1.1. ([53]) Cho trudc ma tran R € S va mot ham ¢ : [a,b] — R™ ma
trong dé dao ham ¢ € C([a,b],R"). Khi dé ta c6 bat ding thitc sau day

b
1 _
/ P! (5)Rp(s)ds > HXTR%

¢ dé R = diag{R,3R,5R}, v =[x} X% x?]T; va

= pb) — 0@, x2= @(b) + pla) - —/
6
x3 = p(b) — p(a) + ' —a 90(3) u)duds.
Bo6 dé 1.2. ([52]) Cho trudc cic ma tran doi xing, zdc dinh duong R, €
R™" Ry € R™* ™. Néu ton tai mot ma tran X € R™™ sao cho

lRl X

>
* R;| 20



thy bat dang thic sau day

ding vdi moi B € (0,1).

Bo6 dé 1.3. ([67]) Cho trudc mot s6 duong o va V(t) la ham Lyapunov-
Krasovskii cho he (1.1)~(1.4). Néu V(t) + aV(t) — Sl (tw(t) <0, YVt >0
th

V(t) <max{1,V(0)}, Vt>D0.

Bo dé 1.4. (Bat ding thiic Jensen [17]) Cho cdc ma tran R € R R = RT >
0, cdc 6 a,b vdi a < b, va véc to w : [a,b] — R™, sao cho cdc tich phan dugc
de cap dén la dinh nghia tot. Khi dé

(b—a) /abwT(s)Rw(s)ds > </abw(s)ds>TR (/abw(sms) |

1.2. Bai toan tim bao ctia tap dat dudc ctia 16p hé tuyén
tinh chuyén mach cé tré

Xét hé tuyén tinh chuyén mach cé tré bién thién v nhiéu bi chin

{ &(t) = Asx(t) + Dox(t — 7(t)) + Byw(t), (1.1)

z(s) = @(s), s€[—m,0],

& d6 x(t) € R" 1a véc to trang thai, o(.) 1a quy tic chuyén mach gifta cic hé con
trong he (1.1), 6 day o(.) 1a mot ham phu thugce vao z(¢), o(.) 1y gia tri trong tap
hitu han A == {1,2,...,N}; A, € R™" D, € R™" B; € R™™ j = 1,..., N,
13 cac ma tran thuc, hang s6 cho trude c6 so6 chieu thich hop sao cho cac phép
toan dai s6 vé ma tran thyc hien duge. Ham tré 7(¢) 1a ham lién tuc théa man

0 S Bl S T(t) < T9. (12)

Ham ¢(s) € CY([—79, 0], R") 1a diéu kieén ban dau théa man

pax P! (s)p(s) < p’. (1.3)
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Véc to nhiéu w(t) € R™, khong biét nhung gid thiét thoa man diéu kien dudi
day

wl(tw(t) <w?, VYt >0, (1.4)
& d6 11, 7o, jt, w 1A cic s6 khong am.

Trude khi trinh bay cac két qua chinh cia muc nay, ching toi nhac lai mot
s6 dinh nghia va bo dé duge dung dé chitng minh céc két qua chinh ciia ching
tol.

Dinh nghia 1.1. (xem [67])
(i) Cho trude Qy C R™ 14 mot tap 16i dong, bi chin chita diém goc 0. Mot tap
Q) C R" dugce goi la tap dat duge tién (forwards reachable set) tuong ting véi tap
ban dau cho trude Qq ctia he (1.1) véi cac diéu kien (1.2), (1.3) va (1.4) dudi quy
tic chuyén mach o(.) néu véi moi didu kien ban dau ¢(s) € Qp,Vs € [—7, 0],
nghiém ctia hé théa man x (¢, p(t),w(t)) € Q,Vt > 0.
(ii) Cho truéc Ay C R™ la mot tap 16i déng, bi chan chia diém gbe 0. Tap
A C R” duge goi la tap dat duge lui (backwards reachable set) tuong ting véi
tap muc tiéu Ag ctia he (1.1) v6i cac dieu kien (1.2), (1.3) va (1.4) dudi quy tac
chuyén mach o(.) néu v6i moi ham diéu kién ban dau o(s) € A, Vs € [—7,0],
nghiém ctia hé théa man x(t, p(t),w(t)) € A, Vt > 0.
Dinh nghia 1.2. Hé thong cac ma tran {L;},i = 1,2,..., N, dugc goi la day
du chat (strictly complete) néu v6i moi vée to x € R™\{0} ton tai mot chi s6
i€{l,2,...,N} sao cho

chLix < 0.
Dé& dang kiém tra dugc ring hé thong cac ma tran {L;} 1a day da chat khi va
chi khi

Qe
Ou
(@

Si={reR": 2Lz <0},i=1,2,...,N.
Trong [25, 68], cic tac gid da chi ra ring he thong cdc ma tran {L;},i =

N
1,2,..., N, la day da chat néu ton tai cdc s6 ¢; > 0,1 =1,2,..., N, > ¢ > 0,
i=1
sao cho
N

Z e;L; <O.

i=1
Néu N = 2 thi cac diéu kién trén tré thanh diéu kién can va dua cho tinh day du

chat ctia hé ma tran tuong tng.
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Trong muc nay, ching t6i trinh bay mot vai tieu chuan cho bai toan tim bao
clia tap dat dude cho 16p hé tuyén tinh chuyén mach c6 tré bién thién va nhiéu
bi chan (1.1).

Dé thuan lgi cho viéc trinh bay céc két qua nghién ctu trong muc nay, ta ky

hiéu
€j = [Onx(j—l)n [n Onx(ll—j)n Onxm]T,j == 1, 2, Cee 117
€12 = [Omxlln [m]T, T2 = T9 — T1,
céc vée 1o khdi xot) = V(1) ) Xa(d]T, & do
"0 Lol
ot =) D e @ ()dS
t) = t) = "
XOI( ) l’(t - T(t>) 7 X02( ) T2 1T(t) tt T(t) ( )dS
| 2t =) 2 fy o ) au)duds
- t—71 t—71
e S Js )W)duds
t—7(t) pt—r(t
XOS(t) = (T2*72'(t))2 t—T2 fs x<u)dUdS 7
(1)
I w(t)

va ma tran

Li(U;) = U Ay + ATUT i=1,2,... N,

1—1
Si:{SL’ER":xTLi(UZ‘>LL’<O}, Sl Sl, S S\(U ),i2,3,...,
=1

T T T T

T T T T
€1 € €5 €3

G = | 1", Ga=les e3 e e
Rl = dlag{e an Rl, 3e M Rl, be~ aan},
}_%2 = diag{e_o‘” Rg, 3e ™ Rg, 56_0”2}%2},

J
]Tv G3 [GBT

e

I, —I, O 0
F=|I, I, —2I, 0 |, I =col{FG,, FGs}.
I, —I, 6I, —6I,

Dinh Iy duéi day dua ra mot dieu kién di cho sy ton tai bao ctia tap dat duge tién
ting véi tap ellipsoid cho trude Qy = {¢(s) € CH([—72,0],R") : T (s)Ep(s) <
1,Vs € [-72,0]}, 6 d6 F la mot ma tran déi xiing, xac dinh duong cho trudc.

Dinh 1y 1.1. Gia st rang ton tai bdy hang so6 duong o, By, B1, q1, G2, T1, T2, NAM
ma tran P,Q1,Q2, R1, Ry € S, cac ma tran U;, W; € R""(i = 1,...,N), mot

n
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ma tran X € R33" sao cho cdc diéu kién sau day dudc théa man:
(i) He thong ma tran {L;(U;)}, (1 = 1,2,...,N) la day di chat, tic la ton tai
N

cic s6 € >0,i=1,2,....N,> € >0 sao cho

(i) Véii=1,2,...,N

=1

J

P < 51 ny Q1 < quln, Q2 < qoln, By <11l Ro <rolp, (1.6a)

P> =1, 1.6b
50 (1.6b)

Ry X

P = | > 1.
lXT RJ > 0, (1.6¢)

Q=% —GITFTR FG, —TToT < 0, (1.6d)

Kipo + kap’ <1, (1.Ge)

1

0?' dO/ MO — Amin(E), /UC\I/

= elT(PAi + AiTP +aP +Q1)er + 62T (—e*Cle + e"ng) €
e " TQ2€4 + 6{1 (T12R1 +75Ry — W — WZ-T) e + e{PDieg)
+ el DI Pey + el PBjers + €1, Bl Pey — el Uieyy — el \Ul'ey + €T UiDjes
+ eI DIUTe; + el UiBjers + €1, BT Ul ey + e, WiAjer + el AT W ey
o
-+ 611MGD163 —+ 63 DTWT611 -+ 611WB €12 + 61QBTWT€11 26{2612,

B C_h(l —e O¢T1) +q2< aT1 —e OzTQ)
_Bl+ o )

1 1
Ko = T1T] ( + = ( Tan 1)) + T9T12 (% + — (G_MQ — e_a“)) .

a2

Khi dé tap dat dugc tién cia hé (1.1) duge bao bdi hinh cau B(0, ) = {z €
R™ : ||z|| < Bo} dudi quy luat chuyén mach dudc chon nhu sau o(x(t)) =i € N
khi ma x(t) € S;.

Ching minh. Xét ham Lyapunov—Krasovskii sau

6 do

Vi(xe) = Vilze) + Va(w) + Va(ay),

Vi(zr) = o' (t)Pa(t),
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t—71

t
Va(21) =/ ea(s_t)fET(S)Qw(S)dSvL/ 0T (5) Qo (s)ds,
t

—T1 t—72

0 gt
V() = 7'1/ / WD 5T (1) Ryd:(u)duds
—71 Jt+s

—T1

t
+ T12 / WD T (1) Ry (u)duds.
t+s

—To

Do diéu kién (1.6b), ta thu duge danh gia sau

Vix) > ||xg2)||27 vt > 0,
0

Tu rang budc
—&(t) + Ajx(t) + Dix(t — 7(t)) + Bw(t) =0, i=1,2,...,N,

ta co

(227 ()U; + 227 (6)W;] [—i(t) + A (t) + Diz(t — 7(t)) + Biw(t)] = 0,
i=1,2,...,N.

Lay dao ham ctia V(z;) theo ¢ va stt dung diéu kien (2.12), ta thu dugc

. (8% T

Vixy) +aV(xy) — ot (t)w(t)

< A7) LU (t) + X3 () Eixo(t) — mre=om / () Rui(s)ds

t—11
- 7-126_0‘7'2/ @7 (s)Ryi:(s)ds.
t

—To

Bing cach ap dung B6 dé 1.1, ta co

t
—reom / i (s)Rui(s)ds < —xg (1G] FTRiFGhixot)-
t

—71

Tach tich phan sau thanh téng ciia hai tich phan

t—11
—712@—0”2/ @7 (s)Ro(s)ds
t—T7o
t—T(t) t—11
= —7126_0”2/ @7 (s)Ryi(s)ds — 7‘126_0”2/ @7 (s) Ry (s)ds
t t

—T9 —7(t)

(1.8)

(1.9)

(1.10)
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va st dung cac Bo dé 1.1, Bo dé 1.2, tich phan thi hai trong (1.9) c6 thé udc
lugng nhu sau

t—11
- 7’12@—0wz/ @7 (s)Ryi(s)ds
t

T12 T T TS5 712 T T TH
< ———— v (1)G5 F* Ry FG t) — ————xo (1)G3 F* Ry FG t
= T(t)—7'1XO() 2 2 F'Gaxo(t) TQ—T(t)XO() 3 2 F'G3x0(t)
_T TliT R2 0
= —Xg(t)PT (t) 01 o R2

To—7(t)

I'xo(t)

:E X
_XT §2:| FXO(t)

= —xo ()T @ xo(t).

< —xp I’

(1.11)
Vay, ta co

V(xy) + aV(xy) — %wT(t)w(t) < 2T () Li(U) 2 (t) + x (1) Qxo(t). (1.12)

Tu (1.6¢), (1.6d) va (1.12), ta thu dugc udc lugng sau

V() +aV(z) — 2o (#)w(t) < 27 () Li(Up)a(t). (1.13)

w? -

Vi hé thong cac ma tran {L;(U;)} day du chat nén ta c6

N
L s =Rr"\{o}. (1.14)
i=1
Dua trén cac tap S;, ta xay dung cac tap S; nhu trong phan ky hiéu bén trén
dinh 1y. Ta dé& dang kiém tra dudc ring
SinS; ={0},i#3j, S;uS;=R"{0}. (1.15)

Bay git, ta xay dung qui tic chuyén mach gitta cac hé con trong hé (1.1) nhu
sau o(z(t)) =4 € N, khi ma z(t) € S;. Vay, ta c6

St dung cac diéu kien (1.6a), (1.6b), (1.6e) va st dung mot vai tinh toan tryc
tiép, ta thu dugc

V(o) < ki |p(0) 2 + ropl® < kapio + o < 1.
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Tit didu nay va Bo dé 1.3, ta c6 V(z;) < 1. Stt dung (1.7), ta thu dugc
lz(@)I] < Bo, VE=0.
Dinh 1y dugc chiing minh hoan toan. ]

Nhan xét 1.1. Chi y rang khi ta c6 dinh cac sd a va 3y thi cac bat dang thiic
ma tran (1.6a)-(1.6e) tré thanh bat dang thitc ma tran tuyén tinh (LMIs). Do
do, ta c6 thé két hgp phuong phap tim kiém hai chiéu két hop véi thuat toan t6i
uu 16i trong MATLABs LMI Control Toolbox (xem [14]) dé gidi cdc bat dang
thitc ma tran nay. Tuong tu nhu trong bai bao [67], dé tim bao nhd nhat clia
tap dat dugc tién ctia he (1.1) ting vdi tap ban dau cho trude Qp = {¢(s) €
C1([=72,0,R?) : pT(s)Ep(s) < 1,Vs € [—7,0]}, tiic 1a tim gid tri nhé nhat c6
thé c6 ciia fy, ta di gidi bai toan tdi wu 16i sau day:

(OP1):  min fo.
(1), (1.6a) — (1.6e).

Bang cach xay dung mot ham Lyapunov-Krsovskii don gidn, Dinh 1y 1.1 dua
ra mot dicu kién di cho viéc ton tai mot bao ctia tap dat dude tién ciia hé tuyén
tinh chuyén mach c6 tré bién thién (1.1). Bay gio, néu ta xay duyng mot ham
Lyapunov-Krsovskii phitic tap hon nhu sau

Vi(zy) = Vilz) + Vala) + Va(ay),

& d6 Via(ay), Va(z) duge xac dinh nhu trong ching minh ctia Dinh 1y 1.1 va
Vi(w) = 0" (t)Pn(t), trong d6

n(t) = le(t) /;1 2T (s)ds /:T; 27 (s)ds /tjﬁ /St xT(u)dudsl T,

PZ] S Rnxn7i7j - 17273747

Piw P Pz Py
Py Py Po3 Pou

P = €St
P31 Py P33 Py an

Py Py Piz Puy

thu bang ki thuat ching minh tuong ty nhu Dinh 1y 1.1, ta thu dugc két qua
sau

Hé qué 1.1. Gid si T&ng tén ta 10 Sé dudng a7607617627637647QIaQQ7T17T27 4
ma trin Q1, Qa, R1, Ry € S}, ma tran P € S}, cdc ma tran U;, W; € R™"(i =

no 4n>
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1
man:

g ey

N),va mot ma train X € R¥3" sao cho cic dieu kién dudi day dugc théa

(1) He thong ma tran {L;(U;)}, (i = 1,2,...,N) la day di chat, tic la ton tai
N

cic 0 ¢ >0,i=1,2,...,N,> ¢ >0 sao cho
i=1

N
> LU
=1

(ii) Véii=1,2,...,N,
P S diag{ﬁljnaﬁQInaﬁ?)I’rh 4[71}7
Q1 < qln, Q2 <ql,, R <ril,, Ry <,
Py Pia Pz Py %]n Op Onp Op

0
Py1 Py Pz Py 0, 0, 0, 0, -0
Py P3y Psz Py 0, 0, 0, 0, ’
Py Pip Pyz Py 0, 0, 0, 0,
Ry X
¢ = — | >
lXT RQ] = 0,

Qi(1) = ~-( )= GIFI'R\FG, —TTOT <0, Ve {n,n}
Kipo + rop® < 1,

07( dé Ho = mm(E)

Zi(7) = H (1)PH1 + H] PHo(r) + oM (T)PHo(7) + ] Qien
+ 62 5 (e Q1+ e Qy) e2 — € ey Qaey
+ 611 (71 Ry + 7122R2 — W; — I/ViT) el + GI{PDZB?, + e3TD;‘FPel

(1.16)

(1.17a)
(1.17b)

(1.17¢)

(1.17d)

(1.17¢)
(1.17f)

T T pT T T 77T T TnHI'rT
+ 61 PBZ'612 + 812Bi P€1 - 61 U'€11 - ellU 81 + 81 UDeg + 63 DZ U’L 61

+ el U;Biers + el,BIUT ey + e, Wi Ajer + el ATW ey
+ elTlWiDieg + e3 DTWTGH + eHWB e1s + 612B WT€11
(1_ a71)+q2( —QT] —e OcTz)

= [1+ 11PB2 + 1283 + 7154 +

(6%
T
6126127

R = T1T1 <% + % (e_aTl — 1)> + 19712 <% —+ i (e_aTQ _ e—aﬁ)) 7

«

trong do

9 T
-
Ho(r) = [elT 7165T (19 —T)er + (17— Tl)eg 21 eg] ,
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T

7‘[1 = [6?1 (61 — GQ)T (62 — 64)T 7'1(61 — 65)T}

Khi dé tap dat dugc tién cia hé (1.1) duge bao bdi hinh cau B(0,8y) = {x €
R™ . ||lz]| < Bo} dudi luat chuyén mach dugc cho bdi o(x(t)) =i € N khi ma

Nhan xét 1.2. Hé qua 1.1 c6 thé dua ra mot can trén 7 cho do tré 7(¢) lon
hon so v6i Dinh 1y 1.1 khi nghién cttu bai toan tim bao ciia tap dat ducgc tién
cho hé (1.1). Do d6 c6 thé néi cac diéu kien trong He qua 1.1 1a it bao thit hon
so véi diéu kien dua ra bdi Dinh 1y 1.1. Tuy nhién, c¢6 thé quan sat thay ring
Hé qua 1.1 ¢6 nhiéu bién va an ma tran hon so v6i Dinh 1y 1.1. Vi vay viec gidi
cac dieu kien trong He qua 1.1 1a phiic tap hon va ton bo nhé hon so véi viec
gidi cac dieu kién trong Dinh 1y 1.1.

Trong truong hop N = 1, Dinh 1y 1.1 dua ra mot dieu kién du cho bai toan
tim bao ctia tap dat dugc tién cho hé phuong trinh vi phan tuyén tinh c6 tré
bién thien.

Hé qua 1.2. Xét hé phuong trinh vi phan tuyén tinh cé tré bién thién

{ i(t) = Az(t) + Da(t — 7(t)) + Bw(t), >0, (1.18)

z(s) = (s), s€[—7,0].
Gid st rang ton tai bdy hang so duong o, By, Bi, q1, q2, 71, T2, ndm ma tran P, Q1, Qo,

Ry, Ry € ST, cic ma tran U,W € R™ ™ va mot ma trgn X € R3™37 a0 cho cdc
diéu kién dudi day dudc théa man:

P <pBil,, Q1 <aql,, Q2=<ql, R <nril, Ry<rl,, (1.19a)
1

P> I, (1.19b)
B
Ry X

= _ | > 1.1

lXT R;| - 07 ( 9(3)

Q==-GI'FT'RFG, —-TTaT <0, (1.19d)

K1o + /@ﬂf <1, (1.19e)

2, 3 1 N
g dO /,[,O - Amin(E)’ va

E=el(PA+ATP+aP +UA+ ATUT 4+ Q))e;
+ Bg (—e_aTlQ1 + 6_0”-1@2) €y — 6_0”-26562264

+ er{l (7’1231 + 7122R2 - W — WT) e + G{PDeg + egDTPel
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+el'PBeyy + el,BTPey — elUey — el ,UTe; + T UDes + eI DTUT ¢,
+elUBeyy + elyBTU ey + el (W Aey + el ATW ey,

o
+ 6{1WDZ'63 + egDTWTGH + 6?1W3612 + G?QBTWTeu — w—@%;elg,

2
1 . 6-0&7’1 _|_ 6—057'1 . 6—067'2
m:&+m( )+ @2 ( X

1

Ko = T1T1 (% + — (e—an . 1)) + roTio (% + - (6—047'2 o e—aﬁ)) .

a2

Khi dé tap dat dugc tién cia hé (1.18) dugc bao bdi hinh cau B(0, By) := {z €
R™ -zl < Boj-

Nhan xét 1.3. Chu y ring trong bai bao [67], cac tac gid nghién cttu bai toan
tim bao cta tap dat dugc tién ctia hé phuong trinh vi phan tuyén tinh (1.18)
trong truong hop do tré 13 ham kha vi lien tuc véi dao ham 7(¢) théa man dieu
kien d,,, < 7(t) < dp < 1, 6 d6 d,,, va dyy 13 céc hdng s6 cho trude. Khac voi két
qué trong bai bao nay, Hé qua 1.2 giai bai toan tim bao cua tap dat dugc tién
ctia h¢ phuong trinh vi phan tuyén tinh (1.18) trong truong hop do tré 13 ham
lien tuc nhung khong nhat thiét kha vi. Do d6 c6 thé n6i He qua 1.2 nhu la mot
md rong ty nhién cho két qua ciia bai béo trong [67].

Ngoai ra, khi w(t) = 0,Vt > 0, Dinh 1y 1.1 dua ra mot diéu kién du cho tinh
on dinh mil ctia hé phuong trinh vi phan tuyén tinh chuyén mach c6 tré bién
thien (1.1). Chi y ring bai toan nghién ctu tinh 6n dinh theo nghia Lyapunov
cho 16p hé phuong trinh vi phan chuyén mach c6 tré da nhan dudce sy quan tam
nghién ctfu ctia nhiéu nha khoa hoc (xem [40, 76] va cac tai lieu tham khéo trong
d6). Gan day, bai toan nghien citu tinh on dinh mi va on dinh héa duge dang
mii cho hé phuong trinh vi phan tuyén tinh chuyén mach c6 tré dugce nghién citu
trong [35]. He qua dudi day dua ra mot diéu kien di cai tién cho tinh dn dinh
mil ctia hé phuong trinh vi phan tuyén tinh chuyén mach c6 tré bién thien (1.1)
khi véc to nhiéu w(t) = 0.

Hé qua 1.3. He (1.1) vdi véc to nhiéu w(t) = 0, la on dinh mi vdi toc do
mi o = § > 0 néu ton tai nam ma trin P,Qy1, Qq, R, Ry € S}, cdc ma tran
U, W; € RV"(i = 1,...,N) va mot ma tran X € R¥3" sao cho cdc dieu kién
sau day duogc thoa man:

(i) Hé thong cic ma tran {L;(U;)}, (i = 1,2,...,N) la day di chat, tic la ton
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N
tai cic s0 €, > 0,1 =1,2,...,N,> € >0 sao cho
i=1

N

> aLi(U;) <0, (1.20)
=1

(i) Véii=1,2,..., N,
Ry, X
pu— —_— > .
i) lXTRJ_Q (1.21a)
¥ =V, - GIFI'RFG, —TToI <0, (1.21b)

U; = ef (PA; + A] P+ aP + Q1)er + ey (—e Q1 + e Q) e
— e ey Ques +efy (TP Ry + Tip Ry — Wi = W) eny
+ eI'PDjes + egD;‘FPel —elUsey; — el Ul ey
+ elU;Djes + egDiTUiTel + el W Ajey + eF ATW ey
+ elTlWiDieg + egDiTWZ-TeH.

Ngoai ra, quy tdc chuyén mach dugc chon nhu sau o(z(t)) = i € N khi ma
:L‘(t) S gz

Tiép theo, chiing t6i nghién cttu bai toin tim bao ctia tap dat duge lui cho
hé phuong trinh vi phan tuyén tinh chuyén mach c6 tré bién thien (1.1). Cu
thé hon, ching t6i sé dua ra mot diéu kien dua cho viéc ton tai mot hinh cau
B(0, po) := {x € R": ||z|]| < po} chita tap dat duge lui ctia hé (1.1)-(1.4) tuong
ting v6i mot tap muc tiéu cho truée Ag = {xr € R™ : T Fr < 1}, 6 d6 F 1la mot
ma tran doi xting, xac dinh duong cho truée dudi luat chuyén mach thich hop
o(.). Bang cac ky thuat tuong ty nhu Dinh 1y 1.1, ching toi thu duge két qua
sau day:

Dinh 1y 1.2. Gid st rang ton tai bay hang s6 duong o, po, B1, q1, G2, 71, T2, NAM
ma tran P,Q1,Q2, R1, Rs € ST, cic ma tran U;,W; € R""(i = 1,...,N) va

mot ma tran X € R33" sqo cho diéu kién (i) trong Dinh Iy 1.1 va cdc diéu
kién sau day

P<pil,, O <ql,, Q< ql,, R <ril, Ry<mri,, (1.22a)
P—F>o0, (1.22b)
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Ry X
= — | > .
lXT RJ >0, (1.22¢)
Q=% —-GIFI'RFG, -TT®I' < 0,i =1,2,..., N, (1.22d)
kg 4 rop® < 1, (1.22e)

ding. Khi dé tap dat dugc lui cia hé (1.1) dugc bao bdi hinh cau B(0, py) =
{x € R": ||z|| < po} dudi luat chuyén mach cho bdi o(z(t)) =i € N khi ma

Nhan xét 1.4. Tuong tu nhu Nhan xét 1.1, ta c6 bai toan toi wu 16i sau dé tim
bao 16n nhat c6 thé g :

(OP2):  max g
(1), (1.22a) — (1.22e).

Sau day, chiing toi dua ra mot vai vi du minh hoa cho két qua 1y thuyét.

Vi du 1.1. Xét hé phuong trinh vi phan tuyén tinh chuyén mach (1.1) v6i hai
hé con va cac s6 liéu cho béi nhu sau

—2 0 -1 0.1 —0.5
A= lo —0.71’ Dy = l—1 —0.9]’ Bl:l 1 ]
-2 0 —1.5 0.2 —0.5
Az = l0.1 —1]’ Da = l—0.5 —11’ Bz = lo.51
va |lw(t)|| < 1. Do tré 7(¢) 1a ham lién tuc théa man 7(t) € [r1,0.7]. Trong vi du
nay, ching toi thiét ké quy tac chuyén mach va tim bao ctia tap dat dugc trong
hai truong hop:
(a) Cho truée p = 1. Tim luat chuyén mach phit hgp va bao nhé nhét c6 thé cé
chita tap dat dugc tién tuong tng véi tap ban dau cho trude Qy = B(0, 1).
(b) Cho trude g = 1. Tim luat chuyén mach phit hop va bao 16n nhét cé thé cé
cia tap dat duge Ini tuong ting véi tap muc tiéu cho truse Ay = B(0,2).
Lou gida:
(a) St dung Dinh ly 1.1 két hop v6i Nhan xét 1.1, hinh cau nho nhét cé thé
B(0, 5y), chita tap dat duge tién ciia hé ting véi tap dicu kien ban dau cho trudce
Qo = B(0, 1) dugc cho trong Bang 1.1 véi cac gia tri nhé nhat c6 thé clia [y véi
cac gia tri khac nhau cta 7.
Dé minh hoa bing hinh vé, ta chon do tré 7(¢) = 0.340.4 sin’ (%) , véc to nhiéu
w(t) € {asin(t),a = —1,-0.9,...,0.9,1} U{—1,-0.9,...,0.9,1}, didu kien ban
dau (z1(t), z2(t))T € {(bsin(t/2), £v1 — b2 cos(t/2)),b=—1,-0.9,...,0.9,1} U
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Béang 1.1: Gia tri nho nhat c6 thé ctia 3, tng véi cac gia tri khac nhau cia 7

T 0 0.1 0.2 0.3
Dinh Iy 1.1 1.400 1.358 1.355 1.350

{(b,£v1=10%),b = —1,-0.9,...,0.9,1}. Ta thay cac dicu kién trong Dinh ly
1.1 va Nhan xét 1.1 dugc thoa man v6i a = 0.455,¢; = 0.05,e0 = 0.95, 5y =
1.350, B = 0.5934. ¢, = 0.4138, g5 = 0.5565, 1 = 2.5128, 5 = 0.9961, va

0.5793 —0.0054 0.3782 0.0113 0.4692 0.1090
P:l ]7lel :|7Q2:l :|7

—0.0054 0.5614 0.0113 0.1657 0.1090 0.3199

~ [0.8572 0.1805 ~ [0.7557 0.0087  [-0.3227  0.1774
V7101805 0.7173|7 " 10.0087 0.7055|7 ' |—0.0037 —0.3333|’

[ _ [ 0:0914 0.1750 ~ [0.2371 0.0877 ~ [0.2177 0.0333
271200617 0.1377]7 ' |=0.0091 02104]> ?* " 0.0127 0.3597]°

[—0.4403 —0.0973 0.0014  0.0009  0.0006 —0.0002]
—0.1361 —0.1964 —0.0006 —0.0001 —0.0006 0.0005
0.0019  0.0010 —0.0031 -0.0001 —-0.0045 —0.0001
0.0005  0.0004 —0.0001 —-0.0025 -—0.0001 —-0.0039
0.0010 —0.0002 0.0044 0.0001  0.0074  0.0002

| —0.0003 0.0014  0.0001  0.0039  0.0002  0.0065 |

Cac tap S1, Sy trong Dinh 1y 1.1 dude xac dinh nhu sau

St = {x = (21, 29) € R?*: 1.29102% — 0.2334x125 + 0.466625 < 0},
Sy = {x = (21, 29) € R?*: 1.29102% — 0.2334x125 + 0.466623 > 0, (21, 29) # (0,0)}.

Luat chuyén mach gitta hai hé con dugc chon nhu sau

1 néu z(t) € Sy,

o(z(t)) = { -

2 néu z(t) € Ss.

Theo Dinh 1y 1.1, quy dao ciia véc to trang thai bat dau ti trong hinh cau
B(0,1) ctia he dugc bao bdi hinh cau B(0,1.350). Hinh 1.1 va 1.2 chi ra réng
hinh cau B(0,1.350) chita tap dat dugde tién tuong tng véi tap dieu kien dau
Qo = B(0,1) cua he.
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Hinh 1.1: Hinh cau B(0,1.350) chita tap dat dugdc tién tuong tng véi tap diéu kien
dau Qy = B(0,1) ctia hé con 1

Hinh 1.2: Hinh cau B(0, 1.350) chita tap dat duge tién tuong ting véi tap dicu kien
dau Qo = B(0,1) cia hé con 2
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Bang 1.2: Gia tri 16n nhat c6 thé co clia o 1ing véi cac gid tri khac nhau ctia 7

T 0 0.1 0.2 0.3
Dinh Iy 1.2 1.650 1.705 1.750 1.755

(b) Stt dung Dinh 1§ 1.2 két hgp v6i Nhan xét 1.4, ching toi tim hinh cau 16n
nhat c6 thé c6 B(0, o) chita tap dat duge Ini tuong ting v6i tap muc tiéu cho
truse Ag = B(0,2). Bang 1.2 liet ké cac gia tri 16n nhat c6 thé c6 clia ug v6i cac
gia tri khac nhau cua .

D& minh hoa béng hinh v&, ta chon do tré 7(t) = 0.3 + 0.4sin® (1), véc

Hinh 1.3: Hinh cau B(0, 2) chita tat ca céc véc to trang thai ctia he con thit 1 véi dieu
kién ban dau nam trong hinh cau £y = B(0, 1.755)

to nhidu w(t) € {~1,-0.9,...,0.9,1}, (z1(t),z2(t))" € {(b,£V1—-02),b =
—1.3,...,1.3} la diéu kién ban dau. Ta thay cac diéu kién trong Dinh 1y 1.2 va
Nhéan xét 1.4 duge thoa man v6i a = 0.455, €7 = 0.05, €5 = 0.95, g = 1.755, 51 =
0.2515, ¢; = 0.0090, g = 0.1950, 1 = 0.5485, r9 = 0.2502, va

0.2508 —0.0001 0, = 0.0075 0.0000 Q5 = 0.1731 0.0484
—0.0001 0.2506 | * ' 0.0000 0.0032]" % [0.0484 0.0815]°

~ [0.4469 0.0651 ~ [0.2311 0.0181 ~ [-0.1311  0.1260
Y7 10.0651 0.2407|7 " 10.0181 0.1819]7 ~' " | 0.0303 —0.2386|’

;o _ [00357 0.0812] . [0.1078 0.0205] o [0.0804 0.0055
27 120.0246 0.0324|° ' T [=0.0204 0.1138]7 % 10.0101 0.1126]’
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X2
o

Hinh 1.4: Hinh cau B(0, 2) chifa tat ca cac véc to trang thai ctia he con thi 2 véi dieu
kién ban dau nam trong hinh cau 2 = B(0, 1.755)

[—0.1548 —0.0314 0.0003  0.0001  0.0001  0.0000 |
—0.0477 —0.0648 —0.0000 0.0001 —0.0000 0.0000
0.0000 —0.0001 —0.0000 0.0000 —0.0000 0.0000
0.0000 —0.0002 —0.0000 —0.0000 —0.0000 —0.0000
—0.0000 —0.0000 —0.0000 0.0000  0.0000  0.0000
| 0.0000  —0.0000 —0.0000 —0.0000 —0.0000 —0.0000 |

Cac tap S1, So trong Dinh Iy 1.2 duge xac dinh nhu sau

S1 = {z = (21, 29) € R?: 0.52452% — 0.2974x 29 + 0.334023 < 0},
Sy = {x = (21, 29) € R?: 0.52452% — 0.2974x 129 + 0.334023 > 0, (z1,29) # (0,0)}.

Luat chuyén mach gitta hai hé con dugc cho béi

o(z(t)) =

1 néu xz(t) € Sy,
2 néu z(t) € Ss.

Theo Dinh 1y 1.2, moi quj dao clia véc to trang thai bat dau tir trong hinh cau
B(0,1.755) déu nam trong hinh cau B(0,2). Cac hinh 1.3, 1.4 chi ra rang hinh
cau B(0,2) chiia tat ca cac véc to trang thai ctia hé con 1 va hé con 2 véi moi
véc to dieu kien ban dau clia hé nam trong hinh cau Q = B(0, 1.755).
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Bang 1.3: So sanh can trén 75 v6i o = 0 va cac gia tri khac nhau cia 7

T1 0 0.4 1

Lien C.H. cung cac cong su [39] 0.687 0.856 1.335
Zhang D., Yu L. [76] 1.253 1.368 1.708
Hé qua 1.3 1.619 1.777 2.187

Béng 1.4: So sanh can trén 7 v6i o = 0.3 va céac gia tri khéc nhau cia 7

T 0 0.4 0.5

Lien C.H. cung cac cong su [39] 0.442 0.490 0.518
Zhang D., Yu L. [76] 0.832 0.869 0.878
Hé qua 1.3 1.165 1.283 1.312

Vi du 1.2. Xét he phuong trinh vi phan tuyén tinh chuyén mach c6 tré bién
thien (1.1), trong d6 w(t) = 0 v6i hai he con va cac tham sé duge 1ay trong céc
bai bédo trong [35, 39, 76]:

-1 0 0 0.5 0 1
Al_AQ_lo —1}’ Dl_l—l 01’ DQ_{—0.5 0}

Muc dich ctia vi du nay la dé so sanh két qua ciia ching toi véi nhitng két qua
da c6 (xem [35, 39, 76]) khi nghién cttu tinh 6n dinh mii ctia 16p hé phuong trinh
vi phan tuyén tinh chuyén mach c6 tré.

Dé so sanh v6i két qua trong [39, 76], ta sit dung Hé qua 1.3. Bang 1.3 va 1.4
cho ta so sanh vé can trén 7 ctia do tré vdi cac gia tri o = 0 va a* = 0.3. Ro
rang tit Bang 1.3 va 1.4, tiéu chuan thu dugc trong két qua ching toi la it bao
thit hon cac két qua trong [39, 76].

Bay gio, ching toi di so sanh két qua ciia ching toi véi két qua Li Z. ciing
cac cong su [35]. Trude hét, ta cho 73 = 0. Bang 1.5 cho ta sy so sanh vé can
trén 7 véi cac gia tri khac nhau ctia o gitta két qua trong Hée qua 1.3 va két
qud cia Li Z. cung céc cong su [35]. Sau d6, cho 71 = 0. Bang 1.6 cho ta su so
sanh veé toc do hoi tu mii o* v6i cac gia tri khac nhau clia 7 gitta két qua trong
He qua 1.3 va két qué ctia Li Z. cing cac cong su [35]. Tt Bang 1.5 va 1.6, ta
thay két qua thu duge trong He quéa 1.3 it bdo thit hon két qua trong [35]
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Bang 1.5: So sanh can trén 75 v6i 7; va cac gia tri khac nhau cia o

a* 0.1 0.14 0.2 0.24 0.3
Li Z. cung céac cong su [35] 0.842 0.804 0.752 0.720 0.674
Hé qua 1.3 1.4414 1.3299 1.2930 1.2398 1.1656

Béang 1.6: So sanh can trén o véi 71 = 0 va cac gid tri khac nhau ctia 7

Ty 0.7 0.65 0.6 0.55
Li Z. cung cac cong su [35] 0.133 0.167 0.240 0.244
Hé qua 1.3 0.387 0.420 0.455 0.492

1.3. Bai toan tim bao cua tap dat dudc cia mang no
ron tong quat cé tré

Xét mang no ron tong quat cé tré bién thien

i(t) = —Azx(t) + DfWa(t)) + D1 f(Wa(t — 7(t))) + Bw(t),t > 0, (1.23)
ZL’(S) = @(3)7 S [_72’0]7 '
3 d6 z(t) = [31(t) 22(t) ... zn(t)]" € R™ la véc to trang thai clia mang no ron,
Q) =1A0) f200) ... fn()]T € R™1a cac ham kich hoat, A = diag{a, as, . .., a,},
a; >0 =1,...,n), D,D;,W € R™" la cac ma tran trong so lién két cac no

ron clia mang va B € R™ 13 ma tran hang s6 cho truée, 7(¢) 13 ham tré thoa
man dieu kién dudi day

0<7 <7(t) <m. (1.24)
Ham ¢(s) € CY([—72,0],R") 1a diéu kien ban dau théa man dicu kieén dusi day

max @7 (s)@(s) < p. (1.25)

s€[—72,0]
Véc to nhiéu w(t) € R™, 1a khong biét nhung thda man diéu kien sau
wl(w(t) <w?, vt >0, (1.26)
& d6 11, T2, 1, w 1 cac hang s6 khong am. Ngoai ra, cac ham kich hoat f;(.) trong
(1.23) thoa méan gia thiét dudi day

Gia thiét 1.1. Cdc ham f(.) trong (1.23) lién tuc, bi chan va théa man dicu
kién sau day
ICEN IO

=1,... 1.27
T—y 7 2 ) » 1, ( )
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4 dé fi(0) =0,z,y € R,z #y, I vall la cdc so thuc.

Nhan xét 1.5. Cac ham kich hoat clia mang no ron théa man Gia thiét 1.1
duge dua ra dau tien trong [42]. Céc hdng s6 7,11 (i = 1,2,...,n) trong Gid
thiét 1.1 c6 theé la s6 duong, s6 am hoiic bang 0. Do dé diéu kien nay 1a it bao
thtt hon so véi dieu kien Lipschitz.

Dinh nghia 1.3. (i) Cho trudc Qy C R” 14 mot tap 16i dong, bi chin chita diém
gdc 0. Mot tap 2 C R" duge goi la tap dat duge tién (forwards reachable set)
tuong tng véi tap ban dau cho trude Qp ctia he (1.23) véi cac diéu kien (1.24),
(1.25) va (1.26) néu véi moi dieu kien ban dau ¢(s) € Qg, Vs € [—72, 0], nghieém
ctia hé thoa man x(t, o(t),w(t)) € Q,Vt > 0.

(ii) Cho truéc Ay C R™ la mot tap 16i dong, bi chin chita diém gdc 0. Tap
A C R" duge goi la tap dat duge 1ui (backwards reachable set) tuong tng véi
tap muc tieu Ay ctia he (1.23) v6i cac dieu kien (1.24), (1.25) va (1.26) néu véi
moi ham diéu kien ban dau p(s) € A,Vs € [, 0], nghiém ctia hé thda man
z(t, o(t),w(t)) € Ao, Vt > 0.

Dé thuan tien cho viéc trinh bay céc két qua tiép theo, ta ky hieu

6] = [OTIX(]—l)n ]TL Onx(15—])n OnXm]T,] == 172, ey 157

16 = [Omx1sn Im)’, Ti2 =T — 71,
cac vée to xo(t) = [xo1(t) xo2(t) xga(t) xdu(®)]", 6 d6

o FOVa(t)

|zt —71) _ [ f(Wa(t —7(1)))
W= ey = - m))
I :U(t—Tg) f(WI(t-ﬁ))

< ftt_ﬁ z(s)ds

t—71
o |
X03 1 t—7(t) $(5>d8 )

To—7(t) Jt—72

_7—212 ftt_n fstx(u)duds_

[ # t—71 t—71 -
(r(t)—m1)° tt—TS:t) f: tx(u)duds
. o J. - x(u)duds

S

Xoa(t) = | (o=7(1))? Jt=7 :
(1)
i w(t) |
R, = diag{e " Ry,3e “" Ry, 5e “"" Ry },
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}_%2 = diag{e*aTsz, 3e 4T RQ, He T2 RQ},
¥y = diag{l{,ly, ..., }, Y = diag{l{",l5,..., I},
Y3 = diag{l{ —1Iy,..., [t =1},

n

va cac ma tran
r Go= [ o A,
Tel el eﬂ}T, Gy = [65 —elWTs }
eTwTs, — 65} , Gg = [66 — eIty }
eaWryy —ell",
Gg = [el —el —eIWTs, + egWTEl}T :
T WISy — e WTsy — el + eGT}T ,
— el — TWTS, + WS, ]T
G = [e wrs, — € TwTy, — 65 + eg
el — el WTEl +e; WTEl

~

|

S

Gu=[el —el —efW'S +ef W'y,

T

5

T ',

5 — |

1 N

4 I
Gis = [ef WISy —es WISy — el + eg]

7 1]

7

1 ',

: 1]

z 5]

!

Gio = &3 — eg — el WIS + WS
Gir= [es WISy —ef WISy — el + ¢
Gis = [eg — el — WIS + eI WS
Gro = [e WTsy —edWls, — el + el
Ei=e] (-PA-AT"P+aP+Q—UA—-A"U)e
el (—eT Q1+ e Qa) e2 — € el Qaey

T (.2 2 T A
+ €15 (71 Ry +71yRy — 5 =S )615 2616616

T

T
)

—elUeis — el,UTe; + el UDes + €l DTUT61
+e]UDyeg + el DI U ey + el UBeyg + elgBTU  e;
—efsSAe; — el ATSTer5 + e, SDes + el DTS ey
+ e15SD1eg + e DY STe1s + el SBeig + el BT ST ess
+ el PDes + et DT Pey + el PDeg + el DI Pe;
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+ eI PBey + el ;BT Pey — el (0 — ©1)Weys
— el WT(0y — O1)es + el WT (250, — £,0)) Weys
+ el WT (2,0, — £,0;) Wey,
Sy = GIMGs + GIA Gy, 23 = GEAGL 4+ GG,
E4 = GEA3Gy + GI MGy, =5 = GIALGL + GT MG,
Z6 = G1yAsG 13 + G AsGra, Z7 = GLA6G 15 + GliAeGla,
Es = G1A7Ghr + G1AGrg, Zo = GAsGhg + GloAsGis,
I, —1I, 0 0
F=11, I, -21I, 0 , I'=col{ FGs, FG3}.
I, -1, 6I, —6I,
Dinh Iy duéi day dua ra mot dieu kien di cho sy ton tai bao ctia tap dat dugc tién
ting véi tap ellipsoid cho trude Qo = {¢(s) € CH([—72,0],R") : T (s)Ep(s) <
1,Vs € [-7,0]}, 6 d6 E 1a mot ma tran déi xing, xac dinh duong cho trudc,
ddi v6i mang no ron tong quét (1.23).
Dinh 1y 1.3. Gid si rang Gid thiét 1.1 dugc théa man. Néu ton tai chin hang
s6 duong o, Bo, B1 ,q1, G2, 71, T2, 01, 02, nam ma tran P,Qq, Qa, R1, Ry € S}, muoi
ma tran ©1,02,Aj(j =1,...,8) € D}, hai ma tran U, S € R™™ va mot ma tran
X € R3%3" sa0 cho cdc diéu kién dudi day théa man

P < pil,, Q1 <qily, Q2 < qoly, Ry < ril,, Ry <ol (1.28a)
O <011, ©y < 01, (1.28Db)
1
P> I, (1.28¢)
B
Ry X
b = — | > 1.28d
le R;| - 07 ( 8 )
9
Q=) -G F'RFG, —TToT <0, (1.28¢)
k=1
Ko + kop® < 1, (1.28f)

5 3. 1 N
d do gy = (B Y

ql 1 _ e—OéTl _|_ q2 e—an _ 6_0”-2
= D) o )

+ (61 4 02) Anax (WTEsW) |

Ko = 1171 <g + ! (6_0‘“ — 1))

a2



T12 —_ _
‘|—?”27'12 (—+—<6 aTQ—@ 047'1))’
(0

thi tap dat dugc tién cia hé (1.23) duge bao bdi hinh cau B(0, By) := {x € R" :
[zl < Bo}-

Chiing minh. Xét ham Lyapunov-Krasovskii sau day
Vi(xe) = Vi(wy) + Va(wy) + Va(y),
6 do

n Wia(t)
Vi(zy) = T (t) Px(t) + 2e™ Z 911‘/0 (fi(s) =17 s)ds
i=1

n Wia(t)
Qe_at;@ /O (1Fs — fi(s)) ds
t
Vo) :/ e 02T (5)Quax(s)ds
t—11
t—71
[T () Quals)is

T2

3(xy —7'1/ / =0T () Ry (u) duds
—T1 Ji+s
+m/ / (u=t)5 u) Rod(u)duds,
t+s

G do P, Ql, QQ, Rl, R2 - S;i, @1 = diag{ﬁn, ceey an}, @2 = diag{921, cee ng} -
D, A; = diag{\j1,..., \jn} €DF(j =1,...,8) va W' ky hiéu 1a hang thi i cia
ma tran W € R™". Tir diéu kién (1.28¢), ta c6 bat dang thiic dudi day ding

Viz) > ||$§30)||2, vt > 0. (1.29)

Tt rang budc
—i(t) — Ax(t) + Df(Wa(t)) + Dif(Waz(t — 7(t))) + Bw(t) = 0,

ta co

227 (H)U + 247 (£)S] [ — @(t) — Az(t) + Df(Wa(t)

+ Dy f(Wa(t —7(t))) + Bw(t)} = 0. (1.30)
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Lay dao ham cta V(z;) theo t doc theo quy dao nghieém ctia he (1.23) va si
dung diéu kién (1.30), ta thuc dugce uée lugng dudi day
Viwe) +aV(z) — %wT(t)w(t)
t
< XOT(t)Elx(](t) — 11”4 / a':T(s)Rlx'(s)ds

t—11

t—71
— Tipe 7 / @7 (s)Ryi:(s)ds. (1.31)
t

—To

Ap dung B6 dé 1.1, ta thu dugce danh gia dusi day

t
—Te” M / iT(s)Ryi(s)ds < —xg (1) GT FTR FG1xo(t). (1.32)
t

-7

Tach tich phan sau thanh téng ctia hai tich phan

t—11
- 7—126_0‘72 / jT(S)RQi'(S)dS
t

—Ty

t—(t)
= —Tpe 47? / I'T(S)Rg.f(s)ds
t

—T9

t—71
— Tioe 4T / i1 (s) Ry (s)ds
t—7(t)

va stt dung cic Bo dé 1.1 va 1.2, tich phan thit hai trong biéu thitc (1.31) ¢6 thé
u6e lugng nhu sau

t—71
- 7_12@_047'2 / i’T(S>R2i’(S>dS
t

712 T TTH
< - t)G5 F* RoF G t
= T(t)—7‘1XO<) 2 2 2X0()
712 T T - TH
- t)Gs: F* RoF G t
TQ—T(t>XO() 3 2 F'G3xo(t)
[y
o T T | 7(t)—71
— IO _
XO( ) 0 T12 R2

To—7(t)

I'xo(2)

— —Xg(t)FTq;FXO(t). (1.33)
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Tir diéu kien (1.27), véi bat ky Aj; > 0,5 =1,...,8,i=1,...,n, ta c6

2 [fi(W'a(t)) — I Wa(t)] Mg [FW'z(t) — fi(W'a(t))] > 0;
2[fi(Wia(t —7(t)) — Iy Wt — 7(2))] Ao
x [FWa(t —7(t) — f;(W'a(t — ()] > 0;
2[fi(W'a(t)) — fi(W'a(t — 7(t)))
— LW (x(t) —a(t — (1)) [ Xai[TW (2(t) — 2(t — 7(2)))
— [i(Wea(t)) + fi(Wia(t — 7(t)))] > 0;
2 [[i(Wix(t)) = (Wit —m)) — Iy W (2(t) — x(t — 7))]
X Mg [lFTW? (x(t) — z(t —1))] > 0;
2 [fi(W":c(t)) — [i(W'z(t — 7)) — ;W' (2(t) — 2(t — Tg))}
X Asi (LW (x(t) — 2t — 7)) — fi(W'a(t))
+ f;(Wiz(t — ) } > 0;
2[fi(W":c(t — 7)) — fi(Wa(t — 1))
— l;Wi(iL’(t — 1) —x(t — 7'1))} A6i
X [l:rWZ(:E(t —1)—x(t—m)) — fZ(WZx(t — 7))
+ f;(W'z(t —7))] > 0;
2[fi(Wia(t — 72)) — fi(W'a(t — 7(t)))
— li_WZ( (t—m) —x(t—71(t))) })\72
X [leZ( (t—m)—x(t—"71(t)) —
+ i(W'a(t —7(t)))] > 0;
2[fi(W'ha(t — () = fi(W'a(t — 1))
— li_Wi(x(t —7(t)) — x(t — 71))} i
X LWt = 7(1) — a(t — 1)) — fu(Wia(t — 7(1)))
+ f;(Wa(t—m))] >0, i=12,...,n,

Fi(W'a(t — 7))

diéu nay suy ra

2x¢6 (HG1 A1G5x0(t) > 0;
2x¢ (1) G§ AaGrxo(t) > 0;
2x¢ (t)GE A3Goxo(t) > 0;
2x¢ (1) GloAsGrixo(t) > 0;
2x¢ (1) G1,A5G13x0(t) > O;
2X0T(t)G14A6G15X0(t) >0

(1.34)



30

2x¢ (1) G1sA7G1irxo(t) > 0;
> 0.

2x0 ()G 1sAsGroxo(t) (1.35)
Do do, tur (1.31) t6i (1.35), ta thu duge danh gia dudi day
V() +aV (e) — " (Ow(t) < xE (O (1.36)
Tix (1.28d), (1.28¢) va (1.36), ta c6
Viw) + aV(z) — = wl(tw(t) < 0. (1.37)

2
St dung (1.28a), (1.28b), (1.28f) va bang mot s6 tinh toan tryc tiép, ta cd
V(o) < Rallp(O) I + rab® < mapig + wap® < 1.

Diéu nay suy ra V(z;) < 1 theo nhu B6 dé 1.3. St dung bat dang thtc (1.29),
ta thu duge danh gia sau

lz@) < Bo, V= 0.
Dinh 1y dugc chiing minh hoan toan. ]

Nhan xét 1.6. Chi ¥ riang khi ta c6 dinh cac s6 a va 3y thi cac bat déng thiic
ma tran (1.28a)-(1.28e) trd thanh bat dang thitc ma tran tuyén tinh (LMIs). Do
do, ta co thée két hop phuong phap tim kiém hai chiéu két hop véi thuat toan toi
uu 161 trong MATLABs LMI Control Toolbox (xem [14]) dé gidi cAc bat dang
thitc ma tran nay. Tuong tit nhu trong bai bao [67], dé tim bao nhé nhat clia
tap dat dugc tién ciia he (1.23) ting véi tap ban dau cho trude Qy = {p(s) €
C1([—72,0],R") : T (s)Ep(s) < 1,Vs € [—79,0]}, tiic 1a tim gid tri nho nhat c6
thé c6 clia By, ta di giai bai toan t6i uwu 1oi sau day:

(OP3):  min fy.
(1.28a) — (1.28¢).

Nhan xét 1.7. Trong [81], cac tac gia nghién cttu bai toan tim bao cta tap dat
duge cho mot 16p mang no ron bang cach st tiép can st dung dinh 1y Razumikhin
va xét truong hop do tré 1a ham lién tuc cé can dudi 1a 0. Trong khi d6, Dinh
Iy 1.3 giai bai toan tim bao clia tap dat dugc tién trong truong hop do tré bién
thién trén mot khodng [, 7] véi 71 > 0 bang cach st dung phuong phap ham
Lyapunov-Krasovskii. Ngoai ra, ching toi con xét 16p hé tong quat hon va bai
toan tong quat hon so v6i két qua nghién cttu trong [81].
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Ngoai ra, khi w(t) = 0,Vt > 0, Dinh 1§y 1.3 quy vé mot diéu kieén du cho tinh
on dinh mil cia mang nd ron tong quat (1.23).

Heé qua 1.4. Gid si rang Gid thiét 1.1 dugc théa man. He (1.23) vdi w(t) = 0,
on dinh ma vdi téc do hoi tu mi o = % > 0 néu ton tai nam ma tran P, Q1, Qs,
Ri, Ry € S}, muoi ma tran ©1,09,A; (j =1,...,8) € D, hai ma tran U, S €

R™ "™ va mot ma tran X € R33" sao cho cdc dieu kién dudi day duoc théa
man:

Ry X
O = 2> 1.
l X7 RJ >0, (1.38a)
9 —
L=V + )Y -G FTRFG, —TTr <0, (1.38b)
k=2

Uy =¢f (-PA-A"P+aP+Q1—UA-A"U") ¢
ey (e Q1+ e Qy) e — € ey Qaey
+ el (7'12R1 +75Ry — S — ST) e1s
—elUeis — el,UTe; + el UDes + eI DTU e,
+elUDyes + el DTU e,
—elsSAe; — el ATSTer5 + el SDes + el DT ST ey
+elsSDyes + ef DI STeys + elsSBeyg + elg BT ST e
+ el PDes + el DT Pey + €T PDyeg + el DI Pe,
—el(0y —0)Weys — el . WT (0, — O1)es
+ eI W (2,0, — 2,0,) Weys
+ LWt (2,0, — £,01) Wey.

Tiép theo, chiing toi nghién cttu bai toan tim bao cua tap dat duge lui cho
hé (1.23). Cu thé hon, chiing to6i sé dua ra mot diéu kien di cho viéc ton tai mot
hinh cau B(0, o) := {x € R™: ||z|| < po} chia tap dat duge lui ctia he (1.23)-
(1.26) tuong ting v6i mot tap muc tiéu cho truée Ag = {z € R" : 2T Fx < 1},
4 do F' 1a mot ma tran doéi xing, xac dinh duong cho truée. Bang cac ki thuat
tuong tir nhu Dinh 1§ 1.3, chting toi thu duge két qua sau day:

Dinh ly 1.4. Gid st Gid thiét 1.1 dugc théa mén. Néu ton tai chin hing so
duong «, pio, 51, q1,q2, 71,72, 01,02, nam ma tran P,Q1,Qq, Ry, Ry € S, muoi

n>



32

ma tran ©1,09,A;(j = 1,...,8) € D, hai ma tran U, S € R"™™ va mot ma
tran X € R33" sqo0 cho cac dieu kien dudi day duodc théa man

P <piln, Q1 < qln, Qo < qoly, Ry < 1riln, Re < raly, (1.39a)
01 <011, Oy <061, (1.39b)
Ry, X
b = —_ | > 1.
l e RJ > 0, (1.39¢)
P-F>0, (1.39d)
9
Q=) -G F'RFG, —TToT <0, (1.39)
k=1
Kipg 4 rop? <1, (1.39f)
d do
1 _ —QT1 _|_ —QT] — QT2
ki = B + @(l—e ") +qa(e e ")

o
+ (01 + 02) Amax (WTS3W)

71 1 —QrT
Ko =T —+ = (e =1
2 1Tl<a a2( ))
m2 1 an —ar
+r — + ==,
2712(a az( ))

thi tap dat duge lui cia hé (1.23) dugc bao bdi hinh cau B(0, ) == {x € R™ :
2] < po}-
Nhan xét 1.8. Tuong ti nhu Nhan xét 1.6, bai toan tdi uu sau dude dua ra
dé tim gia tri 16n nhat c6 thé co cua yg :
(OP4):  max py.
(1.39a) — (1.39f).

Tiép theo ching t6i dua ra mot vai vi du s6 dé minh chitng cho cac két qua
Iy thuyét.
Vi du 1.3. Xét mang no ron tong quat c6 tré bién thien (1.23) v6i cac tham sb

30 0 -1 0.9 0.1
A= lo 4] D= [—1 —1.5] D1 = l—os —0.61 ’

N
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Béng 1.7: Gia tri nhé nhét c6 thé c6 clia By véi cac gia tri khac nhau clia 7

T 0 0.2 0.4 0.6
Dinh Iy 1.3 1.105 1.092 1.091 1.090

va ||w(t)]] < 1. Ham kich hoat ctia mang no ron (1.23) cho béi
gz(xz) =0.5 (‘l’z + 1| - ]331 - 1’) (Z =1, 2)

Dé dang kiém tra dugc rang diéu kién (1.27) duge thoa man véi Xy = diag{0, 0}
va X9 = diag{1,1}. Do tré 7(¢) théa man 7(¢) € [r1,0.9]. Trong vi du nay, ching
toi xét hai truong hgp sau:

(a) Cho trude p = 0.5. Tim bao nhé nhét c6 thé c6 chita tap dat dugc tién tuong
ting véi tap ban dau cho truée Qy = B(0,1).

(b) Cho truée u = 0.5. Tim bao 16n nhat c6 thé c¢6 ciia tap dat duge lui tuong
ting véi tap muc tiéu cho trude A = B(0, 1.8).

Loi gidi: (a) St dung Dinh ly 1.3 va Nhan xét 1.6, hinh cau nhé nhat c6 thé
c6 B(0,fy), chita tap dat duge tién ctia he tng véi tap dicu kien ban dau
cho truée Qo = B(0,1) dugce cho trong Bang 1.7 véi cac gid tri nhod nhat
c6 thé cé ctia By v6i cac gia tri khac nhau ctia 71. Dé minh hoa bing hinh
vé, ta chon do trd la ham 7(¢) nhu sau 7(t) = 0.6 + 0.3sin® (1%), véc to
nhiéu w(t) € {asin(t),a = —1,-0.9,...,1} U{-1,-0.9,...,1}, diéu kien ban
dau (z1(t), z2(t))T € {(bsin(t/2), V1 —b2cos(t/2)), b = —1,-0.9,...,1} U
(b, £v1 —2),b = —1,-0.9,...,0.9,1}. Ta c6 cac diéu kien trong Dinh 1y 1.3
va Nhan xét 1.7 duge thoa man véi o = 0.3, fo = 1.090, 8y = 0.8449, ¢, = 0.1439,
gy = 0.1626, 7, = 0.4919, 75 — 1.0238, 6; = 0.0045, 05 — 0.0037, va

0.0001 0.8427 0.0408 0.1060

0.1266 0.0363 [ 04574 —0.0126
0.0363 0.1185 |7 1~ [=0.0126 0.1271 |’

R — 0.9609 —0.0702 - 0.0140  0.0511
271200702 02949 |77 | —0.0182 —0.2376 |’

[ 02589 —0.0119 ~ [0.0026 0
~ | —0.0100 01192 |7 Y| 0o 0.0022|°

0.0018 0 _[2.8748 0
0 00011’ | 0  1.8989]’

0.8435 0.0001 0.0963 0.0408
r-| o= |

o-|

|
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0.8

0.6

0.4

0.2f

-0.21

-0.4r1

-0.61

-1 -0.5

0
x1

0.5

1

Hinh 1.5: Hinh cau B(0, 1.090) chita tap dat duge tién ctia he tng véi tap diéu kien
ban dau cho trude 2y = B(0, 1) ctia Vi du 1.3

[0.1019 0

| 0 0.1726]
[0.2061 0 ]
| 0 0.0052]
[0.0759 0 ]
| 0 0.0300]
[0.3717 0

0 0.0271]
(1725 —8.19
—11.05 —16.78
—0.10 0.04
—0.03 —0.02
—0.01  0.01
| —0.01  0.00

0.01
—0.07
—0.02
—0.01
—0.00
—0.00

~ [0.0745

0

~ [0.0339

0

~ [0.6309

0

—0.04
—0.00
0.00
—0.00
—0.00
—0.00

0.0023
0.0032]

0.0820

—0.00
—0.02
—0.01
—0.00
—0.00
—0.00

—0.01]
—0.00
0.00
—0.00
—0.00

~0.00]

x 1072,

Bang cach stt dung Dinh 1y 1.3, moi quy dao ctia hé bat dau tit trong hinh cau
B(0,1) déu dugc bao bdi hinh cau B(0,1.090). Hinh 1.5 chi ra ring hinh cau
B(0,1.090) chita tap dat dugc tién ctia hé ting véi tap diéu kien ban dau cho
trude Qo = B(0,1).

(b) Stt dung Dinh 1y 1.4 vd Nhan xét 1.8, chiung toi tim hinh cau 16n nhat
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Bang 1.8: Gia tri 16n nhat c6 thé cé ciia p véi cac gia tri khac nhau ciia 7

T 0 0.2 0.4 0.6
Dinh Iy 1.4 1.727 1.744 1.753 1.756

2 15 1 -5 0 05 1 15 2
x1

Hinh 1.6: Hinh cau B(0, 1.8) chita tat cac véc to trang thai cia he xuat phat ti hinh

cau Qy = B(0,1.756) trong Vi du 1.3

c6 thée c6 B(0, pp), chita tap dat duge Ini cia he tuong ing véi tap muc tiéu cho
truée A = B(0,1.8). Bang 1.8 liét ké cac gia tri 16n nhat cé thé co cia pg v6i
cac gia tri khac nhau cta 7.

Dé minh hoa bing hinh vé, chiing toi chon do tré 7(¢) 1a ham 7(t) =
0.6 + 0.3sin” (1) | véc to nhidu w(t) € {—1,-0.9,...,1} va diéu kien ban dau
(z1(t), 22(t))T € {(b, £v1 —b2),b=—1.3,...,1.3}.

Quan sat thiy rang, cac diéu kién trong Dinh 1y 1.4 v& Nhan xét 1.8 dugc thoa
mén véi o = 0.2, g = 1.756, B = 0.3087, q1 = 2.3328 x 1074, gy = 0.0497, 71 =
0.1597, 75 = 0.2336, 0, = 5.5070 x 1075, 6y = 4.8713 x 1075 va

~ |—0.0000 0.3087 0.0459 0.1397

0.0398 0.0159 0.1585 —0.0010
0.0159 0.0242 —0.0010 0.0597 |’

0.2248 —0.03181 U—{_O'O%Q 0.0376]

B l0.3087 —0.00001 Q= l0.1790 0.0459] % 1073,

’ 1 —

o-|

2= l—0.0318 0.0876 —0.0593 —0.0465
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~ [0.0872 —0.0070 ~ [0.3096 »
5= [—0.0068 0.0433 1 O = { 0 0.2753] <1075,
~[0.2435 0 o 11567 0
©2 = l 0 0.2002] <1075 A= { 0 1.0543]’
A _ 00674 0 7 (00171 0
1 0o 00521 | 0 0.0001]"
A _ [00176 0 ] fo.0024 0
L0 0000377 0 0.0001]
A _[00042 0 7 f0.0653 0
1 0 000237 | 0 0.0074]"
A [00346 0 ]
*~ | 0 0.0009]"
[—10.33 —5.57 —0.00 0.00 —0.00 0.00 ]
~1.69 —2.22 0.00 —0.00 0.00 —0.00
y_ | ~001 001 —0.00 —0.00 000 —0.00/ .
—0.00 0.00 —0.00 —0.00 —0.00 —0.00
—0.00 0.00 —0.00 0.00 —0.01 —0.01
| —0.00 000 —0.00 0.00 0.00 —0.00]

Theo Dinh 1y 1.4, moi quy dao ctia véc to trang thai clia hé bat dau ti trong
hinh cau B(0, 1.756) déu nam trong hinh cau B(0, 1.8). Hinh 1.6 chi ra rang hinh
cau B(0,1.8) chita tat ci céc véc to trang thai clia hé xuit phat tit hinh cau
Q) = B(0,1.756).

Vi du 1.4. Xét mang no ron (1.23) véi cac tham sd nhu trong Vi du 1 trong

[43]

25 0 1 05 —0.5 0.5 10

A s D = D = W — .

l 0 3.51 ’ {0.5 —11 it l 0.5 0.51 ’ {0 1}
Muc dich ctia vi du nay la dé so sanh két qua ciia ching t6i v6i cac két qua da
cO.
(a) Khi ham kich hoat théa man diéu kien (1.27) véi I = I; = 0.998, ]
I =1 va do tré 1a ham lién tuc nhung khong nhat thiét kha vi va cho trudc
a* = 0.4. Bang 1.9 cho ta sit so sanh vé gia tri 16n nhat cta 7 vé6i cac gia tri

khéc nhau ctia can dudi 7 gitta He qué 1.4 va két qua trong [43].
(b) Khi ham kich hoat thda man diéu kien (1.27) v6il; =1, =0, I =15 =1
va do tré 1a ham lién tuc nhung khong nhat thiét kha vi. Bang 1.10 cho ta su
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Béng 1.9: So sédnh gia tri cia 75 v6i o = 0.4 va cac gia tri khac nhau ctia 7

T 0 2 4 6
Liu Y. cung céc cong su [43] 0.9526 2.5712 4.3200 6.1321
Hé qua 1.4 1.9073 3.3465 4.9058 6.5221

Béang 1.10: Gia tri 16n nhét c6 thé c6 clia o

Phuong phap Gi4 tri 16n nhat c6 thé c¢6 cta tde do hoi tu mi o
Wu M cung cac cong su [71] 0.8169
Ji M.D. cling cac cong su [18] 0.8217
Heé qua 1.4 0.9530

so sanh vé gia tri 16n nhat c6 thé c6 clia téc do hoi tu mit o véi 7 = 0,75 =1
gitta He qua 1.4 va két qua trong [18, 71].

T cac Bang 1.9 va 1.10, ta thay tiéu chuan vé tinh on dinh mi trong Hé qua
1.4 1a it bao thi hon so véi cac két qua trong [18, 43, T1].

1.4. Bai toan tim bao cua tap dat dudc cia mang no
ron chuyén mach cé tré hdn hop

Xét mang no ron chuyén mach cé tré hdn hop bién thien

i“(t)——A (t) ()+W(t)9( (t)) + Doryg(z(t — 7(t)))
j; o x(s)) d8—|—B ( ), (1.40)

x(S) = 90(5)7 [ 72, 0]7

3 d6 x(t) = [z1(t) 22(t) ... an(t)]" € R™ 1a véc to trang thai ciia mang no ron,

g(@() = [g1(@1(1) - gal@a)]" gla(t = 7(2))) = [g1(21(t = 7(1))) ga(wa(t —
(1) ..., gn(zn(t — 7(¢)))]F € R™ la cac ham kich hoat ctia mang no ron. o(.)
14 quy tac chuyén mach gitta cac hé con ctia hé (1.40), ham o(.) phu thudc vao
véc to trang thai z(t), o(.) 1ay gia tri trong tap httu han N := {1,2,...,N};

A; = diag{ay, as, .. .,a,} € R"" la ma tran dudng chéo chinh, xac dinh duong,
Wi, D;, E; € R 4 =1,..., N, la cac ma tran trong so lién két cac no ron ciia
mang, B; € R™™ 4 =1,..., N, la ma tran thyc, hing s6 cho trudc. Do tré 7(¢)

1a ham lién tuc thdéa man
0§’7’1§7‘(t)<7‘2. (141)
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Ham ¢(s) € CY([—72,0], R") Ia diéu kien ban dau théa man diéu kien dudi day

max @7 (s)p(s) < p?. (1.42)
s$€[—72,0]

Véc to nhiéu w(t) € R™, khong biét nhung thoéa man diéu kien dudi day
wl(w(t) < w?, Yt >0, (1.43)

& d6 11, 7o, i1, w 12 cac hing s6 khong am.
Gia st rang cac ham kich hoat ¢;(.)(: = 1,2,...,n) lién tuc, ¢;(0) = 0, va

ton tai cac hang s6 I, (i = 1,2,...,n) sao cho
I < 9iw) = 9:(y) IF, Vo,yeR,z#y. (1.44)
r—1Yy

Dinh nghia 1.4. (i) Cho truéc Qo C R™ 1a mot tap 16i déng, bi chin chita diém
gbc 0. Mot tap Q C R™ duge goi 1a tap dat duge tién (forwards reachable set)
tuong tng v6i tap ban dau cho trude Qq ctia he (1.40) véi cac dieu kien (1.41),
(1.42) va (1.43) dudi quy tac chuyén mach o(.) néu véi moi diéu kién ban dau
©o(s) € Qp, Vs € [—72,0], nghiém ctia hé thdéa man x(t, p(t),w(t)) € Q,Vt > 0.
(ii) Cho truéc Ay C R” la mot tap 16i déng, bi chan chia diém gbe 0. Tap
A C R" duge goi la tap dat duge lui (backwards reachable set) tuong tng véi
tap muc tiéu Ay ctia he (1.40) v6i cac dieu kien (1.41), (1.42) va (1.43) duéi quy
tac chuyén mach o(.) néu véi moi ham diéu kién ban dau p(s) € A, Vs € [—7, 0],
nghiém ctia hé théa man x(t, p(t),w(t)) € Ay, Vt > 0.

Dé thuan tién cho viéc trinh bay cac két qua tiép theo, ta ky hieu

€; = [Onx(j—l)n ]n Onx(lS—j)n Onxm]T;j - 1727 ceey 187

T
e19 = [Omxisn Im]" s Ti2 =70 — 71,

cac véc to

n(t) = [27(6) " ()] xo0(t) = D (1) (1) X&) xht) )],

z(t) g(x(t))
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) ﬁ g
xos(t) = | 5= Jimrit ( )ds :
1 t=7(t) ( )ds

L 7o—7(t) Jt—72
2 ft " fs u)duds
t—71 t—71
Xoa(t) = W i—rny Js - w(w)duds | xo5(t) =
2 t—7(t) ft—T(t) x(u)duds

| (r2—7(¢))% Jt— s

va cac ma tran

Li(U;) = —U;A; — ATUT, i=1,2,...,N,
S; = {x € R": 2" L;(U;)x < 0},
gl =51, gz = SQ\ (SQ ﬂgl) Yo
Sn = Sn\ (Sv N (Up5'Sk))
R, = diag{e ®™" Ry,3e " Ry, 5e " Ry},
Ry = diag{e ™ Ry, 3¢ ™ Ry, 5e ™ Ry},

I, —1I, 0 0
F=1I, I, —2I, 0 |, =dag{l{,l;,....0}
Yo = diag{l{,l5,..., [T},
k= max {01(17 —17)} 6 = max {0x(1" — 1)}, p = max

1<i<n

Gl - 61:| y GQ - leQ] ) G3 - |:e4 3 G(4 - lT1€9:| y
€5 €8 €7 €15

€1 €2 €3

€9 €3 €4
G5 - 3 G6 - 3 G7 - ’

€9 €10 €11

€12 €13 €14

{1

7§p - Sp\ (Sp N <U§;i§j>) Yoy

Gg = e5 — Xie1, Gg = Xaeg —e5, Gig = eg — X1e3, G111 = Xae3 — e,

G2 =e5—es — Xi(er — e3), Gi3 = Ya(er — e3) — e5 + e,

Gy =e5 —es — Xi1(e1 — e2) ( )

Gie = e5 — er — Xi(er — eq), Gir = o )

Gz =er —eg — Xi(eq — e2), Grg = Ya(eq — e2) — e7 + e,
( ) ( )

Goo = e7 — eg — 21(eq — e3), Ga1 = Xa(es — e3) — e7 + eq,
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Gog = €5 — eg — Li(e3 — e3), Gog = Yo(es — e2) — eg + es,
T FdG
i) = [ mely oy (m-nely o] re= 700,
I = GIAGy + GENGs + GI NGy 4+ GTLA G + GIoA3Ghs 4+ GTA3G
+ GTALG 15 + GT NGy + GT A5G + G A5G + GTgAGryg
+ G{QAGGlg + GgOA7G21 + GglA7G20 + GgQAgGgg + G%AgGQQ.

Dinh Iy dudi day dua ra mot dieu kién di cho sy ton tai bao ctia tap dat ducgc tién

ting véi tap ellipsoid cho trude Qy = {¢(s) € CH([—72,0],R") : T (s)Ep(s) <
1,Vs € [-72,0]}, 6 d6 F 1a mot ma tran doéi xiing, xac dinh duong cho trudc.

Dinh 1y 1.5. Gid st rang Gid thiét (1.44) dugc théa man. Néu ton tai 11
hing s6 duong o, Bo, 81, q1, q2, 71,72, 81, S2, 01,0, cdc ma tran P, Ry, Ry € ST,
Qa, Qv, Sa, Sy € S3,,, tdm ma tranA; € D (j = 1,...,8), cdc ma tran U;, H; €
R™"(; =1,...,N), va cic ma tran X1 € R** X, € R3*3" sq0 cho cac dicu
kién duoi day thoa man:

(i) Hé thong cic ma tran {L;(U;)}, (i = 1,2,...,N) la day di chat, tic la ton

N
tai cic s0 ¢ > 0,i=1,2,...,N,> € >0 sao cho
i=1

N
> eLi(Us) <0, (1.45)
=1

(i) Véii=1,2,...,N,

P S 61]7”@@ S Q1]2n7 Qb S QQIQna Sa S 31[2n75b S 52]2717 Rl S 701]715 R2 S TQIn7

(1.46a)
1
P>, (1.46b)
B
e 25, X;
P, = > 14
= g 20 (1.460)
Ry X
oy = >0 1.46d
? ng}ﬁ]—’ (1.46d)
QZ(T) = Ez + II — GgFTﬁlFG5 — F{(T)q)lrl(’r) — Fg@QFQ < O,VT - {7’1, TQ},
(1.46e)

ki 4+ kop® < 1, (1.46f)
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2 2 1 \
J dO NO - )\min(E)’ va

=i =€ ( PA; — ATP + aP) el + e TPWies + e W Pey + el PDjeg + el D] Pey
+ el PE;(e15 + e5) + (e15 + e15)” Ef Pey + el PBieyg + ey Bl Pey
+ el (01 — 02) Ineis + elg (01 — 05) Ines + el (0225 — 0151) e1s
+ eips (0335 — 0:31) e; — el Ujers — e{SUTel + el U;Wies + egVViTUiTel
+ el U;Dieg + eg FDIUre; + el UE; (e15 + e16) + (e15 + 616)T Elule,
+ el U;Bieyg + elg B Ule; — elgHiAjey — el AT H ey
+ elTSHiWieg, + GgWiTHZT@lg + G{SHiDieﬁ + €Z;DZTHZ-T618 + elTSHZ-EZ- (e15 + €16)
+ (615 + 616)T E-TH-Telg + engHiBielg + engBiTHiTelg

T @ T

+ G (Qu + 7180+ T15S) G1+ G5 (€797 Qp — "' Qy) G2 — e **G5 QuGs
— e GTS,GYy,

2 2
ki=pP1i+k+0+ avre) (1;p ) (1 — e_‘m) + LT (1;p ) (e_‘”l — e_‘m)
+ M (7—1 + l (e—orrl _ ))
o [0
+ T1252 (1 +p ) (7_12 + l ( —ar e—an)) ,
(8% «
1 —ar T12 1 —arT —ar
K2 =T1T1 +—( P—1) ) + oo —+@( 2T,

thy tap dat dugc tién (forwards reachable sets) cia hé (1.40) dugc bao bdi hinh
cau B(0,5y) = {x € R" : ||z|| < Bo} dudi ludt chuyén mach dugc chon bdi
o(x(t)) =i € N khi ma x(t) € S;.

Chiing minh. Cho Ay, = diag{ g1, ..., A} (k =1,...,8) théa man (1.46e). Xét
ham Lyapunov-Krasovskii sau

Viwe) = Vilae) + Valae) + Va(me) + Valwe) + Vs (),
§ do

Vi(zy) = o' () Pa(t),

n

.Tz(t) n .I’Z(t)
Valwr) =2¢) s / (9i(s) =1 s) ds +2e7 > "6, / (s — gi(s)) ds,
0 i1 0

1=1
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t—71

t
vmw:/ MHW@WM@@+/ T () Qun(s)ds,
t—71

t—T7o

0yt
Vi(xy) = 7'1/ / T (w) Syn(u)duds
—T1 J1+s
Jr7’12/ / =T (1) Syn(u)duds,
t+s
5(m¢) —7'1/ / =37 (u) Ry d:(u)duds
—T1 J1+s

—|—7'12/ / o(u= t RQI( )duds
t+s

Bat dang thitc dudi day duge suy ra tric tiép tit (1.46b)

V(zy) > ”56(6?“2, Vit > 0. (1.47)
0

T dong nhat thic dudi day
t
—a(t) — Aix(t) + Wig(x(t)) + Dig(x(t — 7(1))) + E; / g9(x(s))ds + Biw(t) = 0,
t—7(t)
i=12, .. .N,

ta co

(227 ()U; + 237 (¢) H;]

(1.48)

Lay dao ham cta V (x;) theo ¢ va st dung diéu kién (1.48), ta c6 uée lugng dudi
day

V(:I;t) + aV(xy) — w—wT(t)w(t)
< T (O LU )(t) + XE (O Evo(t) — me o l 7 (5)Sar(s)ds

t—71 t
— T10€ 472 / nT(s)Sbn( ds — e~ / s)Ryi(s)ds
t t—11

—To



t—71

— Tige” 7 /
t_
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@7 (s)Roi(s)ds.

T2

Bing cach ap dung Bé dé 1.4, ta thu duge

e [ s <= ([ o)

(3

fin

X

gl

—en T(t)G4S G4X0( )

T

t
efansa (/
t—

—OtTl S

T1

(1.49)

n(s)ds

(1.50)
St dung Bé dé 1.1, B dé 1.2 va Bo dé 1.4, ta thu dudc
t—71
—rae [ ) Sin(s)ds
t—1o
t—7(t) t—71
— —7'1260”2/ 0" (s)Syn(s)ds — 7'126‘”2/ 0" (s)Syn(s)ds
t—T7o t—7(t)
19 t—71 T t—71
< —— n(s ds) e Sy (/ n(s ds)
T(t) — 71 (/t—T(t) (s) t—r(t) (%)
t—r() T t—r(t)
T12 _
- s)ds | e ™S / s)ds
</m I
t—71 T
B Tio ity T(8)ds g ft 1) T(s)ds
- T /N _ t— 7'1 t— T1
T(t) — T (I(S)) t— T(t) ({E( ))ds
T12 f(s) —am tt::(t) x(s)ds
-t | [C i g(a(s))ds| % | i g(z(s))ds
t—7o2 t—72
t—T71 1T B t—71 T
. ()x(s)ds () & x(s)ds
T12 —QT2 t—=71
| ete)ds | [rgsme s, 0 o 9(x())ds
ti:(t)x( )ds e 5% ;:T(t)x(s)ds
[T g(a(s))ds | |7 g(a(s))ds)
t—T1 17 t—71 ]
. T()x(s)ds () x(s)ds
t—71 t— T1
< |9 g(x(s))ds le_‘msb X1 ] ($(5>)
N tt::(t) x(s)ds X eoms, x(s)
0 gla(s))ds, i ,f_;“ g(x(s))ds|
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= —\F(OTT (1)@, (7) x0(t). (1.51)

Bing cach ap dung Bé dé 1.1, ta thu duge
t
— e " / i (s)Ryi(s)ds < —xg (1)GEFT Ry FGsx0(t). (1.52)
t—71
St dung Bé dé 1.1, 1.2, ta c6

t—11
— Tyge %™ / @7 (s)Ryi(s)ds
t—T1o
t—71

t—7(t)
= —7-126_6”2/ &7 (s)Ryi:(s)ds — 7'126_0”2/ &7 (s)Ryi:(s)ds
t—7o t—7(t)

T12 T T ThH 712 T T ThH
< — t)G: F* RoF G t) — t)GL F* Ry FG t
=TT - 7'1X0( )G 2F'Gexo(1) . T(t)XO( )G 2F'Grxo(1)

T TlET EQ 0
= _Xg@)rg [ “ 01 T12 }_%2

To—7(t)

Pana(t) < 0] | 1 3] Toalt)

= —x0 ()T ©2Tax0(1).
(1.53)

Cac bat dang thite dusi day duge suy ra tit diéu kien (1.44) v6i bat ky Aj; >

2 [gi(zi(t)) — ;7 i(t)] M [ @i(t) — giwa(t)] > 05
2 [gi(zi(t — (1)) — 7 ai(t — 7(t)] Ao [ it — 7(8) — gili(t — 7(¢)))] > 0;
(xi(t)) — giwi(t — 7(1)) — i (2i(t) — @it = 7(¢)))] Az
X L (i) — @it — 7(t))) —
(xi(t)) = giwi(t — ) = i (i) — @it — 7)) Mai
X I (i(t) = @it — 1)) = gi(@a(t)) + galwi(t — 1)) > 0;
(2i(t) = gilwi(t — 2)) = i (i(t) — @it — 72))] Asi
X I (i(t) = @it — 1)) — gi(@a(t)) + giwi(t — 12))] > 0;
i(t =) = gi(zi(t — 1)) =17 (2i(t = m2) — 2i(t = 71))] N
(it = 72) — it — 7)) — (l‘z(t — 7)) + gi(zi(t — )] > 0;
2 [gi(zi(t — 1)) — gi(wi(t = 7(t))) = 17 (it = 72) — 2i(t = 7(1)))] A
15 (it — 1) — @it — 7(t))) — (l’z(t — 7)) + gi(wi(t — 7(t)))] = 0;
i ) = gi(xi(t — 7)) = I (zi(t = 7(t)) — zi(t = 11))] Asi
X L (it = 7(t) — @it — 1)) — (%(f —7(1))) + gi(zi(t — 1))] >0,

gi(i(t)) + gi(wi(t — 7(1)))] = 0;
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diéu nay suy ra

2x4 (1)GE AGoxo(t) > 0

2xE (1) Gy Ao G xo(t) > o

2x0 (1) G1aA3G13x0(t) > 0;

2x6 ()G A4Gasx0(t) > 0; (154)
2xo (1) G AsGrrxo(t) > 0;

2x0 (1)GigAsGroxo(t) > 0;

2x0 (1) GapA7Garxo(t) > 0;

2x4 (1) G AsGasxo(t) > 0.

Vay, ta c6

: «

Vi(z) +aV(xy) — EwT(t)w(t) < T (O Li(U)z(t) + xd @)%(T)xo(t).  (1.55)
Vi Q;(7) la ham affine theo 7,Vi = 1,..., N nén Q;(7) < 0,Vi = 1,..., N, véi
moi 7 € [11, To] néu va chi néu Q(r) < 0 va Q(rz) <0,Vi=1,..., N. Do d6 néu
(1.46e) dang v6i 7 = 7 va T = 7 thi

A

V(xy) +aV(z) — i (Hw(t) <z (t)Li(Uy)x(t). (1.56)

Theo gia thiét, he thong cac ma tran L;(U;) 1a day da chat nén ta co

L s =Rr"\{o}. (1.57)

Dua vao cac tap S;, ta xay dung cac tap S; xac dinh nhu § bén trén. Ta dé dang
kiém tra dugc rang

N
S.AS, = (0i £, | S = R"\(0}. (1.58)
i=1
Ta xay dung quy tac chuyén mach gita cac hé con nhu sau: o(z(t)) =i € N,
khi ma z(t) € S;. Vay, ta c6

V(zy) + aV(z) — —wh (H)w(t) < 0.

E =
St dung (1.46a), (1.46b), (1.46f) va sau mot vai tinh toan tryc tiép, ta thu duge

V(o) < ki |p(0) 2 + ropl® < kapio + o < 1.
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Theo B6 dé 1.3, ta c6 V(x;) < 1. T diéu kién (1.47), ta thu dugc
lz(@®)1 < fo, ¥t = 0.
Dinh 1y dugc chiing minh hoan toan. ]

Nhan xét 1.9. Chi ¥ rang khi ta c6 dinh cac sd a va 3y thi cac bat déng thiic
ma tran (1.46a)-(1.46e) tré thanh bat dang thitc ma tran tuyén tinh (LMIs). Do
do, ta co thée két hop phuong phap tim kiém hai chiéu két hop véi thuat toan toi
uu 16i trong MATLABs LMI Control Toolbox (xem [14]) dé gidi cdc bat dang
thitc ma tran nay. Tuong tut nhu trong bai bao [67], dé tim bao nhé nhat clia
tap dat dugc tién ciia he (1.40) ting véi tap ban dau cho truée Qy = {p(s) €
C1([—72,0],R") : pT(s)Ep(s) < 1,Vs € [—79,0]}, tiic 1a tim gid tri nho nhat c6
thé c6 clia [y, ta di giai bai toan t6i wu 16i sau day:

(OP5):  min fy.
(4), (1.46a) — (1.46¢).

Nhan xét 1.10. Bai toan nghién cttu bao ctia tap dat duge cho mang no ron cé
tré bién thien da dugc nghien cttu trong [65, 81] trong nhitng nam gan day. Tuy
nhién, theo nhu sy hiéu biét ctia ching t6i, bai toan nghién cttu bao ciia tap dat
dugc cho mang no ron chuyén mach cé tré hén hgp bién thién van chua dudc
nghién citu mot cach day di. Nhitng khoé khian giap phai khi gidi bai toan nay 1a
lam cach nao xay dung dugc moét ham Lyapunov—Krasovskii thich hgp va hiéu
qué ciing nhu lam cach nao dé thiét ké dugc luat chuyén mach thich hop giita cac
hé con ctia hé (1.40). Dé vugt qua nhitng khé khan trén, trong chitng minh Dinh
Iy 1.5, chung toi xay dung mot ham Lyapunov—Krasovskii mé rong va sit dung
mot s bo dé ki thuat dé udc lugng dao ham ciia ham Lyapunov-Krasovskii
nay. Ngoai ra, luat chuyén mach gitta cac hé con dugce ching toi xay dung bang
cach phan hoach khong gian trang thai thanh nhitng nén 16i roi nhau va hop véi
nhau thanh cd khong gian trang thai. Khi d6 néu véc to trang thai nam trong
mot noén 161 thit ¢ ndo dé thi he con thit 7 trong he (1.40) sé duge kich hoat.

Khi w(t) = 0,Vt > 0, Dinh Iy 1.5 quy vé mot diéu kién da cho tinh én dinh
mil ctia mang no ron chuyén mach c6 tré bién thien. Chi y ring, bai toan nghién
ciu tinh on dinh mil cia mang no ron chuyén mach cé tré bién thien da nhan
duge sy quan tam nghién ciu ctia nhiéu nha khoa hoc trong nhitng nim gan
day (xem [20, 36, 44, 45, 57, 72]).

Heé qua 1.5. Gid st rang dieu kién (1.44) dugc théa man. He (1.40), vdi w(t) =

0, la on dinh mi vdi toc do ma o = £ > 0 néu ton tai hai hing s6 duong

o
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01,0s, cic ma tran PRy, Ry € S}, Qu,Qv, S0, Sy € S5, tdm ma tran A; €
Df(; = 1,...,8), cic ma tran U;, H; € R™"(i = 1,...,N) va hai ma tran
X, € R?2n X, € R3S 500 cho cdc dieu kien dudi day théa man:

(i) Hé thong cic ma tran {L;(U;)}, (1 = 1,2,...,N) day di chat, tic la ton tai

N
cic s0 €, >0,i=1,2,...,N,> ¢ >0 sao cho

=1
N
> aLi(U;) <0, (1.59)
=1
(i) Véii=1,2,...,N,
e 25, X4
P, — > 1.
1 l XlT e—arzsb] — 07 ( 60&)
Ry X
P, = Al >0 1.60b
? [XZT RJ = (1.60b)
Qi(7) =2, + 11— GITFTR FG5 — TT(7)® Ty (1) — TE®,0y < 0,7 € {1, 12},

(1.60c)
d do
= = el (—PA; — AT P+ aP)ei + e] PWies + e2 W/ Pey + e] PD;eg
+ eGTDZ-TPel + elTPEi(ew + e16) + (e15 + 616)TEZ~TP€1
+4 Gg (91 — 92) Inelg -+ 6{8 (91 — 92) In€5
+4 6{ (9222 — 5121) e18 + 6{8 (9222 — 0121) €1 — G{Uielg — 6?8UZ~T€1
+ G{Uimeg) + egVViTUiTel + eiTUiDie(g + eGTDZ-TUZ-Tel + elTUZ-EZ- (e15 + €16)
+ (615 + 616)T EZ-TUiTel - 6{8]‘[@141‘61 — €{A;HZ-T€18
+ elTSHiWieg, + e5TWiTHZ-T618 + engiDieG + egDiTHiTelg
+ elgHiE; (e15 + e16) + (e15 + 616)T ElHleq
+ely (iR + mHhRe — H; — HZT) e1s +G7 (Qu + 7180 + T55) Gi
+ G5 (e7TQy — e Qy) G2 — e "G QuGs — e ' G SuGa.
Ngodi ra, luat chuyén mach gitta cdc hé con xzdc dinh bdi o(x(t)) =1 € N khi
ma z(t) € S;.

Tiép theo, chiing toi nghién cttu bai toan tim bao cua tap dat duge lui cho
hé phuong trinh vi phan tuyén tinh chuyén mach c6 tré bién thien (1.40). Cu
thé hon, ching t6i sé dua ra mot dicu kién du cho viéc ton tai mot hinh cau
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B(0, po) := {x € R : ||z|]| < po} chia tap dat duge lui ctia he (1.40)-(1.43)
tuong tng véi mot tap muc tiéu cho truée Ag = {x € R™: 2T Fo < 1},6d6 Fla
mot ma tran déi xtng, xac dinh duong cho trude dudi luat chuyén mach thich
hop o(.). Bang cac ki thuat tuong ty nhu Dinh 1y 1.5, ching toi thu duge két
qué sau day:

Dinh 1y 1.6. Gid st rang dieu kién (1.44) dugc théa man. Néu ton tai muoi
mot s6 duong o, po, B, qrs q2, 71,72, 81, 82, 01,0, cde ma tran P,Ry, Ry € S,
Qa, Qv, Sa, Sy € S5, tdm ma tran A; € D (j = 1,...,8), cdc ma tran U;, H; €
R™™(i =1,...,N), cic ma tran X; € R2%2n X,y € R3™3" sq0 cho cic dieu
kién dudi day thoa man:

(i) Hé thong cic ma tran {L;(U;)}, (1 = 1,2,...,N) day di chit, tic la ton tai
cac 56 € > 0,1 = 1,2,...,N,§:€i > 0 sao cho

i=1

N

> eLi(U;) <0, (1.61)

i=1

(i) Véii=1,2,...,N,

P <511, Qa < qilon, Qv < q2lon, So < S112n, Sy < s2lop, Ry < 111y, Ry < 1oy,

(1.62a)
P—F >0, (1.62D)
e Sy X1
d, = > 1.62
1 l XlT eaTQSb] > 0, ( 6 C)
Ry X»
b, = — > 1.62d
? leT Rz]_o’ (1.62d)
QZ(’T) = EZ + I — G?FTﬁlFGg) — F?(T)(I)lrl(’r) — FZT(DQFQ < O,VT € {’7’1, ’7'2},
(1.62¢)
/ﬁ,ug + /12/12 <1, (1.62f)

g do

—

= = eip (—PAi — A;TFP + aP) e1 + elTPVVZ-eg) + egI/ViTPel + elTPDl-e6
+ el DI Pe; + el PE;(e15 + e16) + (e15 + e16)” EJ Pey

+ eiFPBielg + eipriTPel + e5T (01 — 03) Ie18 + 6{8 (01 — 05) Ie5
+ el (0559 — 015)) e1s + elg (0250 — 0,51) e)
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— el Ujers — elgUl ey + el UWies + el WU e

+ el U;Dieg + ek DIU e + eI U E; (e15 + €16) + (e15 + e6)” EXU ey
+ el U;Bierg + el,BF Ul ey — elgHiAjey — el AT HT ey

+ el HiWies + el W H eig + elgH;iDieg + el DI H ejg

+ el HiEi (e15 + e16) + (e15 + e16) B H ers

+ 61T8H~B-619 + 6,{9B'THT€18

(0
-+ 618 (’7’1 Rl + T12R2 H HT> €18 — —6{9619

-+ GlT (Qa + 7’15 + 7'125()) G+ GT ( Ty — e_aTlQa> G
— e_aTQGg,TQng —e M GZSan;,

q (1 + pz) (1 . efozﬁ) 4 92 (1 + pz) (6*047'1

H1:51+k+(5+ _efcwg)
o o
2
Lo (+e) (ﬁ b L (pen 1)>
« o
1 2
+ 2 Lo <7'12 + L (e7m — €(m)) ;
« o
1 1
K9 = T1T1 <% + @ (6—0471 . 1)) + 79719 (E T @ ( —ary e—an)) :

thi tap dat duge lui cia hé (1.40) duge bao bdi hinh cau B(0, pg) = {x € R™ :
lz|| < po} dudi luat chuyén mach duge chon nhu sau o(z(t)) = i € N khi ma

Nhan xét 1.11. Tuong ty nhu Nhan xét 1.9, bai toan t6i uu sau duge dua ra
dé tim gia tri 16n nhat c6 thé c6 clia pg
(OP6) :  max g
(1), (1.62a) — (1.62f).
Sau day, ching to6i dua ra mot vi du s6 dé minh hoa cho tinh hieu qua cta

céc tiéu chuan do ching toi dé xuat.

Vi du 1.5. Xét mang no ron chuyén mach c6 tré hon hop bién thién (1.40) véi
hai hé con va cac tham sb sau

30 0 -1
A= lo 51’W1_ [—1 —0.5}’
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—0. 1 —0.
Dlzlog 0 ]7E1:07B1:l0517

0.8 —0.6 1
40 ~1.5 0.2
Az = lo 4] W2 = {—0.5 —1} !
0.7 03 —0.5
Dz = l—0.9 —0.7]’]32_0’ Bz = l0.51

va |lw(t)]] < 1. Do tré 7(¢) 1a ham liéen tuc nhung khong kha vi théa man
7(t) € [11,0.8]. Trong vi du nay, ching to6i xét hai truong hgp sau day:
(a) Cho truéc g = 0.5. Tim luat chuyén mach phit hgp va bao nhé nhat cé
thé c6 chia tap dat duge tién ctia hé tuong tng véi tap dieu kien cho trude
Qo = B(0,1).
(b) Cho trudc = 0.5. Tim luat chuyén mach phit hgp va bao 16n nhat c6 thé c6
cla tap dat duge lui ctia hé tuong tng véi tap muc tiéu cho truée Ay = B(0, 2).
Loi gidi: (a) St dung Dinh 1y 1.5 két hgp v6i Nhan xét 1.9, hinh cau nhé
nhat c6 thé c6 B(0, y) chita tap dat dugde tién ctia he tuong ting véi tap dicu
kien ban dau cho truée Qg = B(0,1) duge cho trong Bang 1.11 véi cac gia tri
khac nhau ctua 7.
Dé minh hoa béng hinh anh, ta chon do tré 7(¢) 1a ham 7(¢) = 0.340.5 cos? (1) ,
véc to nhiéu w(t) € {asin(t),a = —1,...,1} U {-1,-0.9,...,0.9,1}, dieu kién
ban dau (z1(t), z2(t))T € {(bsin(t/2), £v/1 — b2 cos(t/2)),b = —1,...,1}U
{(b,£V1—10%),b=—1,-0.9,...,0.9,1}. Ta thiy, cac diéu kién trong Dinh 1§ 1.5
va Nhan xét 1.9 duge thoa man véi a = 0.3,¢; = 0.5,e5 = 0.5, 5y = 1.021, 51 =
0.9594, gy = 3.5370x 104, gp = 0.0274, 7, = 0.8298, 75 = 0.4300, s; = 0.0080, 55
0.0024, 6, = 3.7668 x 107°, 6, = 3.4648 x 107° v&

0.9593 0.0000
0.0000 0.9593]°

[0.2021 0.0181 0.0253 0.0251
0n — 0.0181 0.1798 0.0183 0.0154 « 10-3
@ 10.0253 0.0183 0.2022 0.0252 ’

0.0251 0.0154 0.0252 0.2028

[ 0.0210 —0.0015 0.0066 0.0015

—0.0015 0.0187 0.0000 0.0112
0.0066  0.0000 0.0199 0.0008| "’
0.0015  0.0112 0.0008 0.0125

Qv =




[ 0.0047
0.0004
Sa = —0.0002
0.0000
[ 0.0020
0.0002
5 =| _0.0000
0.0000
[0.8145
o = 0.0741
[2.6162
A = o
[0.0076
Ay = o
[0.0010
As = o
[0.5049
A=
X1 =0, Xo =
~ [~0.1662
L= 1202275
0.1889
i = l0.03o1

o1

0.0004 —0.0002 0.0000 |
0.0036  0.0003 —0.0000
0.0003  0.0059  0.0000 |’
—0.0000  0.0000  0.0060
0.0002 —0.0000 0.0000 |
0.0021  0.0000 —0.0000
0.0000  0.0021  0.0000 |’
—0.0000 0.0000  0.0021
0.0741] . _ [0-4182 0.0553
0.2995] "~ |0.0553 0.1601]
0 ] 02134 0 ]
7A2: 5
1.1976] | 0 0.1396)
0 ] [0.10907 0
7A4: 3
0.0002] 0 0.0200]
0 ] [0.0017 0 ]
7A6: 5
0.0001| 0 0.0002]
0 [0.0353 0
7A8: 5
0.2292) | 0 0.0003]
[—0.0472 —0.0021 0.0001  0.0002  0.0000
—0.0053 —0.0410 —0.0002 —0.0004 0.0000
0.0001 —0.0000 —0.0000 —0.0000 —0.0000
0.0000 —0.0000 —0.0000 —0.0000 0.0000
—0.0000  0.0000 —0.0000 —0.0000 —0.0000
|—0.0000  0.0000 —0.0000 —0.0000 0.0000
0.0370 ] . _ [0.1964 0.1696
—0.0135] 7 "2~ {0.0610 0.0566]°
0.0146 ~ [0.2057 0.0142
0.0738| 7 72~ 10.0056 0.0824] "

Cac tap S1, Sy trong Dinh Iy 1.5 duge xac dinh nhu sau:

—0.0000 ]
0.0000
—0.0000
—0.0000
—0.0000
0.0000 |

S1 = {z = (21, 79) € R?: 0.99732% + 0.99567 75 + 0.135023 < 0},
Sy = {x = (21, 29) € R?: 0.99732% + 0.99562, 79 + 0.135023 > 0}.
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Béng 1.11: Gia tri nhé nhat c6 thé cé ciia By v6i cac gia tri khac nhau ciia 7

T1 0 0.1 0.2 0.3
Dinh Iy 1.5 1.032 1.026 1.023 1.021

Luat chuyén mach gitta hai hé con dugc cho béi

o((t)) = { 1 néu z(t) € 5y,

2 néu z(t) € Ss.

Theo Dinh 1y 1.5, moi véc to trang théai ctia hé xuat phat tit hinh cau B(0,1)
déu chita trong hinh cau B(0, 1.046).

x1

Hinh 1.7: Hinh cau B(0, 1.021) bao tap dat dugc tién ctia hé con 1 tuong ting véi tap
diéu kién ban dau 2, = B(0,1)

(b) Stt dung Dinh 1y 1.6 két hgp véi Nhan xét 1.11, chiing t6i tim duge hinh
cau 16n nhat c6 thé co6 B(0, yg) chita tap dat duge liii ctia hé tuong ting véi tap
muc tieu cho trude Ag = B(0,2). Bang 1.12 liet ké cac gia tri 16n nhat c6 thé co
cua Lo voi cac gia tri khac nhau cua 7.

Dé minh hoa bzang hinh anh, ching t6i chon do tré 7(¢) 1a ham 7(¢) = 0.3 +
0.5sin”® () | véc tonhibuw(t) € {—1,..., 1}, (z1(t), 22(t))T € {(b, £V1 = 12),b =
—1.3,...,1.3} 1a diéu kien ban dau. Ta thay, cac diéu kien trong Dinh 1y 1.6 va
Nhan xét 1.11 dugc thdéa man véi a = 0.2, ¢; = 0.05, e = 0.95, up = 1.986, 51 =
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x1

Hinh 1.8: Hinh cau B(0, 1.021) bao tap dat dugc tién ctia hé con 2 tuong ting véi tap
diéu kien ban dau Qy, = B(0, 1)

B(0,2)

Hinh 1.9: Hinh cau B(0,2) bao moi véc to trang thai ctia hé con 1 xuat phat tit hinh
cau §2y = B(0,1.986)

Béang 1.12: Gia tri 16n nhat c6 thé c6 clia ji véi cac gia tri khac nhau ctia 7

T 0 0.1 0.2 0.3
Dinhly 1.6 1.972 1.982 1.984 1.986
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Hinh 1.10: Hinh cau B(O, 2) bao moi véc to trang thai ctia hé con 2 xuat phat ti hinh
cau €y = B(0,1.986)

0.2500, q1 = 8.3479%x107%, ¢ = 0.0023, r; = 0.2208, r = 0.1243, 57 = 0.0019, 59 =
4.7141 x 107,60, = 7.7817 x 1076, 0y = 7.0511 x 107 va

0.2500  —0.0000
—0.0000 0.2500 |’

[0.5021 0.0452 0.0847 0.0601]
0, — 0.0452 0.4170 0.0452 0.0223 < 10~
@ 10.0847 0.0452 0.5021 0.0601 ’

0.0601 0.0223 0.0601 0.4589

(0.0016 0.0003 0.0004 0.0002]
~10.0003 0.0010 0.0004 0.0004
@ = 0.0004 0.0004 0.0015 0.0002]|’
0.0002 0.0004 0.0002 0.0012

[ 0.0012  0.0001 —0.0000 0.0000 |
0.0001  0.0009  0.0000 —0.0000

pP—

Sa=1_0.0000 0.0000 00014 0.0000 |
0.0000 —0.0000 0.0000 0.0014
[ 0.4054  0.0368 —0.0017 0.0000 |

. 0.0368  0.3679  0.0025 —0.0000 10t

—0.0017 0.0025  0.4088  0.0000
0.0000 —0.0000 0.0000  0.4098
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R, [0:2160 00016) o lo.1224 0.0120}7
0.0046 0.0940] 0.0120 0.0469
a o [rross 0 ] l0.0150 0 }
0 0.3962] 0 0.0405
p o [00ma 0 l0.1236 0 }
0 0.0001 0 0.0023
As = 0'4(?90 0.0(3194 X107, Ag = lo'7§68 0.0%991 x 1077,
A om0 1 [0.0667 0 }
0 0.0532 0 0.0001
[0.0031 —0.0015 —0.0000 0.0000 0.0000 0.0000]
~0.0013 —0.0023  0.0000 —0.0000 0.0000 0.0000
Xi 0, X, _ | 00000 00000 —0.0000 ~0.0000 0.0000 0.0000

—0.0000 0.0000 —0.0000 —0.0000 0.0000 0.0000 |’
—0.0000  0.0000 —0.0000 —0.0000 0.0000 0.0000
| —0.0000  0.0000  0.0000  0.0000 0.0000 0.0000

U, — —0.1193 —0.0471 ~10.0246 0.0319
' 120.2196 —0.0132] 7 72 [0.0126 0.0144]°

~ |1 0.0780 —0.0167 ~ | 0.0580 —0.0005
T [—0.0127  0.0418 |7 7T |—0.0040  0.0259

Cac tap S1, Sy trong Dinh 1y 1.6 xac dinh béi

St = {x = (21, 79) € R?: 0.71582% + 1.7884x 75 + 0.132523 < 0},
Sy = {x = (21, 29) € R? : 0.71582% + 1.7884x 79 + 0.132523 > 0}.

Luat chuyén mach gitta hai hé con dugc cho bdi

1 néu z(t) € Sy,

o(x(t)) = { 2

2 néu z(t) € Ss.

Theo Dinh 1y 1.6, qui dao ciia moi véc to trang thai ciia hé xuat phat ti hinh
cau B(0,1.986) déu chita trong hinh cau B(0, 2).
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Chuong 2

Bai toan dam bao chi phi diéu khién trong thoi
gian hitu han cta 16p hé tuyén tinh duong da tré

2.1. Phat biéu bai toan va mot sd kién thitc chuan bi
Xét he dieu khién da tré hén hop

x(t) = Ax(t) + %Dﬂ:(t —7;) + Ww(t) + Bu(t), t € [0, 7], 21)

ZIJ(S) = gb(s), s € [_7_7 0]7 T = 12?](\[{7—1'}7

& d6 x(t) € R™ 1a véc to trang théi, u(t) € R™ la véc to didu khién, w(t) € RP 1a
véc to nhiéu; A € R, D, € R W € R™P, B € R™™ la cac ma tran thuyc
cho truée; 7; > 0(i = 1,..., N) la do tré thai gian. Ham ¢(s) € C([—7,0],R") 1a
ham diéu kien ban dau véi chuan xéc dinh béi ||| = sup,c;_, o 6()[]. Véc to
nhiéu w(t) 1a ham lieén tuc va théa man diéu kién sau

Ty
3d >0 / W (w(t)dt < d. (2.2)
0
Khi khong c6 tac dong ctia véc to diéu khién, he (2.1) trd thanh
N
i(t) = Ax(t) + > Dix(t — 1) + Ww(t), te[0,Ty],

i=1 (2.3)

z(s) = ¢(s), se[-1,0, 7= lrélla;](v{n}

Tuong tng v6i hé (2.1), ta xét ham chi phi toan phuong

J:/O f (2" ()Qz(t) + u’ (t)Ru(t)) dt, (2.4)

ddo Q € R™™ R € R™™ 13 cac ma tran thuce, déi xting, xac dinh duong cho
trudce.
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Dinh nghia 2.1. He (2.3) dugc goi 1a mot he duong néu véi bat ky dieu kien
ban dau ¢(t) € R va w(t) € R, ta ¢6 véc to trang thai z(t) € R’} v6i moi
t>0.

Dinh nghia 2.2. ([56]) Cho trude cac s6 Tf > 0, ca > ¢; > 0. He (2.3) dugc goi
14 6n dinh hitu han thoi gian tuong tng véi bo (e, c2, T) néu cac diéu kien sau
duge théa man v6i moi véc to nhiéu w(t) thoa man dieu kien (2.2):

sup @7 (s)¢(s) < = 2T (B)x(t) < ca, VEE[0,TY].

—7<5<0

Dinh nghia 2.3. Cho cac s6 Ty > 0, ¢2 > ¢; > 0. Néu ton tai mot luat dieu
khién nguge u*(t) = Kx(t) vA mot sé duong J* sao cho hé déng sau

N

i(t) = (A+ BK) z(t) + Zj Dix(t — i) + Ww(t), t € [0,TY], 2.5
z(s) = ¢(s), s€[-7,0, 7= max {7}, '

1<i<N

13 he duong va 6n dinh hitu han thsi gian tuong tng véi bo (cq, ¢z, Ty) va gia tri
ctia ham chi phi toan phuong (2.4) théa man J < J* thi gia tri J* dugc goi la
gia tri ddm bao chi phi diéu khién va diéu khién u*(¢) 14 luat diéu khién ngugc
dam bao chi phi diéu khién cho hé (2.1) trong thai gian hitu han.

Tiép theo, chiing toi nhic lai mot s6 két qua bo trg duge diing dé chiing minh
cac két qua trong muc sau. Nhac lai rang mot ma tran thuc A € R™ " 1a ma
tran Metzler néu tat ca cac phan tit ndm ngoai duong chéo chinh clia ma tran
A déu khong am.

Bo6 dé 2.1. ([22]) He (2.3) la hé duong khi va chi khi A la ma tran Metzler,
D, e R"(i=1,...,N),W e R},

Bo dé 2.2. ([2]) Cho cdic ma tran hing s6 X,Y,Z ¢6 s6 chiéu thich hop théa
mainY =YT >0,X = XT. Khidé X +ZTY 17 < 0 khi va chi khi

X zr <0
Z =Y '

2.2. Bai toan dam bao chi phi diéu khién trong thoi
gian hitu han cua 16p hé tuyén tinh duong da tré

Trong muc nay, ching toi trinh bay bai toan ddm bao chi phi diéu khién
trong thoi gian hitu han ctia 16p hé tuyén tinh duong da tré (2.1). Chung toi
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sé thiét ké mot luat dicu khién ngude u(t) = Kz(t) va tim mot s6 duong J*
sao cho hé dong (2.5) 1a hé duong va on dinh hitu han thsi gian tuong tng véi
bo (c1,c2,Tf). Ngoai ra, gia tri cia ham chi phi toan phuong (2.4) théa man
J < J%.

Dinh 1y 2.1. Cho trudc cic so duong Ty, cy, co. Gid st rang W = 0, D; = 0, (i =
1,...,N) va ton tai mot ma tran duong chéo chinh zdc dinh duong P € R™",
mot ma tran Y € R™™ vaq mot so duong o sao cho cac dieu kién sau day duoc

thoa man:
(= pPDI PDY ... PDL PQ YTR]
x —P 0 ... 0 0 0
x % —-P ... 0 0 0
O () (2.6a)
* * * ... —P 0 0
* * * x ... —Q 0
| * * * * * ... —R]
d+ )\
GF o ety (2.6b)
A1
[A+BYP';; >0, Vi#ji=1,....,nj=1,...,n, (2.6¢)
¢ do
E=AP+PAT + BY +YT'BT + NP + WWT,
)\1 — Amin(P71)7
N
A2 = Anax(P7) + Y Tidmax(D] P7'Dy).
=1
Khi do

u(t) =Y P lzt), tel0,Ty]
la luat diéu khién nguge dam bdo chi phi diéu khién cho hé (2.1) trong thoi gian
hitu han va gid tri ddm bdo chi phi diéu khién dugc cho bdi

T = d+ X6

Ching minh. Tt diéu kien (2.6¢) ta suy ra A + BK = A+ BY P! 1a mot ma
tran Metzler. Diéu nay két hop véi viee W = 0,D; = 0,(i = 1,...,N), ta suy
ra hé déng (2.5) 1a mot he duong véi moi diéu kién ban dau ¢(t) € R” va véc
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to nhidu w(t) € R thoéa man diéu kien (2.2) theo nhu két qué ctia Bo dé 2.1.
Tiép theo, ta xét ham Lyapunov-Krasovskii sau:

V(t, ) = e’ (¢t +Zeat/ s)D] P~'D;x(s)ds.

t—T;

Lay dao ham ctia ham V (¢, ;) theo thoi gian ¢ doc theo quy dao ctia nghiém
cia hé dong (2.5), ta thu dugc danh gia sau

V(t,z) — aV(t, ay)
< ey (t) [PTA+ AP + PTIBK + K'B" P! a(t)

N
+ e Z 20T ()P Dy (t — 1) + 2e* 2T () P W w(t) (2.7)

N
+ et Z #'(t) D] P Dix(t) — e > " a"(t — 7;) D] P Dya(t — 7).

=1

Bing cach st dung bat ding thic Cauchy cho ma tran, ta thu duge cac danh
gla sau:

2etxT ()P Ww(t) < ez () P'WWT P a(t) + e (t)w(t). (2.8)

Mat khac, ta lai co

N
e 22" ()P Dix(t — 7,)

=2 (P 'Dix(t — 1) + ... + e 22T ()P ' Dya(t — 7).

(2.9)

Vé6ii=1,...,N, bing cach st dung bat dang thic Cauchy cho ma tran, ta c6

e 2T ()P Dz (t — i) < eaT (t) P a(t) 4+ a2’ (t — 7)) DI P Dz (t — 7).

(2.10)
Két hop cac diéu kien (2.9) va (2.10), ta c6
N
e Z 207 ()P Djx(t — ;)
=1 (2.11)

N
< e Nzl ()P a(t) + e Z T (t — ) DI P Dy (t — 7).

i=1
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T cac dieu kien (2.7), (2.8) va (2.11), ta thu duge:

V(t,xp) — aV(t, xy)

< ez (t)Qx(t) + e’ (Hw(t) — ez (t) [Q + KTRK] z(2), (2:12)

6 do

N
Q=P A+ ATP'+ PT'BK+ K"B"PT' + NP7'+> DI'P'D;
=1

+ P 'wwTP' +Q+ K"RK.

Bing cach ap dung Bo dé Schur (Bo dé 2.2), ta c6 diéu kien © < 0 tuong duong
v6i dieu kién sau

(v pIrp-' pip-' ... DLp!
x —p! 0 0

d=| « * —p! 0 <0, (2.13)
* * * ... —p1

G do
=P A+ ATP '+ P'BK + KTBTP™' + P'WwWTp!
+ NP '+ Q+ KT"RK.
Bay gio, nhan bén trai va bén phai ciia ma tran ® bdéi ma tran

diag{P, ....,, P}
(N-1)

va ma tran chuyén vi ciia n6 va dat K = Y P!, ta thu dugce diéu kien ® < 0
tuong duong véi dieu kién (2.6a). Tit dicu kien (2.6a) va viec Q > 0, R > 0, ta
thu duge

Vi(s,z5) —aV(s,xs) < e®wl(s)w(s), Vse[0,Ty]. (2.14)
Nhan hai vé clia (2.14) v6i e~ %) ta c6
eV (5, 15) — eV (s,15) < w? (s)w(s), Vs € [0,Ty]. (2.15)

LAy tich phan hai vé ctia (2.15) tit 0 t6i ¢, ta thu duge danh gia sau

eV (t,z) < V(0,20) + /t wl'(s)w(s)ds < V(0,z0) + d. (2.16)
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Trude hét, ta di tim can trén ctia V(0, z9) nhu sau

V(0,20) = 27 (0) P +Z/ (s)DI P~ Djx(s)ds

< Amax (P~ 12" (0)2(0) + (ZTZ-AmaX(D@-T PlDo) sup ¢’ (s)o(s)

i1 —7<5<0

N
< [ maxc(P™) + ) Tidmax(D] P D; >] sup " (5)¢(s)

P —7<5<0
=X sup @' (5)d(s) < Aacr,
—7<5<0
(2.17)
Két hop cac diéu kién (2.16) va (2.17), ta duge
eV (t, 1) < Aacy +d. (2.18)
Mat khéc, dé dang tinh toan dugc
e MV (t, 1) > e “al () (t), Yt e€[0,Ty). (2.19)

Két hop dieu kien (2.18) véi dieu kien (2.6¢), ta c6
A
201 + deat < Xocy +d
At A1
diéu nay ching t6 rang hé déng (2.5) la on dinh hitu han thsi gian tuong ting

o' () (t) < el < ¢y, W €10,TY],

v6i bo (c1,c2, Ty). Bay gio, ta di tim gia tri dam bao chi phi diéu khién cho hé
(2.1) trong thoi gian hitu han. Tu diéu kién (2.12) va (2.6a), ta c6

V(t,x) —aV(t,z) < e®wl (H)w(t) — eal (1) [Q+ KTRK] z(t),  (2.20)
Nhan hai vé ctia (2.20) v6i e~ ta thu duge
e W (t, ) — aV(t,z)e ™ < wl(t)w(t) — 2T (1) [Q+ KTRK] x(t). (2.21)

Lay tich phan hai vé ctia (2.21) tit 0 t6i T}, ta thu dugce

J = /Tf 2'(t) [Q + KTRK] z(t)dt

< /Tf w' (Hw(t)dt + V(0,z0) — eV (Ty, 27,) (2:22)

<d+V(0,z0) < d+ X o> = J*.

Dinh 1i dugc chiing minh hoan toan. O
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Nhan xét 2.1. Vi diéu kién (2.6a) 1a mot bat dang thiic ma tran tuyén tinh
nén ta c6 thé giai dieu kien nay bing cach st dung hop cong cu LMI Control
Toolbox trong MATLAB (xem [2]). Do d6, tit Dinh Iy 2.1, ching ta c6 cac budc
sau dé giai bai toan dam bao chi phi diéu khién trong thdi gian hitu han cta 16p
hé tuyén tinh duong da tré (2.1):

Budc 1. Giai bat dang thitc ma tran tuyén tinh (2.6a), ta thu dugc ma tran
duong chéo chinh xac dinh duong P va ma tran Y.

Budc 2. Tinh ma tran nghich ddo P~ va Apin(P™1), Amax(P71).

Buéc 3. Kiém tra cac diéu kien (2.6b), (2.6¢) trong Dinh Iy 2.1. Néu cic diéu
kien nay thoa man, chuyen sang Budc 4. Néu trai lai, quay tré lai Buée 1.
Buéc 4. Ma tran diéu khién ngude K xac dinh béi K = Y P~ L

Két qua ctia Dinh 1y 2.1 ¢6 thé md rong cho 16p hé diéu khién da tré bién
thien. Xét hé diéu khién da tré bién thien

N
i(t) = Ax(t) + > Dix(t — 7,(t)) + Ww(t) + Bu(t), t € [0,T}], (2.23)
i=1 :
x(s) = ¢(s), se[-1,0, 7= llélizgv{n},
& d6 x(t) € R™ 1a véc to trang thai, u(t) € R™ la véc to didu khién, w(t) € RP 1a
véc to nhiéu; A € R™", D, € R W € R™P, B € R™™ la cac ma tran thuc,
hing s6 cho trude. Ham ¢(s) € C([—7,0],R") la diéu kien ban dau véi chuan
cho béi [|¢|| = supyei_r.q |9(t)]l. Véc to nhiéu w(t) théa man dicu kien (2.2).

Ham tré 7;(¢)(: = 1,..., N) la ham kha vi, liéen tuc thoa man cac diéu kién
0<7nt)<n (i=1,...,N) (2.24a)
At <& <1, (i=1,...,N) (2.24b)

G do6 7;,0;(1=1,...,N) la cac hang s6. He qua sau dua ra mot diéu kien du cho

viéc thiét ké mot luat diéu khién ngude dam bao chi phi diéu khién trong thoi
gian hitu han cho hé diéu khién da tré bién thien (2.23).

Hé qua 2.1. Cho trudc cic hang s6 duong Ty, c1,co. Gid si raing W = 0, D; =
0,(i = 1,...,N) va ton tai mot ma tran duong chéo chinh zdc dinh duong
P € R™"™ mot ma tran' Y € R™ ™ va mot s6 duong « sao cho cic diéu kién
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sau day duogc thoa man:

‘= pDT pPDI ... PDL PQ YTR]

x —-P 0 ... 0 0 0

x x  —-P ... 0 0 0
O IR (2.25a)
* * * ... —P 0 0

* * * x ... —Q 0

| * * * * * .. —R]
d+ A
o ety (2.25b)
A1
[A+BYPY;; >0, ViZji=1,....,nj=1,...,n, (2.25¢)

¢ do
Noop
E:AP+PAT+BY+YTBT+WWT+21
i=1 i
>\1 - )\min(Pil)v
N
X2 = Amax(P7) + D Tidmax(D] P7'D;).
=1
Khi do

u(t) =YP x(t), tel0,Ty]

la luat diéu khién ngugc dam bdo chi phi diéu khién cho hé (2.23) trong thoi
gian hiu han va gid tri dam bdo chi phi dieu khién dudgc cho bdi

T =d+ Xolo)*.

Ching minh. Xét ham Lyapunov-Krasovskii nhu sau:
V(x) = eMal (1) P a(t at/ s)DI P~ D;x(s)ds.
t 7'Z

Khi d6 bang k¥ thuat tuong tu nhu ching minh Dinh 1y 2.1, ta dé dang ching
minh duge Hé qua 2.1. ]

Nhan xét 2.2. Bai toan dam béao chi phi diéu khién trong thsi gian hitu han
da dugc nghién citu cho mot vai 16p hé phuong trinh vi phan trong nhiitng nam
gan day. Trong [73], cac tac gid nghién citu bai toan dam béo chi phi diéu khién
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trong thoi gian hitu han cho 16p hé tuyén tinh ngau nhién It6 bang cich st dung
cong thiic It6, bat ding thiic Gronwall v bién doi ma tran. Bai toan dam bao
chi phi diéu khién trong thsi gian hitu han cho 16p ngau nhién Markovian jump
duge nghien cttu trong [74]. Chu § réng, do tré thoi gian khong duge dé cap
dén trong cong trinh clia cac tac gid trong [73, 74]. Gan day, bang cach dua ra
mot dinh nghia vé tinh 6n dinh hitu han thoi gian cho 16p hé tuyén tinh duong
chuyén mach, cic tac gia trong [3] dua ra mot sé tieu chuan cho bai todn dam
bdo chi phi diéu khién cho hé duong tuyén tinh chuyén mach. Khai niem nay
khéc so véi khai niem 6n dinh hitu han thoi gian duge dua ra béi Dorato P.,
Weiss L. va Infante E.F. (xem [8, 70]). Chi ring khai niem on dinh hitu han
thoi gian duge dua ra bdi Dorato P., Weiss L. va Infante E.F. da duge nhiéu nha
khoa hoc sit dung va da c6 hang ngan cong trinh st dung khai niém nay dugc
dang trén cac tap chi quéc té ISI uy tin. Theo nhu hiéu biét ctia ching toi, day
la lan dau tien bai toan dam béo chi phi diéu khién trong thoi gian hitu han cho
16p hé tuyén tinh duong da tré dugc nghién cttu trong cac Dinh 1y 2.1 va Hé qua
2.1 bang cach st dung dinh nghia 6n dinh hitu han thoi gian duge dua ra béi
Dorato P., Weiss L. va Infante E.F.

Sau day, ching toi dua ra hai vi du s6 dé minh hoa cho két qua ly thuyét.

Vi du 2.1. Xét hé diéu khién c6 tré

{ @(t) = Ax(t) + Dyz(t — 0.5) + Ww(t) + Bu(t), t € [0, T}], (226

z(s) =o¢(s) = 0, se[-0.5,0],

¢ d6 x(t) € R%,u(t) € R. Nhiéu w(t) € Ry thoa man diéu kien

/Tf wl (Hw(t)dt < 1,

-1 —0.1 0.5 0.5 —0.1 0.01
A_ll —1]’ Dl_[().l 0.1]’ B_[o.:;}’ W_l0.081'
Chii ¥ ring ma tran A khong 1a ma tran Metzler. Do do6, khi diéu khién u(t) = 0
hé (2.26) khong la hé duong. Xét ham chi phi toan phuong (2.2) véi R = [0.02]
va
0.1 O
©= l 0 0.3} '
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Ta thay cac diéu kien trong Dinh 1y 2.1 duge thoa man véic; = 1,¢9 = 1.8, T =
5.0 —=0.001,d=1va

p_ l0.1274 0

0 0.095717 Y = [4.9413 —14.8297].

Vay, theo Dinh 1y 2.1, hé déng tuong ting la mot hé duong va on dinh hitu han
thoi gian tuong tng véi bo (1,1.8,5). Ngoai ra, luat diéu khién nguge dam béo
chi phi diéu khién cho he (2.26) trong thoi gian hitu han x4c dinh béi

u(t) = [38.7739 —154.9365] z(t), Vt € [0,5]
va gia tri ddm bao chi phi diéu khién cho hé 13
J* =12.5139||¢||* + 1.

Vi du 2.2. Xét hée diéu khién da tré bién thien

#(t) = Ax(t) + iDix(t = 7i(t) + Wuw(t) + Bu(t), t € [0, Ty, (2.27)

z(s) =¢(s) = 0, se€[-1.5,0],

§do x(t) € R2, u(t) € R, 71(t) = sin® 0.2t, 72(t) = 1.25in* 0.25¢, 73(¢) = 1.5 sin”
Nhiéu w(t) € Ry théa man

t
3

Ty
/ wl (w(t)dt < 1,
0
—1 -1 0.1 0.2 02 0.3
l3 —5}’ ! lo.2 0.3}’ ? {0.1 0.5]’
04 0.1 0.5 0.05
Ds = {0.3 0.2} B = {0.4} W= lo.%] '

Dé& dang kiém tra dugc cac ham tré 7(t), 7o(t), 73(¢) thoa man diéu kien (2.24)
voi T =1,00 = 02,79 = 12,00 = 0.3, 73 = 1.5,93 = 0.5. Cha ¥ rang ma tran A
khong 13 ma tran Metzler. Do d6, khi diéu khién u(t) = 0 he (2.27) khong 1a hé
duong. Xét ham chi phi toan phuong (2.2) véi R = [0.01] va

02 0
©= lo 0.2]
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R0 rang, cac diéu kién trong He qua 2.1 duge thoa méan véic; = 0.1,¢0 = 1,Tf =
20, = 0.0005,d =1 va

p_ l0.5969 0

0 0_3703], Y = [-2.6634 1.1774].

Vay, theo Hé qua 2.1, hé déng tuong ting 1a mot hé duong va 6n dinh hitu han
thoi gian tuong tng v6i bo (0.1,1,20). Ngoai ra, luat diéu khién nguge ddm béo
chi phi diéu khién cho he (2.26) trong thoi gian hitu han x4c dinh béi

u(t) = [—4.4623 3.1793] z(t), Vi € [0,20],
va gia tri ddm bao chi phi diéu khién cho hé 13

J* = 5.1344]|¢|*> + 1.
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Chuong 3

Tinh 6n dinh ma va tinh thu dong cta 16p hé phi
tuyén chuyén mach cé tré bién thién

Chuong nay trinh bay tinh on dinh mi va tinh thu dong ctia mot 16p hé
phuong trinh vi phan phi tuyén chuyén mach c6 tré bién thien. Céc két qua
chinh clia chuong nay duge viét dya trén bai bao [62] ctia chii nhiém dé tai.

3.1. Phat biéu bai toan
Xét hé phuong trinh vi phan phi tuyén chuyén mach c6 tré bién thien

H(6) = Agir(t) + Doyl — 7(8)) + Boo(t) + oo 2(0), 20t — (1)), 0(2),

Ty, (8) = x(to + 8) = P(s), s € [—,0],

Z(t) = Ma(t)x(w + Ua(t)'r(t - T(t)) + Wg(t)w(t>7

(3.1)

G do z(t) € R™ la véc to trang thai, w(t) € R™ la véc to nhiéu, z(t) € R™ la
véc to quan sat clia hé; o(t) : [0,00) — N = {1,2,..., N} lIa luat chuyén mach;
A;, Dy, By, M, Uy, Wy i =1,..., N, la cdc ma tran hang sb cho trudc; ¢(s) 1a dicu
kien ban dau. Nhiéu phi tuyén f;(.),i = 1,..., N, thda man f;(¢,0,0,0) = 0, va

fHtx(t), x(t — (1), w(®) filt, (), 2(t — 7(1)),w(t))
<l (LT Liz(t) + 27 (t — 7(1))GTGix(t — (1)) + wT () H Hw(t),  (3.2)

6 d6 L;,G;, H;,1 = 1,..., N, 1a cac ma tran hang so6 cho truée. Chu ¥ réng

gid thiét (3.2) dat len nhiéu phi tuyén f;(.),7 = 1,..., N, dugc ap dung rong rai

trong thuc té va duge nhiéu nha nghién ciiu xem xét (xem [7, 26, 39, 40, 41, 76]).
Do tré 7(¢) 1a ham lien tuc théa man diéu kien dudi day

0< 7 <7(t) <m, (3.3)
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& d6 71,7 1a cac hiang s6 khong am cho trude.
Tuwong ting v6i tin hiéu chuyén mach o(t), ta c6 trinh ty chuyén mach sau
day
{24y; (0, t0)s - (ig, t) - g € NJE=0,1,...},
diéu nay c6 nghia rang hé con tht iy, duge kich hoat khi ¢ € [tg, tx11).

Dinh nghia 3.1. Cho bat ky hai s6 Ty > T} > 0, ky hi¢u N, (7, T5) 1a s6 lan
chuyén ddi ctia luat chuyén mach o(t) trén khoang (T1,T3). Néu N, (Ty,T5) <
No + L2 diing véi T, > 0,Np > 0, thi T, dugc goi la thoi gian dimg trung
binh (the average dwell time). Nhu thuong lé, ta chon Ny = 0.

Dinh nghia 3.2. He (3.1), v6i w(t) = 0, duge goi la on dinh m dusi luat
chuyén mach o(t) néu nghiém z(t, ¢) ctia hé (3.1) théa man

lz(, @)l < Be™ U=y |,
v6i hiang s6 8> 1, > 0.

vVt >ty

Dinh nghia 3.3. Hé phuong trinh vi phan phi tuyén chuyén mach c6 tré bién
thien (3.1) dugc goi 1a thu dong néu ton tai mot hiang s6 v > 0 sao cho véi dieu
kién ban dau bang khong, bat dang thitc dudi day ding v6i moi t¢ > to

2 /tf L (s)w(s)ds > — /tf wl (s)w(s)ds.

to to

(3.4)

3.2. Tinh 6n dinh mi ctia I6p hé phi tuyén chuyén mach

cO tré biéen thién

Dé thuan tién cho viéc trinh bay cac két qua tiép theo, ta ky hicu e;(i =
1,...,11) € R™ 117 13 ma tran khéi ma tai vi tri thi ¢ 13 ma tran don vi I con
cac vi trf khéac 14 ma tran khong. Chang han, e, =[0 0 0 7 0 0 0 0 0 0 0],
A = Aey + Des + ey, cac véc t6 xo(t) = [xg1(t) x02(t) x03(t)]", 6 do

[ (1) L
t B t s Tl ( )ds
B )] I W=
I(t-’]’g) @) Ji—m ( )dS
722 tt - f u)duds
2 ' t—71 t T1

Xo3(t) = (r(t)—m1)? Jt—7(t) fs x(u)duds

I e OB dud

=@ S Js  w(w)duds

fQ)
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cac ma tran

Gi(1) = el mes (T—m)eg + (o —7)ed 0577el]”,

Gy = [AT (e1 —ex)’ (ex —eq)T Tiler —e5)T]7,

Gs=[e] e5 et ex]', Gi=les e e5 eg]', Gs=les e5 er efl,
va

I, —I, 0 0
F=1I1, I, —2I, 0 |,
I, —I, 6I, —6I,

S = diag{e™*™5,3¢7 5,5 S}, Z = diag{e "™ Z,3e 2, 5e 2 Z}.

Trude hét, ta xét hé phuong trinh vi phan phi tuyén c6 tré bién thien dudi
day
@(t) = Az(t) + Da(t — 7(1)) + f(t, (1), z(t — 7(1))),
T, () = x(to +8), s € [—7,0], (3.5)

& d6 nhiéu phi tuyén f(¢, z(t), z(t — 7(¢))) théa man diéu kien dudi day:

Frt (), (t — () f(t, 2 (t), x(t — 7(t)))
< aT() LT La(t) + 27 (t — 7(t))GT Ga(t — 7(1)), (3.6)

v6i L, G 1a cdc ma tran thuc, hing sé cho trude.
Chon ham Lyapunov—Krasovskii cho hé (3.5) c6 dang sau

t—71

V(z) = n’ (t)Pn(t) —|—/t e 02T (5)Qu(s)ds + / 2T (s)Ra(s)ds

t—T1o
+7'1/ / (=837 () S (u)duds
—T1 J1+s
-1—712/ / (=37 (u) Zi(u)duds,
- +S

6d6 PeSh, QRS Z €St va

o =7 — 71, nt) = [J;T(t) /ttﬁ 7 (s)ds /tt_ 27 (s)ds /ttﬁ / t:z;T(u)duds}

Khi dé, ta c6 bd dé sau day.

(3.7)

T
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Bo6 dé 3.1. Cho trudc s6 a > 0. Gid sit ring ton tai cic ma tran P € S}

Q,R,S,Z €S}, X € R wi mot hing s6 € > 0 sao cho bit dang thic ma
tran tuyén tinh (LMIs) sau day théa man vdi T € {11, T2}

Z X
= —_| > .
P lXT Z} > 0, (3.8a)
Q1) =Z1(r) — =, —TTer <. (3.8b)

Khi doé doc theo quy dao nghiém cia hé (3.5), ta thu dugc danh gia dudi day
Viey) < e @V (g, ), Vit > 1, (3.9)
d do
Z1(7) = GL(1) PGy + GL PGi(7) + oGl (1) PGi(7) + el (Q + e LT L)ey
+ el (e MR —¢e""Q) es — e el Rey + el GTGes
— eelTlen + AT (7125' + 7122Z) A,
Fgﬂ

=y =Gs FTSFGs, F:[
2 = 03 o FG:

Ching minh. V6i € > 0, tit (3.6) ta co
—efT () f(O) +ext (LT La(t) + ex (t — 7(t))GTGa(t — 7(¢)) > 0. (3.10)

Lay dao ham ctia V' (z;) theo t va sit dung (3.10), ta thu dugc

t

V(xt) +aV(xy) < Xg(t)El(T)Xo(t) — e " / j:T(S)S:t(s)ds

t—11

t—71
- 7’126_0‘72/ iT(s)Zi(s)ds. (3.11)
t

—To

Bang cach ap dung Bo dé 1.1, ta thu dudc uée luong dudi day

t
—Tle‘m/ i7(s)Si(s)ds < —x¢ (1)Ga FTSFGsxo(t) = —x¢ ()Z2x0 ().
t

o
(3.12)
Bing céach tich phan dudi day thanh téng ciia hai tich phan

t—11
- 7'126_(”2/ i (s)Zi(s)ds
t—T1o
t—T(t) t—71
= —7'126_0‘72/ T (s)Zi(s)ds — 7126_0”2/ iT(s)Zi(s)ds
t t

—To —7(t)
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va st dung Bo dé 1.1 va 1.2, tich phan thit hai trong (3.11) duge wée lugng thanh

t—11
rae [T Za(s)ds
t

-
T 4 T A
< X (WG FTZFGuxo(t) — ———x§ ()92 FTZFGsxot)
T(t) — 1 7 —7(1)
[ 710 7 0
=710 T(t)aﬁ re 7

<~ | 5 7|t
)

= —xg ()T @Ix (1)

I'xo(?)

(3.13)
Do d6, tit (3.11) t6i (3.13), ta c6
V(1) 4+ aV () < xg (O))xo(t). (3.14)

Vi Q(7) 1a mot ham affine theo 7 nén Q(7) < 0 v6i moi 7 € |1, 7o) khi va chi
khi Q(71) < 0 va Q(72) < 0. Do d6 néu (3.8b) ding v6i 7 = 7 va 7 = 75 thi

Vi(zy) +aVi(xy) <0, Vit>t. (3.15)
Tich phan hai vé cia bat dang thiic trén ta thu duge (3.9). O

Bay gig, ta xét hé phi tuyén chuyén mach cé tré bién thién

{ #(t) = Agyx(t) + Dozt = 7(1)) + fou(t, 2(t), 2(t = 7(1))),

(3.16)
Ty, = x(to+5) = ¢(s), s € [—7,0].

Dinh 1y duéi day dua ra mot diéu kien da cho tinh 6n dinh mil ctia hé trong
truong hop dao ham ctia do tré khong biét hodc do tré 1a ham khong kha vi.

Dinh 1y 3.1. Cho trudc so6 o > 0. Gid st rang ton tai cic ma trin P; =
P, P, Pj; P
Py P5, P Py
Py P Pi; Py
P, Pi, Pi3 Pi

- Si—n, QiaRi7Si7Z’i - S;’L_, Xz - R3n><3n,(i = 1,...,N), V4

cdc hang s6 ¢, > 0,(i=1,...,N) sao cho bat ding thitc ma tran tuyén tinh sau
day ding vdi T € {11, T2}
. 7 X,
' = 2N >0 ,=1,...,N 3.17
ng Z@] - Yo ? ) ) 9 ( a)



72

Q1) =2i(r) -2, —-TTdT <0, i=1,...,N. (3.17Db)

Khi dé hé (3.16) on dinh mi vdi bat ky luat chuyén mach ma thoi gian dimg
trung binh (average dwell time) théa man

1nlu

T,>T" = (3.18)

«

Ngoai ra, nghiém cia hé thoa man danh gid dudi day
b
Jott, 1 < 4 20 (3.19)

Po<pPj, Qi <pQj Ry <uRj, Si<pSj Zi<npZy VijeN, (39

¢ do p > 1 thoa man

A; = Ajey + Dies +ey1, S; = diag{e ™ S;, 3¢ ™ S;,5¢ " S;}, i=1,...,N,
Z; = diag{e “™Z;, 3¢ ™ Z;,5e ™ Z;}, i=1,...,N,
Zi(1) = GL(T)PiGy + G PiGi(7) 4+ oGl (T)PiGy () + el (Q; + e&.LT Ly)e;
+ eg (e_a“Ri —e M Qi) €9 — e_a7264TR¢e4 + eiegGiTGieg
— ¢elien + AT (71252' + TEQZi) Ai, i=1,...,N,
= =GIFTS;FGs, i=1,...,N,

1 Inp

1
b= m%( )\max(Pi) + 7 m%( /\max(Qi) + T2 m?\?,( Amax(R ) + = 9 max 7—13)\max(s )

i€ i€ i€ ieN

1
+ 57122(71 + 1) r,%?\}( Amax (Zi)-

Ching minh. Xay dung ham Lyapunov—Krasovskii cho hé (3.16) nhu sau
t
V(@) = Vo () = 0" (1) Poyn(t) + / e (5)Quyz(s)ds
t—11

t—11
+ / ea(s_t)a:T(s)Rg(t)x(s)ds
t

—Ty

0t
+ 71 / / ea(s_t):i:T(u)SU(t):i:(u)duds
—711 Jt+s

—T1 t
+7'12/ / eo‘(s_t):iJT(u)ZU(t)x'(u)duds. (3.21)
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Khi ma t € [tg, tpe1), cac didu kien (3.17a), (3.17b) va Bd dé 3.1 cho ta udc
lugng sau
V() = Vo (ze) < e TV, 0 (24,)- (3.22)

St dung (3.20) va (3.22), tai thoi diém chuyén mach ¢;, ta c6

Vo—(ti)(xti) S Mva(tz—)<xtl—), 1= 1, 2, e (323)

Tu (3.22), (3.23) va quan hé k = N,(to,t) < t;jo) ta thu duge

Vi) < e_a(t_tk)ﬂvcf(t;)<xt;) <. =< e_a(t_to)ﬂkvﬁ(to)<xto)

In p

< (a1 )(t—to)‘/a(to)(xto)' (3.24)

Stt dung mot vai tinh toan truc tiép, ta thu dudgc
allz(t,9)I> < V(x), Vi) (@) < bllzg|”. (3.25)

Két hop (3.24) va (3.25), ta duge

1 b n
|z (t, §)|? < =V (x;) < e (ORI g, 112, (3.26)
a a
Tt d6 ta thu duge (3.19). Dinh 1y duge ching minh. O

Nhan xét 3.1. Chi y ring bai toan nghién ctu tinh 6n dinh tiém can va 6n
dinh mi ctia 16p hé phuong trinh vi phan chuyén mach phi tuyén da nhan dugc
sU quan tam nghién cttu clia nhiéu nha khoa hoc trong nhitng nam gan day (xem
26, 39, 40, 41, 54, 76] va cac tai lieu tham khéo trong d6). Tuy nhién, trong céc
cong trinh da cong bd van con mot s6 han ché d6 1a do tré thuong duge gia thiét
1a ham kha vi v& dao ham ctia né 1a bi chan. Mic dit da c¢6 mot s6 chiing minh
Iy thuyét v vi du sb6 cho thay céc bat dang thic tich phan méi duge dé xuat
trong [53] dua ra udc lugng tot hon so véi bat dang thitc Jensen va céc bién thé
clia n6 [17, 59], thach thiic cu thé vaAn la lam cach nao xay dung dude mot ham
Lyapunov-Krasovskii phit hgp va hiéu qua cho hé phuong trinh vi phan chuyén
mach phi tuyén. Bing cach sit dung mot vai bat déng thitc tich phan méi duge
dé xuat trong [53], két hop ki thuat t6 hop 16i trong [52] khi wéc lugng dao ham
ctia ham Lyapunov-Krasovskii va st dung cach tiép can thoi gian ditng trung
binh (the average dwell time), Dinh 1y 3.1 giai bai toan nghién cttu tinh 6n dinh
mil ctia 16p hé phuong trinh vi phan chuyén mach phi tuyén trong truong hop
do tré 1a ham lién tuc nhung khong kha vi. Do do, két qua ctia ching toi it bao
thit hon cac két qua trong [26, 39, 40, 41, 54, 76].
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Khi do tré 13 mot ham kha vi va 7(t) <6 < 1, § d6 § 1a mot hing s6 da biét,
hé qua dudi day cho ta mot diéu kién cai tién cho tinh on dinh mi ctia 16p he
phuong trinh vi phan chuyén mach phi tuyén trong truéng hop nay.

Hé qua 3.1. Cho trudc s6 o > 0. Gid s rang ton tei cic ma tran P, =
Pi, P, Py Pj
Py Py, Py Py
Py P, Pi3 Py
Py P, Py Py

1,...,N), va cic s6 ¢, > 0,(i = 1,...,N) sao cho bat ding thic ma tran dudi

day ding vdi T € {T, 12}

€St Qi, R, Si, Z;, Q1L W M¢ € S}, X; € R¥™3" (i =

4n s

- [Z X,

i S =1,... .

P lXiT Zi]_o,, i=1,...,N, (3.27a)
Q(r)==i(r) —5 ~ITeT <0, i=1,... N (3.27b)

Khi dé hé (3.16) on dinh mi vdi bat ky luat chuyén mach ma thoi gian ding
trung binh thoa man
In p

T,>T"=—2. (3.28)
(6%

Ngoai ra, nghiém cia hé théa man danh gia dudi day

b _y,_
lz(t, @) < \/;e MOy | (3.29)
¢ do p > 1 théa man

Wi < MWJd, M < MMf,Vi,j eN, (3.30)

A; = Ajey + Dijes +ey1, S; = diag{e ™ S;, 3¢ ™ S;,5¢7*"S;}, i=1,...,N,
Z; = diag{e *™Z;, 3¢ ™ Z;,5e " Z;}, i=1,...,N,
=1(r) = 6L (1) P.G2 + G5 P.Gi(7) + oG (1) PG (1) + €1 (Qi + QF + eiL{ Li)er

+ eg (e_cmRi —e M Ql) €y — 6_0”-26;;RZ‘€4

+ej (6GTGy — (1= 8)e Q) e3

— e,-elTleH + e_mlegﬂ/ideg - 6_0‘7264TMZ~d64

+ (1= 6)ej (e M — e W) es

+ Al (1S + mHhZ) Ai, i=1,...,N,
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Ey=G3 FISiFGy, i=1,... N,
1 In i : i

1
b = Iz%%( )\maX(Pi) + 7 I}g}\% Amax(Qi) + T12 IZ%?\?.( Amax(Ri) + 5 max 7_13>\max<Si)

ieN

2
)\max d .
+ T2 Izré%{ (Qz )

5 )\max Zz )\max i )\max Mz
+ 5 Tia(T1+ 7o) A Aax (Z7) + Ta2 MAX Awax (W) + 712 ax A (M)

Ching minh. Xét ham Lyapunov—Krasovskii sau
t—11

t
Vi(w) = Via) + / e (5)QY y(s)ds + / et ()W (s)ds
t

—7(t) t—7(t)

t—(t)
—l—/ ea(s_t)xT(s)Mg(t)x(s)ds,
t

—Ty

& d6 V(x;) duge dinh nghia nhu trong chiing minh ctia Dinh 1y 3.1. Béng cach
st dung cac ky thuat tuong tu nhu ching minh Dinh 1y 3.1, ta dé dang ching
minh dugc hé qua nay. ]

Sau day, chiing t6i dua ra mot vai vi du s6 dé minh hoa cho cac két qua trén.

Béng 3.1: So sanh can trén 7, ctia do tré

Phuong phap Gia tri 16n nhat c6 thé c6 clia 7
[54] 0.0833
[40] 1.23
[41] 1.3924
Hé qua 3.1 véi p = 1.1 1.4161

Vi du 3.1. Xét hée (3.16) v6i cdc tham s6 sau day

l 0.1 —0.0011 l—0.7 0.0011
Al = ’ 1= )

—0.001 0.15 0.001 —0.7
A _ [ 015 —0.001 ~ [-0.6 0.001
27120001 0.05 |7 7% |0.001 —06]’

va nhiéu phi tuyén f;(.),7 = 1,2, théa man diéu kién dudi day

£t 2(t), (t = 7(£))]| < 0.1z ()] +0.0667[|x(t — 7(£))l[, (i = 1,2).
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Bing tinh toan tryc tiép, ta co
FEOLQ) < 2T (1)(2%0.1%)z(t) + 2T (t — 7())(2 % 0.0667%)z(t — 7(t)),i = 1,2.

Bang 3.1 cho ta sy so sanh vé can trén 7 v6i 71 = 0 va a = 0.05,6 = 0.5. T
bang nay, ta thiy He qua 3.1 it bdo thi hon so véi cac két qué trong [40, 41, 54].
Ngoai ra, khi do tré 7(¢) 13 ham khong kha vi ho#c khi tham s6 ¢ khong biét,
cac tiéu chuan on dinh trong [26, 39, 40, 41, 54] khong thé 4p dung duge cho
vi du nay. Tuy nhién, ta thay cac diéu kién trong Dinh 1y 3.1 dugc théa man
a=02,u=101,71 =0, =1,¢; =0.1155, €3 =0.0997, va

[ 0.0178  0.0000 —0.0844 —0.0001 —0.0087 —0.0000 0 0
0.0000  0.0184 —0.0001 —0.0859 —0.0000 —0.0090 0 0
—0.0844 —0.0001 1.0941 —0.0002 0.0148  0.0000 0 0
p,_ | 700001 —0.0859 —0.0002 1.0873 0.0000 00158 0 0
—0.0087 —0.0000 0.0148  0.0000  0.0078  0.0000 0 0
—0.0000 —0.0090 0.0000 0.0158 0.0000 0.0081 0 0
0 0 0 0 0 0 06786 0
0 0 0 0 0 0 0  0.6786
[0.0178  0.0000 —0.0844 —0.0001 —0.0087 —0.0000 0 0 ]
0.0000  0.0183 —0.0001 —0.0859 —0.0000 —0.0090 0 0
—0.0844 —0.0001 1.0942 —0.0002 0.0149 0.0000 0 0
p,_ | 700001 —0.0859 —0.0002 1.0873 0.0000 00158 0 0
—0.0087 —0.0000 0.0149  0.0000  0.0078  0.0000 0 0
—0.0000 —0.0090 0.0000  0.0158 0.0000 0.0081 0 0
0 0 0 0 0 0 0678 0
0 0 0 0 0 0 0  0.6786]
0.0717 0.0001 0.0015 0.0000
== lo.oom 0.0737}  SL=5 = lo.oooo 0.0015] !
B R, {0.0018 0.000017 . lo.0051 —0.0000]7
0.0000 0.0022 —0.0000  0.0056
7 lo.oo49 —o.oooo}
—0.0000  0.0045 |
[—0.0036  0.0000  0.0009 —0.0000 0.0000  0.0000 ]
0.0000  —0.0039 —0.0000 0.0006  0.0000  0.0000
X, _ |~0-0008 —0.0000 —0.0007 —0.0000 —0.0006 0.0000
—0.0000 —0.0008 —0.0000 —0.0004 0.0000 —0.0007 |’
0.0002 —0.0000 0.0007 —0.0000 0.0012 —0.0000
| —0.0000 0.0002 —0.0000 0.0008 —0.0000 0.0015
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[—0.0032  0.0000  0.0003  0.0000  0.0000  0.0000 ]
0.0000 —0.0029 0.0000  0.0007  0.0000  0.0001
—0.0009 —-0.0000 —0.0004 -0.0000 —0.0005 0.0000
—0.0000 —0.0010 —0.0000 —0.0005 0.0000 —0.0005
0.0001 —0.0000 0.0007 —0.0000 0.0011 —0.0000
| —0.0000 0.0001  —0.0000 0.0005 —0.0000 0.0010 |

Do dé hé on dinh mii v6i bat ky luat chuyén mach ma thdi gian ding trung binh
(average dwell time) T, > TF = 0.0498. Ngoai ra, nghiem xz(¢,¢) cia hé thoa
man udc lugng dudi day:

|z(t, @)|| < 7.7530e 00711010, 1),

Dé minh hoa bang hinh anh, chiing toi chon do tré 7(¢) 1a ham (1 — |sint|).
R6 rang, do tré 13 ham lien tuc nhung khong kha vi. Nhiéu phi tuyén dudce chon

B fi(t, (1), 2(t — 7(1))) = {0.1;1111 t] (1) [O'Ogéoz‘gf t] w(t— ()i = 1,2).

Hinh 3.1 cho ta quy tic chuyén mach giita hai hé con ctia hé. Hinh 3.2 cho ta
qui dao ctia hé (3.16) dudi tac dong ciia luat chuyén mach duge cho trong Hinh
3.1.

[\
T

[E—
|

Switching signal

O 1 1 1 1
0 10 20 30 40 50

Time(sec)

Hinh 3.1: Quy téc chuyén mach giita hai hé con
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1
—x1(t)
....... x2(t)
g
2 05 .
>
o
(D]
S
=2 0
z
G
o
E-O.S* :
_1 : | | | |
0 10 20 30 40 50

Time(sec)

Hinh 3.2: Quy dao ctia hé (3.16) dudi tac dong clia luat chuyén mach duge cho trong
Hinh 3.1.

Vi du 3.2. Xét he chuyén mach (2.22) véi fi(.) =0, (i = 1,2) va
— . 1
N=2, A1=A2=l1 01,D1:|:0 05:|7D2:l0 ]7

0 -1 -1 0 —-0.5 0
fi()=0,(i=1,2).

Béng 3.2 va 3.3 cho ta su so sanh vé gia tri 16n nhat c6 thé c6 cia 7 giita
Dinh 1y 3.1 va két qua trong [39, 76] véi o = 0 va o = 0.3, tuong ting. RS rang,
tit hai bang nay, c6 thé noi két qua ciia ching t6i it bao thi hon cac két qua da
cong bo trén cac cong trinh trong [39, 76].

Bang 3.2: So sanh can trén 7, v6i a = 0 va cac gia tri khac nhau cua 7

- 0 0.4 1
[39] 0.687 0.856 1.335
[76] 1.253 1.368 1.708

Dinh ly 3.1 véi p=1.1 2.084 2.237 2.556

Dé minh hoa biang hinh anh, chiing t6i chon a = 0 va 7(t) = 1 + 1.5|sint|.
Hinh 3.3 chi luat chuyén mach giita hai hé con trong vi du nay. Hinh 3.4 cho ta
quy dao ciia hé duéi tac dong cia luat chuyen mach duge cho trong Hinh 3.3.
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Switching signal
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1
4 6 8 10 12

. = o
—_ (9} (e] W
I I I

states of switched system

1

—_

(9]
I

Y

Hinh 3.4: Quy dao ctia hé dudi tac dong clia luat chuyen

3.3

14 16 18 20
Time(sec)
Hinh 3.3: Luat chuyén mach giita hai hé con
—Jll(t) |
- =X9 (t)
| | | | | | | |
4 6 8 10 12 14 16 18 20
Time(sec)
mach dugc cho trong Hinh
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Bang 3.3: So sanh can trén 7, v6i o = 0.3 va cac gia tri khac nhau cta 7

71 0 04 05
[39] 0.442 0490 0.518
[76] 0.832 0.869 0.878

Dinh Iy 3.1 with g = 1.1 1.006 1.071 1.086

Béng 3.4: Can trén 7, véi cac gia tri khac nhau cia 7

1 0 0.1 0.2 0.3 0.4 0.5
Dinh 1y 3.1 0.501 0.511 0.519 0.524 0.532 0.542

Vi du 3.3. Xét mo6 hinh chat lugng nuée suoi ctia song Nile (xem [16, 46]):

k! 0 k! k!
A1:|:66 :|,D1:lcd od‘|’fl<.):07

—kl —k’l _kl —]{?1
de re dd rd (331)
A |: kge 0 :| D l kgd kgd ] f ( ) 0
2 = ) 2 — , J2\-) — Y,
—kg. —ke —kia —klq

& do ki,

koo ki kK KL K (i = 1,2) 1a cac he s6 ti le. Trong vi du nay,
chiing toi gid thiét do tré 13 ham khong khé vi va thdéa man diéu kien (3.3). Ta
di nghién citu tinh 6n dinh mii ctia hé (3.31) véi cac tham s6 duge cho dudi day
kL =01,k% =02k, =3,k% =4,k = k% =2,

kl, = —1.55k% = —1.45,k}, = 0.7, k%, = 0.5,
k=025 k%, =0.15 k', = 0.3,k% = 0.1.

Can trén 7 véi céc gia tri khac nhau ctia 7 véi o = 0.1, 4 = 1.01 cho tinh on
dinh mii ctia he (3.31) thu dugce bang cach sit dung Dinh 1y 3.1 dugc liét ke trong
Béng 3.4.

Dé minh hoa bing hinh &nh, chiing t6i chon a = 0.1 va 7(t) = 0.1 +
0.411| sint|. Hinh 3.5 cho ta luat chuyén mach gitta hai hé con ciia he (3.31).
Hinh 3.6 cho ta quy dao ctia he (3.31) duéi tac dong clia luat chuyén mach dugc
cho trong Hinh 3.5.
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[\

Switching signal
T
|

Time(sec)

Hinh 3.5: Luét chuyén mach gitta hai hé con ctia hé

—(t)

states of switched system
|
T
|

Time(sec)

Hinh 3.6: Quy dao ctia hé dudi tac dong clia luat chuyen mach dude cho trong Hinh
3.5.
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3.3. Tinh thu déng ctia 16p hé phi tuyén chuyén mach
c6 tré bién thién

Trude hét, ta xét hé co tré dudi day

x(t) = Ax(t) + Dx(t — 7(t)) + Bw(t) + f(t,x(t), z(t — 7(1)),w(t)),
Tio(s) = z(to + s) = &(s), s € [—7,0], (3.32)
2(t) = Ma(t) + Ux(t — 7(t)) + Ww(t),

& d6 nhiéu phi tuyén f(t, z(t), z(t — 7(t)),w(t)) théa man diéu kien dudi day:

RO <2 LT La(t) + 27 (t — 7()GT Gt — 7(1)) + wh (1) HT Hw(t),
(3.33)
trong d6 L, G, H 1a cic ma tran hing s6 cho truée.
Dé thuan tién cho viéc trinh bay két qua tiép theo, ta ky hieu

€; = [Onx(i—l)n I, Onx(ll—i)n OTle]u (Z =1,..., 11)7612 = [Omxlln Im]
A = Aey + Desg + e11 + Eeqo,
(1) = Ixon(t) xo2(t) xos(t) W ()"

Bé dé duéi day duge ching minh hoan toan tuong tu nhu Bo dé 3.1.

Bo6 dé 3.2. Cho trudc s6 a > 0. Gid st ring ton tai cic ma tran P € S} |

Q,R,S,ZcSH, X €R™3" wa hai hang s6 v > 0,¢ > 0 sao cho bat ding thitc
ma tran tuyén tinh dudi day théa man véi T € {11, 2}

Z X
= —| > .
i) {XT Z] > 0, (3.34a)
V(1) = V(1) — Z —ITOI" < 0. (3.34b)

Khi dé dao ham doc theo quy dao nghiém cia hé (3.32), ta thu dugc danh gid
sau day
t
Vi) < V() - [ e p)ds, ez, (3.39
to
d do
p(s) = =227 (s)w(s) — ' (s)w(s),
Ui(7) = Gi (T)PGa + Gy PGi(7) + aG{ (1) PGi(7) + 1 (Q + L' L)ey
+ el (e MR —¢e°"Q) e — e el Rey + el GTGes
—eeljeqy + AT (7'125' + 7122Z) A—elMTey —el,Me;

—elU ey — elyUes — €, (fy[ +W+wT - eHTH) e12.
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Bay gio, ching toi dua ra mot diéu kien du cho tinh thu dong ctia hé phi
tuyén chuyén mach c6 tré bién thien (3.1).

Dinh 1y 3.2. Cho trudc so6 o > 0. Gid s rang ton tai cic ma tran P, =
P, P, Pjy P
Py Py Py Py
Py Py, Pi3 Py
Py P, Py P

cdc hing s6 ¢ > 0,(i = 1,...,N),v > 0 sao cho bit dang thiic ma tran tuyén

tinh dudi day théa man vdi T € {1, 72}

€S Qi, R;, S;, Z; ESI, X; eRSnxSn,(i: 1,...,N), va

4n>

, 7. X
o' = | 2> ' =1,...,N ,
le Zz‘| - OH [4 9 ) ) (3 36&)
Wi(r) = Vi(r) - =, -T7eT <0, i=1,...,N. (3.36h)

Khi dé hé (2.1) thu dong vdi bat ky luat chuyén mach ma thoi gian ding trung
binh (average dwell time) thoa man (3.18), ¢ dé p > 1 théa man (3.20) va

A; = Ajer + Dijes + ery + Eieqo,

Ui(1) = GI(T)PiGy + GI PG (1) + oG] (T)PG1(7) + el (Qi + &; LT Ly)e;
+ 62T (e_o‘“ R, — e_‘in) €y — e_O‘T264TRie4 + eiengGieg
- 61‘6{1611 + AZT (TIQSZ + ’7'12221') Ai - G{MiTelQ - 6{2MZ‘61

- GgUiTelg - G{QUZB;} - 6{2 (’)/I -+ VVZ + WZ-T - ElHZTHZ) €12.

Chiing minh. Khi w(t) =0, (3.36a) va (3.36b) suy ra (3.17a) va (3.17b). Do dé
tit Dinh Iy 3.1, ta c6 hé on dinh mii. Dé chiing t6 tinh thu dong ctia he (3.1), ta
chon ham Lyapunov-Krasovskii (3.21). T (3.20), ta ¢

Vizy) <pVi(z,-), i=1,2,... (3.37)

Véi bat ky t € [tg, try1), st dung (3.36a), (3.36b), va Bb dé 3.2, ta c6

t
Viz) < e Wy (z,) —/ e~ =) () ds. (3.38)

ty
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Két hop (3.37) va (3.38) ta c6

t
V(l’t) < ,LLV(xt;)e_a(t_tk) _/ e—a(t—S)w(S)dS

tx

t1 b2
< MV (ay)e 000 b / e (s)ds — ! / e p(s)ds

to t1

t
— = / e =) p(s)ds

175

t
= e oy (g ) [ e
to

(3.39)
St dung diéu kién ban dau bang khong, (3.39) dua ra
t
0< —/ emolt=s)FNa (s Inp () . (3.40)
to
Tit diéu kien (3.18), ta thu duoc N, (s, t) < &2 < =82 Do g6 tir (3.40), ta
a np
co
t
—/ o(s)ds > 0.
to
Suy ra

2 [ Foputes 2 — [ W (oputsas

to to
Theo Dinh nghia 3.3, hé (3.1) thu dong. Dinh Iy dugc chitng minh hoan toan. [

Nhan xét 3.2. Bang cach sit dung mot vai bat dang thiic tich phan méi dudc
dé xuat trong [53] két hop v6i ki thuat t6 hop 16i trong [52] va cach tiép can st
dung thoi gian ding trung binh (the average dwell time), Dinh 1y 3.2 dua ra mot
diéu kién du cho bai toan nghién cttu tinh thu dong ciia 16p hé phuong trinh vi
phan phi tuyén chuyén mach c6 tré bién thien. Tiéu chuan ciia ching t6i tuong
doi tong quat vi mot sé yéu t6 nhu do tré bién thien dang khodng trén ca véc
to trang thai va véc to quan sat, do tré 14 ham khong kha vi dugce xét dén trong
két qua clia chiing t6i. Do d6 két qua clia ching toi cai tién v mé rong cac két
qua da c6 trong [37, 38, 78, 79].
Vi du duéi day duge dua ra dé minh hoa clia két qua ctia Dinh 1y 3.2.

Vi du 3.4. Xét hé phuong trinh vi phan phi tuyén chuyén mach cé tré bién
thien (3.1) véi N = 2,

-1 0 0 03
! l0.5 —1.8] T {—1 0 } T

I
1
— N
—_

=

I

—

—

(]

—
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Up=[-1 2], Wi=10.2],

—0.5 0 0 04 1
A2_[09 _2]7D2_|:_1 0:|7E2_[0‘|7M2_[1 3]7

Up=1[2 —2], Wy=105],

va nhiéu phi tuyén f;(.),7 = 1,2, thoa man diéu kien dudi day

FFOLQ) <27 ®)0.1%2) + 2 (t—7(1))0.2%2(t—7(t)) +w’ (£)0.3%w(t), i=1,2.

Gia tri 16n nhat c6 the clia can trén 7 v6i a = 0.1, 4 = 2 cho tinh thy dong cia
he thu dugc bang cach sit dung Dinh 1y 3.2 dugc liet ke trong Bang 3.5.

Bang 3.5: Can trén 7, v6i cac gia tri khac nhau cua 7

71 0 05 09 1 15 2
Dinh 1y 3.2 1.548 1.732 1.880 1.915 2.084 2.214
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Chuong 4

Tinh on dinh héa cta 16p hé phuong trinh vi
phan phan thi Caputo c6é nhiéu phi tuyén

4.1. Mot sb kién thiic vé giai tich phan thw

Trude hét, ching toi trinh bay lai mot s6 kién thitc co ban ve giai tich phan
thi.

Dinh nghia 4.1. ([21]) Cho a > 0 va [a,b] C R, tich phan phan thi Riemann-
Liouville cap « ctia ham z : [a,b] — R dugc cho bdi
1

tolix(t) == T@)/t (t —s)* 'a(s)ds, t€ (a,b],

+00
trong d6 I'(.) 1a ham Gamma xac dinh béi I'(a) = [ t* e~ dt,a > 0.
0

Trong Dinh nghia 4.1 khi a@ = 0, chung ta quy ué6c ;' := I v6i I la toan
tt dong nhat. Sy ton tai ciia tich phan phan thit Riemann-Liouville cap o véi
0 < a < 1 dugc cho bdi dinh 1y sau

Dinh ly 4.1. ([6]) Gid st x : [a,b] — R la mot ham khd tich trén [a,b]. Khi
do, tich phan 1 Ix(t) ton tai vdi hau hét t € [a,b]. Hon nia, 1, I{x cing la mot
ham khd tich.

Vi du sau day cho ta tich phan phan thit cia mot s6 ham co ban.

Vi du 4.1. ([6])
(i) Cho x(t) = (t — a)®, 6 day 8 > —1 va t > a. V4i bat ki a > 0, chiing ta c6
L(B+1)

I%0(t) = —— 7 (t —a)*™B ¢ .
totx<) F(CY—}—B—I—:[)( CL) ’ > a
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(ii) Cho z(t) = e*, X\ > 0. Vi bat ki a > 0, ching ta c6

IPx(t) = \¢ —  t>0.
totx() ]ZOF(CV+]+1)’ >

Dinh nghia 4.2. ([23]) Cho trudc mot s6 thuc duong a va mot khoang [a, b] C
R. Dao ham phan tht Riemann-Liouville cdp « ctia ham z : [a,b] — R dugc
cho bdi

o d" n—o 1 d" ! n—a—
o Dia(t) == - Ll ()] = m%/ (t = )" La(s)ds,

to

dar

o la dao ham

trong d6 n := [a] 1a s6 nguyén nhé nhat 16n hon hodc bang o va
thong thuong cap n.

Vi du 4.2. Cho ham budc don vi (unit-step function)

f(t>{ L,néu t>0

0,néu t<0.

Bang cach stt dung Dinh nghia 4.2, ta tinh dao ham phan thit Riemann-Liouville
cap a ctia ham f(¢) 1a
t—Oé

SEDYf(t) = Ti—a)

Trude khi trinh bay diéu kién cho sy ton tai ctia dao ham phan thit Riemann—
Liouville, chiing to6i nhac lai mot s6 két qua sau.

Cho [a,b] 1a mot khoang hitu han trong R. AC|a, b] 1a khong gian cac ham
tuyet doi lien tuc trén [a, b]. Kolmogorov va Fomin da chi ra moi lien hé gitia
cidc ham tuyet doi lien tuc va cac ham kha tich Lebesgue nhu sau:

f(t) € AC[a.b] & f(t) = c + / o(s)ds (¢(s) € Lia,b),

do d6 mot ham tuyet ddi lien tuc f(t) c6 dao ham f'(¢) = (¢) hau khdp noi
trén [a, b].
Véi n € N| ta dinh nghia 16p ham AC"™[a, b] nhu sau:

AC™a,b] = {f : [a,b] — R, (D" f)(t) € AC[a, b] (D - %) .

Meénh dé sau day cho ta mot s6 dic tinh ctia 16p ham AC™[a, b].
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Ménh dé 4.1. ([21]) Khong gian AC™[a,b] chita tat cd cic ham f(t) cé dang
nhu sau:

n—1
Ft) = wIe(t) + Y et —to)",
k=0

trong dé ¢(t) € L(a,b),cr(k=0,1,...,n— 1) la cic hing so6 tuy 1j va

tolzglgp(ﬂ = (TL _1 1)' / (t - S)TL*IC,O(S)ds.

to

Ngoai ra, tu cac dieu kién trén ta co

_ F®) (t)

o (E=01, 1),

Dinh Iy sau cho ta mot tiéu chuan cho su ton tai ctia dao ham phan tht
Riemann-Liouville.

Dinh ly 4.2. ([21]) Cho a > 0,n = [a] + 1. Néu f(t) € AC™[a,b], khi dé dao
ham phan thit XD f(t) ton tai hau khdp noi trén [a,b] va 6 thé dige biéu dién
dudi dang sau

1
wrm S SP(0) beo 1 L) (s)ds
W DY f(t) = kz:; m(t — o) + T(n—a) /to (t — s)a—n+l’

Két qua sau day dudc suy ra triyc tiép tit Dinh 1y 4.2.

Heé qua 4.1. ([21]) Néu 0 < a < 1 va f(t) € AC|a,b] thi

L ft) L[ F(8)ds
w D0 = g [(t—m)a +/to <t—s>al'

Meénh dé sau khing dinh todn t& dao ham phan thit Riemann-Liouville 1a
mot toan tit tuyén tinh.

Meénh dé 4.2. ([23]) Cho trudc mot s6 thuc duong . Khi dé dao ham phan thi
Riemann-—Liowville cap o la mot todn i tuyén tinh, tic la

i DI (t) + pg(t)] = Aig" DR f(8) + pyg D g(t)

trong do A\, € R, f(t),g(t) € AC"[a, b).
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Chtng minh. Ta c6

EDY Mf(E) + pg(t))

- fz5%;7555§;(/2<t——s>"—a—1[Af(s)+—ug<s>]ds

. )\ dn t n—o—1 L dn t -
= m%/ (t—s) f(s)dSer%/to (t —s) g(s)ds
= AREDYF() + i Dig(0).

[]

Pinh nghia 4.3. ([23]) Cho truée mot s6 thuc duong o va mot khoang [a, b] C
R. Dao ham phan thit Caputo cip a clia ham z : [a,b] — R duge cho bdi

thax(t) = 1, [ D" x(t),

trong d6 n := [« 1a s6 nguyén nhé nhat 16n hon hogic biang o va D" = jx—nn 1a
dao ham thong thuong cap n.
D6i véi mot ham véc to z(t) = (z1(t), za(t), ..., z4(t))" dao ham phan thi

Caputo ctia z(t) duge dinh nghia theo timg thanh phan nhu sau:

CDa(t) = (CDfas (1) O Day(t))" .

9 to

Da{IZ'Q( ) ..

7t0

Dinh Ii sau cho ta mdt dieu kién du cho su ton tai dao ham Caputo phan tht
cap a.

Dinh ly 4.3. ([21]) Cho a > 0,n = [a] + 1. Néu f(t) € AC™[a,b], khi dé dao
ham phan thi Caputo CDaf(t) ton tai hau khdp noi trén [a,b]. Hon nia, ta cé
(i) Néu o ¢ N thi § Dfa(t) bieu dién dudi dang sau:

oppy L b (s)ds
WD) = 5o /t (t = s)ornil”

Dac biét, khi 0 < o < 1 va f(t) € AC[a,b], ta co:

oppy 1 " f(s)ds
Wi = 5 /t (—s)

(it) Néu a =n € N thy { D} f(t) biéu dién dudi dang sau:

CDrf(t) = f™(2).

Dac biét,
CDYf(t) = f(2).
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Meénh dé sau khing dinh toan tit dao ham phan thi Caputo 1a mot toan ti
tuyén tinh.

Ménh dé 4.3. ([23]) Cho trudc mot s6 thice duong a. Khi dé dao ham phan thi
Caputo cap o la mot todn i tuyén tinh, tic la

WD) + pg(t)] = N DY (1) + g, DR g(8),
trong do A\, € R, f(t),g(t) € AC"[a, b).

Chitng minh. Tuong tif nhu chitng minh Meénh dé 4.2. O
Ta dé dang ching minh dugc tinh chat sau ctia dao ham phan thi Caputo.

Meénh dé 4.4. ([23]) Cho trudc mot so thuc duong . Néu & la hing so thi
CDag =0
to—t .

Gidng v6i phép tinh vi-tich phan cb dién, dao ham phan thit Caputo la nghich
dao trai ciia toan tit tich phan phan th.

Dinh 1y 4.4. ([21]) Cho a > 0 va f(t) € Cla,b]. Khi dé ta co

DY (WIPf() = f(1).

Tuy nhién, dao ham phan thi Caputo néi chung khong 1a toan tit nghich dao
phéai ciia tich phan phan thid. Dieu nay dude chi 16 trong dinh 1f duéi day

Dinh 1y 4.5. ([21]) Cho a > 0,n = [a] + 1. Néu f(t) € AC"[a,b] thi

n— 1

Wl (S D5 f(t) Z
=0

t— to)¥.

Dac biet, néu 0 < a <1 va f(t) € ACla,b] thi

wlf (DR (1) = f(t) = f(to)-
Gitta cac dao ham phan thi Riemann-Liouville va Caputo ¢6 quan hé sau

Dinh 1y 4.6. [6] Cho o > 0 va dat n = [a] . Vi bat ki x € AC™[a,b], ching ta

co:
n—l t—to .
Do (t) =It Da< Z m))
Jj=

vdi hau hét t € [a,b].
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Tiép theo, ching to6i nhic lai dinh nghia vé ham Mittag-Leffler.

Dinh nghia 4.4. Cho o € C, mét ham E, : C — C xac dinh bdi

400 k
Z
-Ea = -
(2) kz_o T(ak + 1)

ducdc goi 1a ham Mittag-Leffler mot tham s6.

Nhan xét 4.1. Trong Dinh nghia 4.4, néu cho a = 1, ta c6

+oo k +oo  k

El(z)zzmzzﬁzez.

k=0 k=0
Do d6 ham Mittag-Leffler chinh 1a& md rong ctia khai niém ham md.

Dinh nghia 4.5. Cho «, 8 € C, mot ham E, 3 : C — C xac dinh bdi

—+00 Zk
Fusl?) = 2 Tk T By

ducc goi 1a ham Mittag-Leffler hai tham s6. Cac ham Mittag-Leffler nhan gia
tri ma tran dudc dinh nghia hoan toan tuong tu, tic la

+00 k

A nxn

Cac tinh chat ctia ham Mittag-Leffler mot tham s6, hai tham s6 da dudc
trinh bay chi tiét trong cudn sach chuyen khao ctia Podlubny I. (xem [55]).

4.2. Mot sb tieu chuan 6n dinh héa ctia 16p hé phuong
trinh vi phan phan thi Caputo c6 nhiéu phi tuyén
Xét hé diéu khién phan thi Caputo c6 nhiéu phi tuyén

L Dfa(t) = [A+ AA®)] (t) + f(x(t))
+[B+AB®)]u(t), t>ty>0, (4.1)
x(ty) = xg € R™,

§ dé a € (0,1), x(t) € R™ la véc to trang thai, u(t) € R™ la véc to diéu khién,
AA(t) = GaFa<t)Ha,AB(t) = Gbe<t)Hb, tl“OIlg doé A,B,Ga,Gb,Ha,Hb la céac
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ma tran thyc, hing s6 cho trude c¢6 s6 chieu thich hop; F,(t) va Fy(t) 1a cac ma
tran khong biét thoa méan diéu kien F/ (¢)F,(t) < I, FEF(t)Fy(t) < I, Vt >ty >
0; nhiéu phi tuyén f(z(t)) € R", f(0) = 0, 12 ham lien tuc Lipschitz, tic la ton
tai mot hang s6 k > 0 sao cho véi bat ky z(¢),y(t) € R™, ta c6

1f (@) = fly@) < kllz@) —y@)ll, V=10 =0. (4.2)
Dac biét, khi y(t) = 0, ta c6
[fz@)I < &llz@)]], Va(t) € R", YVt >ty > 0. (4.3)
Khi véc to diéu khien u(t) = 0, hé (4.1) trd thanh
L Dfa(t) = [A+ AAW®) a(t) + f(x(1)),
t>1p 20, (4.4)
z(tg) = xp € R™.
Nhan xét 4.2. Khong mat tinh tdng quat, trong ca muc nay, ching toi chi
nghién ctu tinh 6n dinh ctia diém can bang 0 clia hé (4.1) béi vi moi diém can
bing bat ky ctia he déu dua vé diém can bing gbc 0 bing cach ddi bién va tit
tinh chat on dinh cta diém goc 0 déu suy ra tinh on dinh ctia diem can bang

bat k¥ clia he. Ngoai ra, thay vi néi diém can bang 0 ctia hé 6n dinh ta chi néi
hé 6n dinh.

Dinh nghia 4.6. ([33]) He (4.4) dugc goi 1a on dinh Mittag-Leffler néu
lz(#)]] < [m(x0) Ea (—A(t — t0)*)]”,

ddo6 A >0, >0, m(z) >0 (m(0) = 0) thoa man diéu kien Lipschitz dia
phuong theo bién x € R™ véi hing s6 Lipschitz my.
Nhan xét 4.3. ([77]) Nhan xét rang néu hé (4.4) 1a 6n dinh Mittag-Leffler thi
hé 6n dinh tiem can, tic 13 tligrn |lz(t)]] = 0.

—+00

Bay gio, ching toi nhic lai mot s6 bd dé ki thuat duge dung dé ching minh
két qua chinh ctia muc nay.
Bo dé 4.1. ([9]) Cho x(t) € R™ la mot ham véc ta lién tuc va c6 dao ham. Khi
do vdi bat ky t > to, ta co bat dang thic sau

SEDp (7 () Pe(h) < 2" ()P §Df(r),

Vo€ (0,1), Vt >ty >0,

d dé P € R™™ lg mot ma tran doi zing, zdc dinh duong.
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Bo dé 4.2. ([33]) Cho x = 0 la diém can bing ctia hé phuong trinh vi phan phan

thit ¢ Dx(t) = f(t,z). Diem can bang x = 0 la on dinh Mittag-Leffler néu ton

tai cdac hang s6 duong B1, B2, B3, a,b, va mot ham kha vi lién tuc V(t,x(t)) théa

man cac dieu kién sau:

Bille)|* < V(t,2(t)) < Ball]|™ (4.5)

DRV (t, (1)) < —Bs|(|”, (4.6)

d dé a € (0,1), va V(t,z(t)) : [0,00) x D — R théa man diéu kién Lipschitz

dia phuong theo ; D C R™ la mot tap md chita goc 0. Néu tat cd cac gid thiét

trén ding tréen R™, thi diém can bang x = 0 la on dinh Mittag-Leffler toan cuc.

Muc dich chinh ctia ta trong muc nay la ta thiét ké mot diéu khién ngucc
u(t) = Kz(t) sao cho hé dong sau day

ODfx(t) = |A+ GoFy(t)Hy + BK + GyFy(t) HyK | x(t)

(1)), VE >t > 0, (4.7)
l‘(to) = x9 € R",
Vo € (0,1) on dinh Mittag-Leffler va do d6 1a én dinh tiém can theo nhu Nhan
xét 4.3.
Dinh 1y duéi day cho ta mot diéu kien du cho tinh én dinh héa duge ctia hé
diéu khién phan thit (4.1).
Dinh ly 4.7. He dong (4.7) on dinh Mittag-Leffler toan cuc néu ton tai mot
ma tran doi xing, zdc dinh duong P, mot ma tran'Y cé so chiéu thich hop sao
cho cdc phép todn dai s6 vé ma tran thuc hién dudec va ba so duong €1, €, €3

sao cho bat ding thic ma tran tuyén tinh sau day duge théa man:

My, PHY YTHI kP

x  —el 0 0

4.
* * —eol 0 <0, (4.8)
* * * —esl

¢ do
My, = AP+ PAT + BY +Y'B" 4+ ¢,G,GT
+ EQGng + e3l.

Ngoai ra, diéu khién ngugc on dinh héa hé (4.1) zdc dinh bdi:

u(t) =Y P lx(t), t>ty>0.
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Chitng minh. Vi P 1a mot ma tran déi xting, xac dinh duong nén P~! cling 1
mot ma tran doi xing, xac dinh duong. Ta xét ham Lyapunov sau day:

V(t) =2 ()P a(t).
Dé dang kiém tra dugc

Auin (P~ ) [z < V() < Amax (P [[2()] (4.9)

Do d6 diéu kien (4.5) trong BS dé 4.2 duge théa man. Ap dung B dé 4.1, ta
lay dao ham phan thit Caputo cap a ctia ham V(¢) doc theo quy dao nghiem
clia hé déng (4.7) nhu sau

LDV (D)

< 227(t) P71 D (t)

=27 ()P~ (A + BK + G Fo(t)Hy + Gbe(t)HbK> x(t)
+ 20T ()P f(t, 2(t)) (4.10)
= z7(t) [P—lA +ATP' 4+ PTIBK + KTBTP—1] (1)
+ 20T ()P G Fo(t) Hy(t) + 227 () PGy By (t) Hy K ()
+ 22T ()P f(2(t)).

Bing cach sit dung bat dang thic Cauchy ma tran va diéu kién (4.3), ta thu
duge cac danh gia sau

207 (1) P G Fy (t) Hy(t)

< a2l (PG GIP w(t) + ;2T () H Hyx(t),

207 (t) P~ Gy Fy(t) HyK 2(t)

< e () PIGGE P a(t) + 5 2T () KT H] HyKx(t),

(4.11)

22T ()P f(t, x(t))
<ea (VPP a(t) + o5 f (2(1)) f(2(1) (4.12)
< esxl (PP w(t) + e WP (H)x(t).

T cac dieu kién (4.10), (4.11) va (4.12), ta thu duge danh gia sau

CDRV(t) <zl (#)Q(t), Yt >to >0, (4.13)
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g do
Q=P 'A+ATP '+ P'BK+ KTBTP~!
+a PG GIP 6P IGGEP T 3P P!
+ e 'HIH, + & ' KTH HyK + e 'R21.
Nhan hai vé cia ma tran € bdi ma tran P va dat K = YP7!, ta c6

® = PQP = AP + PA" + BY +Y'B! +¢,G,GT
+eGyGY + 3l + e 'PHH, P
+ & YTHIHY + e 'k*PP.

Chi y rang Q < 0 tuong duong véi ® < 0. Bing cach ap dung B6 dé Schur (B6
dé 2.2), ta c6 ® < 0 tuong duong véi (4.8). Tt do, ta co

DRV (1) < Amax () J2(1)]. (4.14)

Tit (4.8), ta c6 Q2 < 0. Suy ra Apax () < 0. Vay diéu kien (4.6) trong Bo dé 4.2
ciing duge théa man. Do d6 hé (4.7) 1a 6n dinh Mittag-Leffler. Dinh 1y dugc
chiing minh hoan toan. ]

Khi AA(t) =0, AB(t) =0, hé (4.1) tré thanh

{ L Dfa(t) = Ax(t) + f(2(t) + Bu(t), ¥t > tg > 0, (4.15)

x(to) =29 € R™.

Hé déng tuong tng véi he (4.15) khi ta ding diéu khién nguge u(t) = Kz(t)
dugc mo ta bdi

{ GDa(t) = (A+ BE)a(t) + fla®) Ve zto 20, 10

x(tg) = o € R™
Két qua sau day dugc suy ra tryc tiép tir Dinh 1y 4.7.

Hé qua 4.2. H¢ dong (4.16) on dinh Mittag-Leffler toan cuc néu ton tai mot
ma tran doi xing, zdc dinh duong P, mot ma tran'Y c6 so chiéu thich hop va
mot hing s6 € sao cho bat dang thitc ma tran tuyén tinh sau dugc théa man

{N” “P] <0, (4.17)

*  —el
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G dé
Ny = AP + PAT + BY + YTBT +¢I.

Ngoai ra, diéu khién ngudc on dinh héa hé (4.15) dugc xdc dinh nhu sau:
u(t) =Y P 'a(t), t>ty>0.

Nhan xét 4.4. Mot s6 két qua gan day (xem [4, 5, 29, 69, 75]) da nghien citu
tinh én dinh héa dugc cho hé phan tht (4.15). Tuy nhién, cic két qua trén
chi nghién citu tinh én dinh héa dudc dia phuong ctia diem can bing gbdc 0
ctia hé bdi vi thanh phan phi tuyén trong cac két qua trén théa man dieu kien

lir% H"ﬂ%?”)” = 0. Ngugc lai, He qua 4.2 dua ra mot diéu kién du cho tinh on dinh
T—

hoa dugc ciia hé (4.15) bang cach stt dung phuong phép truc tiép Lyapunov cho
hée phan tht va cach tiép can st dung bat ding thic ma tran tuyén tinh. Do

dé, c6 thé néi két qua ciia chiing t6i it bdo thii hon so véi cac két qua trong
4, 5, 29, 69, 75).

Tiép theo, ching toi nghién citu tinh 6n dinh héa clia 16p hé tuyén tinh khong
chac chan phan thit (ttc 1 he (4.1) v6i f(x(t)) = 0):

IDrx(t) = [A+ AA)] z(t) + [B+ AB(t)| u(t),Vt >ty > 0, (4.18)

x(tg) = xg € R™ '
Véi diéu khién nguge u(t) = Kx(t), he (4.18) trd thanh

ODfx(t) = [A4+ BK + AA(t) + AB(t) K] z(t),Vt >ty > 0, (4.19)

x(ty) = xg € R™ '

Hé qua 4.3. Hé dong (4.19) on dinh Mittag-Leffler toan cuc néu ton tai mot
ma tran doi xing, wdc dinh duong P, mot ma tran Y cé so chieu thich hop va
hai hdng s6 duong €1, €3 sao cho bat dang thic ma tran tuyén tinh sau day dugc

théa man:
Wi PHaT YTHbT
x  —el 0 < 0, (4.20)
* * —eod
dg do

Wi = AP + PAT + BY + Y'BT + ¢,G,G + ,G,GY.
Hon nia, ludt diéu khién nguoc on dinh héa zdc dinh bdi:

u(t) =Y P lx(t), t>ty>0.
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4.3. Vidu sb

Trong muc ndy, ching t6i dua ra hai vi du s6 minh hoa cho cac két qua 1y
thuyét 6 Muc 4.2.
Vi du 4.3. Xét hée diéu khién phan thit Caputo c6 nhiéu phi tuyén sau day
6§ Dix(t) = [A+ GoFu(t)Ha) 2(t) + f(x(1))
+ [B + Gy Fy(t)Hp| u(t), vVt >0, (4.21)
2(0) = 29 € R3,

-3 0 1 1 0
A=|0 2 0|, B=|2|, G.=|05],
-1 2 -1 3 1

H,=[0.1 0 04], F,(t)=sint,
1
Gy = 0 , Hp= [1}, Fb(t) = sint,
—0.1
0.5 sin 22(¢)
fla(t) = 0

Chii ¥ réing khi u(t) = 0, he (4.21) khong on dinh tiem can. Vi hé (4.21) chia
dai lugng khong chic chian trong thanh phan ctia véc to diéu khién u(t), nén
cac phuong phap trong cac bai bao trong [4, 75] khong thé ap dung cho vi du
nay. Nhiéu phi tuyén f(x(¢)) thdéa méan diéu kien Lipschitz toan cuc véi hiang sb
Lipschitz x = 0.5. Ta thay cac diéu kién trong Dinh 1y 4.7 dugc théa man véi
€1 = 4.4269, ey = T.AT68, €5 — 1.1320 va

2.6717 —0.4321 0.2327
P=1-04321 0.6110 1.3071{,
0.2327  1.3071 5.2815

Y =[0.3345 —1.8427 —2.4411].
Vay hé (4.21) én dinh héa duge béi diéu khién nguge u(t) xac dinh béi

u(t) = [—0.9123 —5.8611 1.0285] z(¢).
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21(t), 0 = 0.45
N z1(t), 0 = 0.64|7
- - —zy(t),0 = 0.87

0 0.5 1 1.5 2 25 3
Time(sec)

Hinh 4.1: Quy dao clia x;(t) v6i céc gia tri khac nhau clia «

4 T

25(t), 0 = 0.45] |
- To(t), v = 0.64
3 - = —1y(t),a = 0.87|7

0 0.5 1 1.5 2 25 3
Time(sec)

Hinh 4.2: Quy dao clia x5(t) v6i céc gia tri khac nhau clia o
Hinh 4.1-4.3 cho ta quy dao cua véc to trang thai ciia hé déng tuong tng cua
he (4.21) ting v6i mot s6 gia tri khac nhau clia o. RS rang, tit hinh vé ta thay

cac trang thai ctia hé dong tuong ting 6n dinh tiem can.

Vi du 4.4. Xét hé phan thi khong 6 t6 nom

SDex(t) = A(t)z(t) + B(t)u(t), t>0, (4.22)
z(0) = o € R?, '
5d6 0 < a < 1,z(t) = (z1(t), z2(t))" € RZ, u(t) € R, va
1 0 1 +sint
Alt) = {4+2.5Sint —31 B = l 2 1 '
He (4.22) c6 thé viét lai nhu sau:
ODrx(t) = [A4 GoFy(t)Hy) x(t) 4+ [B + G Fy(t) Hyl u(t), ¢ >0, (4.23)
:L’(O) =X € RQ, ‘
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z3(t), v = 0.45 |
] gjg(t)’ a = 0.64
- - —x3(t),a =0.87

__________________

1 15 2 25 3
Time(sec)

Hinh 4.3: Quy dao cua x3(t) véi cac gia tri khac nhau cla «

6 do

B = _1] . Gy = H , Hy=1[1], FEyt)=sint.

Chi ¥ rang khi u(t) = 0, hé (4.23) khong on dinh tiem can. Ta thiy cac diéu
kién trong Hé qua 4.3 dugc thoa man v6i €; = 172.6404, e = 374.5774, va

p_ 105.4454 —79.6329
| =79.6329 394.0063 |’

Y = [-412.1293 287.9873] .
Vay hé (4.22) én dinh héa duge béi diéu khién nguge u(t) xac dinh béi
u(t) = [-3.9611 —0.0697] z(t), WVt > 0.

Hinh 4.4 va 4.5 cho ta quy dao ctia véc to trang thai cua hé dong tuong tng cta
he (4.22) tng véi mot s6 gia tri khac nhau ctia . Ro rang, tr hinh vé ta thay
cac trang thai ctia hé dong tuong tng 6n dinh tiem can.
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TR
--— -

z1(t),a=0.5
_3_[’ ........... Il(t),Oé:O‘?
! ---x1(t),a=0.9
4
5 I I I I
0 0.5 1.5 2 25
Time(sec)
Hinh 4.4: Quy dao ctia x,(t) v6i cac gia tri khac nhau clia «
5 T T T T
1 xa(t),a = 0.5
4"«\ .......... fEQ(t),O[—O’?
- - - -2(t),a=0.9
15 B 25
Time(sec)

Hinh 4.5: Quy dao cta x,(t) véi cac gia tri khac nhau cla «
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Két luan

Trong dé tai, chiing tdi da dat dudc mot s6 két qua co ban sau:

Trinh bay bai toan nghién citu bao ctia tap dat duge cho mot s6 16p he
phuong trinh vi phan cé tré nhu 16p hé tuyén tinh chuyén mach cé tré
bién thién, mang no ron tong quét cé tré bién thieén, mang no ron chuyén
mach c6 tré hdn hop bién thién. Chuong nay dugde viét dira trén ba bai bao
(64, 65, 66];

Trinh bay bai toan ddm bao chi phi diéu khién trong thsi gian hitu han
cho 16p hé phuong trinh vi phan tuyén tinh duong da tré;

Trinh bay tinh 6n dinh mi v& tinh thu dong cho 16p hé phuong trinh vi
phan phi tuyén chuyén mach cé tré bién thién;

Giéi thieu vé giai tich phan thit vi dua ra mot so tiéu chuan cho bai toan
on dinh héa 16p hé phuong trinh vi phan phan thi Caputo.
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