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Dé tai da dua ra nhiing két qua mdi vé tinh Cohen-Macaulay, tinh Cohen-Macaulay
chidu 16n hon s qua chuyén phang ddng thdi moé ta quy tich khong Cohen-Macaulay
chiéu 16n hon s qua cac tap gid gia chiéu 16n hon s.
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chuyén phing.

- Két qua chinh thit hai cia dé tai 1a dua ra mo ta quy tich khong Cohen - Macaulay
chiéu 16n hon s thong qua cac tap gid gia thit ¢ chiéu 16n hon s. Ngoai ra, chung to6i

con dita ra cong thitc tinh chiéu ctia quf tich khong Cohen-Macaulay chiéu 16n hon s.
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Mé& dau

1. Tinh cap thiét cta de tai

Cho (R, m) la vanh giao hoan Noether dia phuong véi m 1a idéan cyc dai duy nhét.
Cho M 13 R-modun hitu han sinh véi dim M = d. Ta luon c6 mdi quan hé gita hai
bat bién do sau va chiéu cta M cho bdi depth M < dim M. Néu depth M = dim M
thi M duge goi & modun Cohen-Macaulay. Khi R 14 R-modun Cohen-Macaulay, thi
ta n6i R la vanh Cohen-Macaulay. Vanh va moédun Cohen-Macaulay 1a 16p vanh va
modun quan trong trong Dai s6 giao hoan. Lop vanh va modun nay c6 nhiéu tng dung
trong Hinh hoc dai s6, Ly thuyét bat bién va T hgp. Nhiéu md rong ctia 16p vanh va
modun Cohen-Macaulay da dudgc gidi thieu va quan tam nghién ctu. Hai mé rong dau
tien 1a 16p vanh (modun) Buchsbaum duge dua ra béi W. Vogel va J. Stuckrad nam
1973 va 16p vanh (modun) Cohen-Macaulay suy rong dude gidi thieu bdi N.T. Cudng,
P. Schenzel, N.V. Trung nam 1978. Ngoai ra con rat nhiéu cdc mé rong khac cta 16p
vanh vd modun nay van tiép tuc duge gidi thieu va thu hit sy quan tam ciia nhiéu
nha toan hoc nhu: 16p vanh (moédun) Cohen-Macaulay chinh tic, 16p vanh (modun)
Cohen-Macaulay suy rong chinh tic, 16p vanh (mddun) Cohen-Macaulay chiéu 16n hon
s,... Nhu vay, viéc nghién citu vé cac md rong cua 16p vanh v modun Cohen-Macaulay
van 1a nhitng van dé thoi sy, dang dude quan tam trong nudc ciing nhu trén thé gidi.
Viéc gidi quyét nhitng cau hdéi md hay tim ra nhitng két qua mdi cho cac van dé trén 1a
can thiét, thac day su phat trién ctia Toan hoc, thic day su hop tac nghién cittu Toan
gitta can bd cia DH Thai Nguyén va cia cac cd sé dao tao khac trong va ngoai nudc,

phuc vu dic lyc cong tac ddo tao sau dai hoc nganh Toan ctia DH Théi Nguyén.



2. Muc tiéu ctia dé tai

Muc tiéu ctia dé tai la nghién citu mot s6 md rong ctia 16p modun Cohen-Macaulay
trén vanh giao hodn ma cu thé 1a nghien citu vé 16p modun Cohen-Macaulay chiéu
16n hon s va tinh Cohen-Macaulay, tinh Cohen-Macaulay chidu 16n hon s qua chuyén
phéng dong thaoi nghien ctu vé quy tich khong Cohen-Macaulay, quy tich khong Cohen-
Macaulay chiéu 16n hon s.
3. Noi dung nghién ciu cta dé tai

Dé tai nghién citu vé tinh Cohen-Macaulay, tinh Cohen-Macaulay chiéu 16n hon
s qua chuyén phing. Ngoai ra ching t6i con nghién cttu vé quy tich khong Cohen-
Macaulay chiéu 16n hon s v mé ta qui tich nay thong qua céc gid gia chiéu lén hon
5. Cu thé noi dung nghién citu ciia dé tai duge trinh bay trong bio cdo tong két gdm
ba chuong. Chuong 1 trinh bay mot s6 kién thitc chuan bi vé modun déi ddng didu dia
phuong, biéu dién thit cip va chidu cia modun Artin, médun Cohen-Macaulay nhim
phuc vu cho cac chuong sau. Chuong 2 va 3 trinh bay céc két qué chinh ctia dé tai.
Chuong 2 dua ra cac két qud vé mdi quan hé ciia cac tap idéan nguyén t6 gan két
ctia cac modun doéi dong diéu dia phuong Artin, moi lien hé vé chiéu clia cac modun
nay. Tt d6 dua ra cac két qua nghién ctiu vé tinh Cohen-Macaulay va qu¥ tich khong
Cohen-Macaulay qua chuyén phing. Chuong 3 trinh bay vé médun Cohen-Macaulay
chiéu 16n hon s, tinh Cohen-Macaulay chiéu 16n hon s qua chuyén phing va mo ta quy

tich khong Cohen-Macaulay chiéu 16n hon s qua cac tap gia gia thi ¢ chiéu 16n hon s.



Chuong 1

Kién thitc chuan bi

1.1 Tinh catenary cua vanh
1.2 Modun dbéi dong diéu dia phuong
1.3 Biéu dién thd cip va chiéu ctia médun Artin

1.4 Modun Cohen-Macaulay



Chuong 2

Po6i dong dieu dia phuong qua mé
rong phang va quy tich khong
Cohen-Macaulay

Trong toan by chuong nay ta luon gia thiét (R, m) la vanh dia phuong Noether
va la thuong cia mot vanh Cohen-Macaulay dia phuong. M 1a mot R-modun hitu han
sinh. K¥ hieu R, M tuong tng 1a diy di m-adic cia R vd M. Cho B € Spec(fi), dat
p=PNRvarg=dm (ﬁm/pﬁm). Khi d6, dong cdu ¢ : R, — }A%m cam sinh tir dong
cau tu nhien R — R 1 mot dong cau phéng dia phuong va M, ®r, }A%qg = ]\733. Cha ¥
rang v6i méi s6 nguyen bat ky i > 0 ta c6 Hyp (M,) 1a Ry-modun Artin va H;g;s(]\?m)
1a ]fzqg—mf)dun Artin. Muyc tiéu thit nhat ctia chuong 1 dua ra mdi lien hé giita cac tap
idéan nguyen t6 gin két va chiéu cta cac modun ddéi dong diéu dia phuong nay qua
dong cau phang ¢. Muc tiéu thi hai clia chuong 1a 4p dung céc két qua tren dé nghien
citu tinh Cohen-Macaulay qua chuyén phéng.

Trude hét ching toi trinh bay vé mdi quan hé giita cac tap idéan nguyén t6 gan két

ctia cac modun doéi dong diéu dia phuong néu trén.
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2.1 Tap cac idéan nguyén t6 gan két

Cho A 13 R-modun Artin. Ta da biét riing khi d6 A ¢6 cAu triic tu nhien nhu R-modun
Artin va ta ludén co

Attr(A) = {BNR|P € Att5(A)}.
Téng quat hon, L. T. Nhan vd P. H. Quy da ching minh duge tinh chéat chuyén tap
idean nguyén té gin két ciia mot modun Artin qua ddng ciu phing dia phuong trong

truong hop vanh thé c¢6 chiéu bang 0 nhu sau.

Bo dé 2.1.1. . Cho A la R-modun Artin. Gid st (S,n) la mot vanh dia phuong
Noether va ¢ : (R,m) — (S,n) la mot dong cau phdang dia phuong. Gid thiét them ring

dim(S/mS) = 0. Khi d6 A®g S la S-modun Artin va
Attr A= {p (&) | & € Attg(A®Rp S)}.

Truong hgp vanh thd S/mS 1a vanh Cohen-Macaulay ¢6 chiéu d ta ¢6 két qua sau
ctia M. Brodmann va R. Y. Sharp vé cac modun déi dong diéu dia phuong qua chuyén

phang.

Bo dé 2.1.2. Cho h: (R,m) — (S,n) la dong ciu phing dia phuong gitta cic vanh dia
phuong sao cho S/mS la vanh Cohen-Macaulay cé chiéu d. Khi dé, vdi méi R-modun

N, va moi $6 nguyén j ta cé
HI (N ®r S) = HY (HJ,(N) ®f S)
va HIV (N @p S) # 0 khi va chi khi HL,(N) # 0.

Nhu vay, néu ta xét ddng ciu phang dia phuong ¢ : R, — ]%3 § trén trong truong
hop 79 = 0 thi do Dinh Iy chuyén co s6 phing Hyp (M,) g, Ry = Héﬁ (My) nén
b

theo Bd dé 2.1.1 ta c¢é

AttRp (Hng(Mp)) — {(pfl(ﬂﬁm) ‘ Qﬁsp - Attﬁm (H;gﬁm (]/\4\33))}



6
Tuy nhién, véi rg > 0 va gid st H;Rp (M,) # 0 thi H;Rp (M,)®g, ﬁ‘ﬁ khong la ﬁqg—médun
Artin vi
dim Suppp_ <H;Rp(Mp) ®r, Rp) =ryp > 0.
Do d6 Hyp (M) @, Ry & H‘;gi(]\/i\sp). Mic dit vay ta vin c¢6 didng ciu sau.

B6 dé 2.1.3. Cho P € Spec(ﬁ) vdi p = PN R. Néu R la thuong ciia mot vanh

Cohen-Macaulay dia phuong thi

| an R iz

0 ZfZ < Tg.
- ; 5 % N .z i—ry L. ..
Hon nia, anﬁm(ng) # 0 néu va chi neu Hyp ¥ (M,) # 0 vdi mot i > ro.

Theo T. Kawasaki, R 13 thuong ctia mot vanh Cohen-Macaulay dia phuong néu va
chi néu R 1a catenary pho dung vd moi thé hinh thitc cia R 13 Cohen-Macaulay. Do
do, ta c6 nguyén 1y nang dia phuong va nguyén 1y nang day da cho idéan nguyén t6
gan két ctia cac modun déi dong dieu dia phuong. Day 1a cong cu chii yéu dé ching

minh két qué chinh ctia phan nay.

B6 dé 2.1.4. Cho p € Spec(R) va i > 0 la mot s6 nguyeén. Gid st ring R la thuong
cua mot vanh Cohen-Macaulay dia phuong. Khi do

(a) Attr, (Hyp ™" (My)) = {aR, | a € Atta(H(M)).q C p};

(b) Atta(Hu(M) = | Assp(R/pR).

peEAtt g (HE (M)

Dinh 1§ sau day la két quéd chinh ctia phan nay cho ta mdi quan hé giita cdc tap

ideéan nguyen t6 gin két clia Hyp (M,) va clia H;;ﬁ(]\//fp).
2

Dinh ly 2.1.5. Cho R la thuong cia mot vanh Cohen-Macaulay dia phuong. Gid su
P e Spec(]/%) va p =P NR Dit rg = dim (ﬁm/pﬁm). Khi dé vdi bat ky s6 nguyén
i < dim M, ta co

i 35 5 i+ry 7
(a) Attr, Hyp, (M) = {QRy N R, | QRy € Aty Hmﬁf:(Mm)}'

(b) Aty H;”gi(Mm) = U Ass (Ry/qRy).

qRpEAtt R, H;RP(M,,)
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—

(c) Vdi moi Q € Spec(R) théa man Q C P vaq = QNR, ta co Dl%g € Aty H;gf(Mm)

néu va chi néu qRy € Attg, Hyp (M,) va Q € min V(qR).
2.2 MB®i lien h¢ vé chidu ctia H}, (M,) va Hggi(Mm)

Nhu da trinh bay & trén, cho A 14 R-modun Artin thi A luon ¢6 ciu tric ty nhién
nht R-modun. Véi cau tric nay, mot modun con ciua A xét nhu R-modun khi va
chi khi né 1a modun con ciia A xét nhu R-modun. Do dé A 1a R-modun Artin. Dat
dimg A := dim(R/ Anng A). Néu A = 0 thi ching ta quy uéc ring dim A = —oo. Vi
tap cac idéan nguyen td tbi thidu clia R chita Anng A chinh Ia tap cac phan ti t6i
thidu ctia Attp A nén ta c6 thé thay chiéu ctia mot modun Artin c6 thé duge tinh bing

maximum ctia chiéu clia cdc idéan nguyén to gan két clia né
dimp A = max{dim(R/p) | p € Attg A}.

Do d6, tit két qua Attr(A) = {PNR | P € Attz(A4)}, ta luon ¢6 dimp A < dimpg A.
Trudng hgp A 1d modun ddi dong didu dia phuong Artin HE (M), ta ¢6 dau dang thitc

G trén xay ra khi R 1& vanh thuong cia mot vanh Cohen-Macaulay dia phuong.

Bé dé 2.2.1. Néu R la thuong ciia mot vanh Cohen-Macaulay dia phuong thi
dimp(Hj,(M)) = dimz(HL(M)) <
vdi moi s6 nguyén i > 0.

Vi vay ta c6 thé ap dung Dinh Iy 2.1.5 dé so sanh chiéu ctia cdc modun déi dong

diéu dia phuong Artin Hip, (M,) va H;gm(z%). Cu thé ta c6 dinh Iy sau.
B

Dinh 1y 2.2.2. Cho R la thuong cia mot vanh Cohen-Macaulay dia phuong. Gid su
P € Spec(R) vdi p = PNR. Dt ry = dim qu/péqg. Khi dé vdi bat ky s6 nguyén i > 0
ta co

. i+r = r . i
dimp_ Hmﬁs(Mm) = dimg, Hyp (M,) + 7.
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2.3 Quy tich khéng Cohen-Macaulay qua chuyén phang

Quy tich khong Cohen-Macaulay ctia M, ki hieu nCM (M), 1a tap hop tat ca idean
nguyén t6 p sao cho M, khong 1a Cohen-Macaulay. Quy tich khong Cohen-Macaulay
da dugc nghién citu bdi mot s6 nha toan hoc nhu R. Hartshorne, P. Schenzel, N. T.
Cuong khi vanh co s§ 1a thuong ctia mot vanh Gorenstein. Trong dé tai nay, ching
toi quan tam dén tinh Cohen-Macaulay va cac quy tich khong Cohen-Macaulay qua
chuyén phing.

Két qui sau day cho ta tdc dong ctia dong cdu phing len tinh Cohen-Macaulay.

Meénh dé 2.3.1. Cho R la thuong ciia mot vanh Cohen-Macaulay dia phuong. Gid si
B € Spec(R) va p =P N R. Dt rp = dim(l%p/pl%p). Khi dé M, la Cohen-Macaulay
néu va chi néu ]\/4\33 la. Cohen-Macaulay.

~

Cho B € Spec(R) v6i p = P N R. Menh dé sau day cho ta mdi lien he gitta cac quy

tich nCM(M,) va nCM(]\/Zm).
Meénh dé 2.3.2. Cho R la thuong ciia mot vanh Cohen-Macaulay dia phuong. Khi dé
(a) nCM(M,) = {QRy N R, | QRy € nCM(My)};

(b) nCM(My) = UquEnCM(Mp) V(CIZ%B)-



Chuong 3

Modun Cohen-Macaulay chiéu 16n
hon s

Trong toan bo chuong nay ta luon gid thiét (R, m) 1a mot vanh dia phuong, Noether
va M 1a mot R-modun hitu han sinh v6i chiéu Krull dim M = d. Muc tiéu ctia chuong
nay la nghién citu vé mot md rong khac ctia modun Cohen-Macaulay, d6 1 16p modun

Cohen-Macaulay chiéu 16n hon s.

3.1 Modun Cohen-Macaulay chiéu 16n hon s

Ta da biét rang 16p modun Cohen-Macaulay 1a 16p modun rat quen thuoc va dong
vai tro quan trong trong Dai s6 giao hodn. Nhic lai ring mot modun hitu han sinh
M trén vanh dia phuong Noether (R, m) 13 modun Cohen-Macaulay néu moi hé tham
s6 cia M 1a M-day chinh quy. C6 nhiéu md rong ctia 16p modun nay da duge giéi
thiéu va thu hiit duge sy quan tam nghién citu ctia nhiéu nha toan hoc nhu: 16p modun
Buchsbaum, Cohen-Macaulay suy rong, Cohen-Macaulay chinh tic, Cohen-Macaulay
suy rong chinh tdc, Cohen-Macaulay day, Cohen-Macaulay suy rong ddy, ... Cho s > —1
1a mot s6 nguyén. Khai niem M-day chinh quy chiéu 16n hon s duge gidi thigu bdi M.
Brodmann va L. T. Nhan 14 m6t mé rong ctia khai niém M-d&y chinh quy quen thudc
va modun Cohen-Macaulay chiéu 16n hon s duge dinh nghia bdi N. Zamani ciing 1a

mot trong s6 nhitng md rong ctia modun Cohen-Macaulay.
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Dinh nghia 3.1.1. Mot phan tit x € m duge goi 1a M -chinh quy chiéu l6n hon s néu
x & p véimoi p € Assg M théa méan dim(R/p) > s. Mot day xy,...,x; € m dude goi
1a M-day chinh quy chiéu lén hon s néu x; 1a M/(xy,...,x;_1)M-chinh quy chiéu 16n
hon s v6i moi @ = 1,...,t. Ta néi ring M 1a mot modun Cohen-Macaulay chiéu lon
hon s néu moi hé tham s6 cta M 13 M-day chinh quy chiéu 16n hon s.

Dé thay rang M-day chinh quy chiéu 16n hon s véi s = —1,0, 1 tuong tng 1a M-day
chinh quy, f-day ctia M (theo thuat ngit cia Cudng-Schenzel-Trung) va day chinh quy
suy rong ctua M (theo L.T. Nhan). Do d6, modun Cohen-Macaulay chiéu 16n hon s v6i
s = —1,0,1 tuong ting la médun Cohen-Macaulay, -mddun va f-modun suy rong.

B6 dé sau 1a mot két qua vé tinh Cohen-Macaulay chiéu lén hon s ctia modun khi

chia cho mot phan tit tham so.

B6 dé 3.1.2. Néu M la modun Cohen-Macaulay chiéu lon hon s thi M/xM ciing la

modun Cohen-Macaulay chiéu ldn hon s, vdi moi phan ti& tham soé x cia M.

Meénh dé sau day cho ta mot dic trung dong diéu ctia modun Cohen-Macaulay chiéu

l6n hon s.

Meénh dé 3.1.3. Cho R la thuong ciia mot vanh Cohen-Macaulay dia phuong. Khi dé

M la Cohen-Macaulay chiéu lén hon s néu va chi néu
N-dimp(HL(M)) < s
vdi moi s6 nguyén i < dim M.
B6 dé sau cho ta thong tin vé tinh Cohen-Macaulay chiéu 16n hon s qua day di hoa.

Bé dé 3.1.4. Cho R la thuong ciia mot vanh Cohen-Macaulay dia phuong. Khi dé M
la Cohen-Macaulay chiéu 16n hon s néu va chi néu M la Cohen-Macaulay chiéu lon

hon s.



11

3.2 Quy tich khong Cohen-Macaulay chiéu 16n hon s

Nhic lai rang quy tich khong Cohen-Macaulay clia mot R-modun M, ky hiéu
nCM(M), 1a tap hop tat ca cic idéan nguyen t6 p clia R sao cho M, khong la Cohen-
Macaulay. Cho i > 0 1d mot s6 nguyeén. Theo M. Brodmann va R. Y. Sharp, gid gid

thit i ciia M, ky higu Psupph(M), duge xac dinh 1a

Psuppiz(M) = {p € Spec R | Hy ™ /(M) # 0}.
Nam 2010, N. T. Cuong, L. T. Nhan va N. T. K. Nga da ding gid gid dé mo td quy
tich khong Cohen-Macaulay cia M nhu sau

nCM(M) = U (Psuppy (M) N Psuppl(M)).

0<i<j<d
Tuong ty nCM(M) va gid gia Psupp’ (M), chiing t6i ky hieu nCM-, (M) va Psupp’. (M)
tuong tng 1a quy tich khong Cohen-Macaulay chiéu 16n hon s va gid gia thi ¢ chiéu
16n hon s ctia M. Muc dich cia chiing toi trong phan nay 13 mo ta quy tich khong
Cohen-Macaulay chiéu 16n hon s thong qua gia gia thit 7 chiéu 16n hon s cta M. Truée

hét ching t6i dua ra dinh nghia sau.

Dinh nghia 3.2.1. (a) Qug tich khong Cohen-Macaulay chiéu lén hon s cia M , ky
hieu nCM. (M), duge xéc dinh 1a tap tat ca cic idéan nguyén t6 ciia R sao cho M,
khong 14 Cohen-Macaulay chiéu 16n hon s.

(b) Cho i > 0 la mot s6 nguyén. Gid gid thi i chieu ldn hon s cia M, ky higu bdi

Psupp’. (M), duge dinh nghia 1
Psupp’. (M) = {p € Spec R | N-dimg, (H;EfimR/p(Mp)) > s}

Chi ¥ rang néu s = —1 thi quy tich khong Cohen-Macaulay chiéu 16n hon —1 1a
qu¥ tich khong Cohen-Macaulay va gid gia thit i chiéu 16n hon —1 ctia M chinh 1a gia
gid thit ¢ cia M. Nhu vay, ching ta da c6 mo ta trong truong hgp s = —1. V6i s > 0

12 mot s6 nguyéen, ching toi c¢6 dinh 1y sau day Ia két qua chinh clia phan nay.
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Dinh ly 3.2.2.

Bao ham thic nguoc lai cung ding khi R la thuong cia mot vanh Cohen-Macaulay

dia phuong. Hon nia, néu M la ding chieu thi
nCM.,(M) = | Psuppt,(M).
1<i<d

Chi ¥ rang khi R khong 1a thuong cia mot vanh Cohen-Macaulay dia phuong thi
dau dang thitc trong Dinh 1y 3.2.2 14 khong ding.

Tiép theo la két qua vé chiéu ctia quy tich khong Cohen-Macaulay chiéu 16n hon s
qua chuyén phing.

~

Dinh ly 3.2.3. Cho s > —1 la mot s6 nguyén. Gid st P € Spec(R) vdi p = PN R.
Cho R la thuong cia mot vanh Cohen-Macaulay dia phuong. Khi do
(a) nCMa(M,) # 0 néu v chi néu dimnCM.,(My) > ry

(b) Néu nCM.,(M,) # 0, thi dim nCMs,(Mg) = dimnCM.,(M,) + ry.
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KET LUAN

Dé tai da thu dudc cac két qua sau:

- Hé théng cac kién thitc vé modun déi dong diéu dia phuong, biéu dién thit cap va
chiéu cua cac modun Artin, médun Cohen-Macaulay, modun Cohen-Macaulay chiéu
16n hon s, quy tich khong Cohen-Macaulay.

- Dua ra mdi lien he gitta cac tap idéan nguyén t6 gin két, moi lien hé vé chiéu
ciia cdc modun doi dong dieu dia phuong Artin Hyp (M,) va H;gi(ﬂm) qua chuyén
phing.

- Nghién cttu tinh Cohen-Macaulay, tinh Cohen-Macaulay chiéu 16n hon s qua chuyén
phing.

- Mo ta quy tich khong Cohen - Macaulay chiéu 16n hon s qua cac tap gia gia thi

i chidu 16n hon s.



