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Mé& dau

1. Tinh cap thiét ctia dé tai

Cho (R, m) la vanh giao hoan Noether dia phuong v6i m 1a idéan cuc
dai duy nhat. Cho M 1a R-mdédun hitu han sinh véi dim M = d. Ta
luén c¢é moéi quan hé gitta hai bat bién do sau va chiéu ctia M cho bdi
depth M < dim M. Néu depth M = dim M thi M dudc goi 1a modun
Cohen-Macaulay. Khi R 1a R-médun Cohen-Macaulay, thi ta néi R 1a
vanh Cohen-Macaulay. Vanh va modun Cohen-Macaulay 1a 16p vanh va
modun quan trong trong Dai s6 giao hoan. Ldp vanh va modun nay c6
nhiéu tng dung trong Hinh hoc dai s6, Ly thuyét bat bién va T hap.
Nhiéu mé rong ctia 16p vanh vd modun Cohen-Macaulay da dugc gidi
thiéu va quan tam nghién citu. Hai mé rong dau tien 1a 16p vanh (modun)
Buchsbaum dugc dua ra bdi W. Vogel va J. Stuckrad ndm 1973 [40] va
16p vanh (modun) Cohen-Macaulay suy rong dugc gisi thiéu bdi N.T.
Cuong, P. Schenzel, N.V. Trung nam 1978 [37]. Ngoai ra con rat nhiéu
cac md rong khac ctia 16p vanh vA modun nay van tiép tuc dugc gisi thieu
va thu hat sy quan tam ctia nhiéu nha todn hoc nhu: 16p vanh (modun)
Cohen-Macaulay chinh tac, 16p vanh (médun) Cohen-Macaulay suy rong
chinh téc, 16p vanh (m6dun) Cohen-Macaulay chiéu 16n hon s,... (c6 thé
xem trong cac cong trinh [31], [2], [17], [35]). Nhu vay, viéc nghién citu
vé cac md rong cta 16p vanh vd modun Cohen-Macaulay van 13 nhiing

van dé thoi sy, dang dudc quan tam trong nudc ciing nhu trén thé gidi.
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Viéc giai quyét nhitng cau héi mé hay tim ra nhitng két qua méi cho cac
van dé trén 1a can thiét, thic day su phat trién ctia Toan hoc, thic day
st hgp tac nghién citu Toan gitta can bo ciia DH Thai Nguyén va cua
cac co sd dao tao khac trong va ngoai nudc, phuc vu dic luc cong tac
dao tao sau dai hoc nganh Toan cua DH Thai Nguyén.
2. Muc tiéu cua dé tai

Muc tiéu ctia dé tai 1a nghién ctu mot s6 md rong clia 16p modun
Cohen-Macaulay trén vanh giao hoan ma cu thé 14 nghién citu vé 16p
modun Cohen-Macaulay chiéu 16n hon s va tinh Cohen-Macaulay, tinh
Cohen-Macaulay chiéu 16n hon s qua chuyén phing dong thoi nghién
cttu vé quy tich khong Cohen-Macaulay, quy tich khong Cohen-Macaulay
chiéu 16n hon s.
3. No6i dung nghién citu ctia dé tai

Dé tai nghién ctiu vé modun déi dong diéu dia phuong Artin qua
chuyén phang ma cu thé 1a dua ra moi lien hé giita cac tap idéan nguyén
t6 gin két clia cac modun nay qua chuyen phing, tit d6 dua ra méi lien
hé vé chiéu ctia ching. Dya trén nhitng két qud dé ching t6i nghién
cttu tinh Cohen-Macaulay, tinh Cohen-Macaulay chiéu 16n hon s qua
chuyén phang. Ngoai ra ching té6i con nghién ctu vé quy tich khong
Cohen-Macaulay chiéu 16n hon s va moé ta quy tich nay thong qua céc
gia gia chiéu 16n hon s. Cu thé, ndi dung nghién citu cia dé tai duge
trinh bay trong bao cao téong két nay gom ba chuong. Chuong 1 trinh
bay mot sb kién thic chuan bi vé modun déi dong diéu dia phuong, bicu
dién tht cap va chiéu ciia modun Artin, modun Cohen-Macaulay nham
phuc vu cho cac chuong sau. Chuong 2 va 3 trinh bay cac két qué chinh
ctia dé tai. Chuong 2 dua ra cac két qud vé mdi quan hé cia cac tap

idéan nguyén t6 gan két clia cac modun déi dong diéu dia phuong Artin
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(Dinh 1y 2.1.6), mo6i lién hé vé chiéu ctia cac modun nay (Dinh 1y 2.2.2).
Tt d6 dua ra cic két qua nghién cttu vé tinh Cohen-Macaulay va quy
tich khong Cohen-Macaulay qua chuyén phang (Ménh dé 2.3.1, 2.3.2).
Chuong 3 trinh bay vé modun Cohen-Macaulay chiéu 16n hon s, mo ta
quy tich khong Cohen-Macaulay chiéu 16n hon s qua cac tap gia gia thi
i chiéu 16n hon s (Dinh 1y 3.2.2), va cudi cting 14 két qué vé chiéu cia quy
tich khong Cohen-Macaulay chiéu 16n hon s qua chuyén phang (Dinh ly
3.2.4).



Chuong 1

Kién thitc chuan bi

1.1 Tinh catenary cua vanh

Tinh catenary clia cadc vanh dugc quan tam nghién ctu dau tién béi
W. Krull tr nam 1937 [38]. Nhiing cong trinh cia W. Krull, M. Nagata,
I. S. Cohen, D. Ferand va M. Raynaud, L. J. Ratliff, M. Brodmann, R.
Heitmann, ... vé tinh catenary da lam giau dep li thuyét nay. Trudc hét

ta nhac lai khai niém vanh catenary.

Dinh nghia 1.1.1. Cho q C p 1& cic idéan nguyén t6 ctia R. Mot day
cac idéan nguyén t6 q = pg C p1 C ... C p, = p sao cho p; # p;i1, Vi
moi i = 0, ...,n — 1, dudc goi 1a mot day idéan nguyeén t6 bdo hoa gitta q
va p néu véi moi ¢, khong ton tai mot idéan nguyén t6 chen gitta p; va
p;e1. Khi d6 n dudc goi 1a do dai cia day idéan nguyeén t6 bao hoa trén.
Ta n6i vanh R 1a catenary néu v6i moi cap idéan nguyén té6 q C p ctia R

thi moi day idéan nguyén t6 bao hoa giita q va p déu c6 chung do dai.

Nhic lai rang nam 1937 W. Krull da chitng t6 rang moi dai s6 hitu
han sinh trén maot trudng 1a catenary. Két qua quan trong thit hai dugc
chitng minh béi I. Cohen ndm 1946 ring moi vanh dia phuong day du
14 catenary. Sau d6 M. Nagata da chiing t6 rdng moi mién nguyeén, dia

phuong tya khong tron 1an 13 catenary. Nhu vay, hau hét cac vanh dugc
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biét dén trong thuc té v trong nhitng tng dung ctia Hinh hoc dai s6 déu
14 catenary. Vi du dau tién vé mién nguyén khong catenary dugc dua ra
bdi M. Nagata nam 1956 (xem [22, Vi du 2, trang 203-205]). Ngoai ra
bang nhiing 1ap luan don gidn ta ¢6 néu dim R < 2 thi R 1a catenary; R
14 vanh catenary néu va chi néu R/I 1a catenary v6i moi idéan I cia R;
R 13 catenary néu va chi néu R, 1a catenary véi moi idéan nguyén t6 p
cua R, .... Dac trung sau cta tinh catenary thuong dudc sit dung trong

chitng minh nhitng két qua ctia dé tai.

Meénh dé 1.1.2. (xem [29]) Gid st (R,m) la mot vanh dia phuong
Noether. Khi dé cdc diéu kién sau la tuong duong:

(i) R la catenary;

(ii) htp/q = dim R/q — dim R/p véi moi q C p, p,q € Spec R;

(iii) htps/p1 = htps/p2 + ht pa/p1 vdi moi p1 C Py C p3, P1,P2,p3 €
Spec R.

T dinh nghia vanh catenary, ta dé thay rang néu R 13 mién nguyén

dia phuong catenary thi né6 thod man cong thic chiéu
htp +dim R/p = dim R

véi moi idéan nguyeén t6 p ctia R. Vi thé nam 1954, I. S. Cohen [12] da
héi rang lieu mot mién nguyén dia phuong R thod man cong thiic chiéu
htp + dim R/p = dim R v6i moi idéan nguyén t6 p ciia R thi R c¢6 la
mién catenary? Cau tra 16i khing dinh dugc R. J. Ratliff dua ra vao
nim 1972 [29, Dinh Iy 2.2].

Hon nita ndm 1977, S. McAdam va R. J. Ratliff & mdé rong két qua
trén cho cac vanh dia phuong dang chiéu. Cha ¥ R duge goi 1a dang

chiéu néu dim R/p = dim R véi moi idéan nguyén t6 t6i tiéu p ctia R.
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Dinh 1y 1.1.3. (xem [20]) Gid st R la vanh dia phuong Noether ding
chieu. Khi dé R la catenary néu va chi néu vdi moi idéan nguyén to p
cua R ta co

htp + dim R/p = dim R.

Pinh nghia 1.1.4. Vanhk R dudc goi la catenary pho dung néu moi

R-dai so6 hitu han sinh la catenary.

Gia st S 14 mot R-dai s6 hitu han sinh, tic 1a ton tai a;,...,a, €
S sao cho S = Rlay,...,a,]. Khi d6 ton tai mot toan cau vanh ¢ :
R[x1,...,2,] — S, trong d6 R[x1,...,x,] la vanh da thic n bién véi
hé s6 trén R va o(x;) = a;,i = 1,...,n. Vi thé S dang ciu véi mot
vanh thuong cia vanh da thiac Rlzy, ..., z,]. Vi vanh thuong cta vanh
catenary 13 catenary nén ta suy ra rang vanh R 1a catenary pho dung néu
va chi néu moi vanh da thitc hitu han bién v6i hé sé trén R 13 catenary.

Sau day 1a mot sé dic trung ctia vanh catenary pho dung. Trude hét,
ta nh&c lai theo M. Nagata [22] cdc khai niém vanh, modun tua khong

tron lan (quasi-unmixed) va vanh, médun khong tron lan (unmixed).

Dinh nghia 1.1.5. Vanh R dugc goi 1a tua khong tron lan (quasi-
unmixed) néu vanh day dia m-adic R ctia R 13 déng chidu, ttc 1a dim R /p =
dim R véi moi p € min Ass R. Vanh R duge goi 1a khong tron lan (un-
mixed) néu dim E/ﬁ — dim R véi moi p € Ass R. Mot R-modun hitu han
sinh M dugc goi 1a tua khong tron lan (tuong tng khong tron lan) néu
vanh R/ Anng M 1 tya khong tron lan (tuong tng khong tron 1an).
Dinh ly 1.1.6. [19, Dinh ly 31.6] Gid si¢ R la tua khong tron lan. Khi
do
(i) R la catenary pho dung.

(ii) Ry la tua khong tron lan vdi moi p € Spec R.
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(iii) Néu I la idéan cia R thi R/I la dang chiéu néu va chi néu R/I
la tua khong tron lan.
Dinh 1y 1.1.7. [19, Dinh ly 31.7] Cdc diéu kién sau la tuong duong

(i) R la catenary pho dung;

(i) R[z] la catenary;

(ii) R/p la tua khong tron lan vdi moi p € Spec R.

Vi mdi vanh chiéu 2 1a catenary nén néu dim R < 1 thi

dim R[z] =dim R+ 1 < 2,

do d6 R|z] la catenary. Vi vay theo Dinh 1y 1.1.7 ta thay R 1a catenary

phé dung néu dim R < 1.

1.2 Moédun dbéi dong diéu dia phuong

Ly thuyét déi dong diéu dia phuong dugc gidi thieu dau tién bdi A.
Grothendieck vao nhiing nam 1960 va nhanh chéng phét trién, thu hat
dudc sy quan tam ciia nhiéu nha toan hoc trén thé gidi. Ngay nay, 1y
thuyét doéi dong diéu dia phuong da tré thanh cong cu khong thé thiéu
trong nhiéu linh vyc khac nhau ctia toan hoc nhu Dai s6 giao hoan, Hinh
hoc dai s6, Dai s6 t6 hop... Trong muc nay ching to6i nhic lai khéi niém
va mot s6 tinh chat quan trong ctia modun déi dong diéu dia phuong.
Trude tién ta gidi thiéu khai niém ham ti I-xoan.

Dinh nghia 1.2.1. (Xem [3, Dinh nghia 1.1.1]) Cho [ la idéan cia R.
V6i mdi R-modun N, diat I'/(N) = U (0 :x I"). Néu f : N — N’ 1a
dong cau cac R-modun thi f(FI(N))nEO I';(N")). Do d6 ta c6 dong cau
Ti(f) : To(N) — Tr(N') duoe xac dinh bdi Tr(f)(z) = f(z). Khi d6
[';(—) 13 mot ham ti hiep bién, khép trai va né dugc goi 14 ham ti

[-zoan.
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Tt d6 ta c6 dinh nghia médun déi dong dieu dia phuong nhu sau.

Dinh nghia 1.2.2. (Xem [3, Dinh nghia 1.2.1]) V6i méi s6 nguyén i > 0,
ham ti dan xuét phai thit ¢ ctia I';(—) dudc goi 1a ham tik doi dong dieu
dia phuong thi i doi vdi I va dugce ki hieu 1a Hi(—). Két qua cia tac
dong H4(—) vao R-modun N dugc ki higu 1a HE(N) va dugc goi 1a modun
doi dong dieu dia phuong thié i cia N vdi gid 1.

Sau day 14 mot s6 tinh chat quan trong ciia modun déi dong dieu dia
phuong thudng dude diing trong chiing minh cac két qua ctia dé tai. Dinh
ly sau day chi ra rdng modun déi dong diéu dia phuong khong phu thuoc
vao vanh co s6 (xem [3, Dinh 1y 4.2.1]). Chu y réng, néu f : R — R’ 1a
mot dong cau vanh va N’ 1a R-modun thi N’ ¢6 cau tric R-modun cdm
sinh béi f, trong d6 phép nhan vo huéng ctia phan ti r € R v6i phan
tam’ € N 1a f(r)m/.

Dinh 1y 1.2.3. (Tinh doc lap véi vanh co sd). Cho R’ la R-dai s6 va
N’ la R'-modun. Cho I la idéan cia R. Khi dé vdi moii > 0 ta cé dang
cau cdc R-modun Hip(N') = HE(N').

Khi R’ 13 R-dai s6 phang, ta c6 dinh 1y sau (xem [3, Dinh ly 4.3.2]).

Dinh 1y 1.2.4. (Dinh Iy chuyén co sé phang). Cho R’ la R-dai s6 phang.
Khi dé ta c6 R'-dang cau H{(N) @p R’ = Hip (N ®p R') véi moii > 0.

Cho p 14 idéan nguyén t6 bat ky cta cta R. Khi d6 R, 1a R-dai sb

phang. T Dinh 1§ 1.2.4 ta luon c6 R,-dang cau
Hi(N) ®r Ry = H}RP(N O Ry).
Hon ntta, vi N ®p R, = N, v6i moi R-modun N nén

(H}(N))p = Hig, (Ny).
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Mot trong nhitng két qud quan trong va cé nhiéu tng dung cta ly
thuyét d6i dong dieu dia phuong 1& tinh triét tiéu ctia modun déi dong
diéu dia phuong (xem [3, 6.1.2, 6.1.4])

Dinh 1y 1.2.5. (Dinh ly triet tiéu ctia Grothendieck) H4(N) = 0 vdi

mot 1 > dim V.

Dinh ly 1.2.6. (Dinh ly khong triét tieu) Gia st (R,m) la vanh dia
phuong va M la R-modun hitu han sinh khdc khong cé chiew n. Khi dé
H (M) # 0.

Mic du M 1a hitu han sinh nhung nhin chung médun déi dong diéu
dia phuong H'(M) khong 14 modun hitu han sinh ciing khong 14 modun
Artin. Trong trudng hop déic biet, modun déi dong dieu dia phuong véi

gia cuc dai hodic tai cAp cao nhat 13 cac modun Artin.

Dinh ly 1.2.7. Gid st rang (R, m) la vanh dia phuong va M la R-modun
htu han sinh. Khi do
(i) HL(M) la R-modun Artin vdi moi s6 tu nhién i.

(ii) Néu dim M = d thi H}(M) la R-médun Artin vdi moi idéan 1.

Phan con lai cia muc nay danh dé nhic lai mot s6 kién thic ve déi
ngau Matlis va d6i nglu dia phuong. Ky hieu F(k) la bao noi xa cua
R-moédun k véi k = R/m. Ta ki higu Dg(—) thay cho Hom(—, F(k)).
V6i méi R-modun M ta goi Dg(M) 1a doi ngau Matlis ctia M. Két qua
sau day c6 thé xem trong |3, Dinh ly 10.2.12].

Dinh 1y 1.2.8 (Dinh ly d6i ngdu Matlis). Cho (R, m) la vanh giao hodn
dia phuong Noether day di va M, A la cac R-modun. Khi dé cdc meénh
dé sau la ding.

(i) Néu M la Noether thi Dr(M) la Artin va M = Dg(Dg(M)).

(ii) Néu A la Artin thi Dg(A) la Noether va A = Dp(Dg(A)).
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Khi R 1a vanh day dua, Dinh 1y d6i ngau Matlis cho ta tuong ting giita
pham tru cic R-moédun Artin va pham tru cac R-modun Noether, con
Dinh ly D6i ngiu dia phuong [3, Dinh 1y 11.2.6] lai cho ta moi lién hé

gitta d6i dong diéu dia phuong va ham ti Ext.

Dinh 1y 1.2.9 (Dinh 1§ d6i ngdu dia phuong). Gid st (R, m) la dnh dong
cau ctua mot vanh dia phuong Gorenstein (R',w') chieun’ va f : R — R
la toan cau vanh. Gid si M la mot R-modun hau han sinh. Khi dé

Ext?, (M, R') la R-modun hitu han sinh va ta cé ddng céu:

HE (M) =2 Dg(Ext™ (M, R')).

1.3 Biéu dién thd cap va chiéu cia modun Artin

Ly thuyét bieu dién thi cip cho cic modun dude gisi thieu béi I. G.
Macdonald [18] c6 thé xem 13 d6i ngdu ctia 1y thuyét phan tich nguyén
sd. Trong tiét nay ching ta nhic lai mot s6 khai niem va két qua vé biéu

dién thi cap.

Dinh nghia 1.3.1. (i) Mot R-moédun N dugc goi 1a thi cap néu N # 0
va v6i moi x € R, phép nhan bdi x trén N 1a toan cau hoic liy linh.
Trong trudng hop nay, Rad(Anng N) 1a idéan nguyén t6, chang han 1a
p, va ta goi N 13 p-thi cap.

(ii) Cho N 1a R-modun. Mot biéu dién thi cip ctia N 1a mot phan tich
N = N; + ...+ N,, thanh tong hitu han caAc modun con p;-thit cap N;.
Néu N = 0 hoic N c6 mot biéu dién thi cip thi ta néi N 1a biéu dién
dugc. Biéu dién tht cip nay ducc goi 13 t6i thiéu néu cac idéan nguyéen
t6 p; 1a doi mot khac nhau va khong c6 hang ti N; ndo 1a thita, v6i moi

1=1,...,n.
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Dé thay rang néu Ny, N 1a cac mddun con p-thit cip ciia IV thi N+ N,
ciing 13 moédun con p-thit cip ctia N. Vi thé moi biéu dién thit cip cta
N déu cé thé dua duge vé dang t6i thiéu bang cach ghép chung nhitng
thanh phan thi cap tng véi cung mot idéan nguyén té va bd di nhing
thanh phan thita. Tap hop {py,...,p,} 1a doc lap vé6i viec chon biéu dién
thit cap t6i thiéu ciia N va dudc goi 1 tap cdc idéan nguyén to gin két
cua N, ki hiéu la Atty N. Cac hang tid N;,i = 1,...,n, dudgc goi 1a cdc
thanh phan thit cap ctia N. Néu p; 1a t6i thiéu trong tap Attp N thi p;
dudc goi 1a idéan nguyén to gan két co lap cia N va N; dude goi 1a thanh

phan thit cap co lap cia N.

Meénh dé 1.3.2. Gid st N la mot R-modun biéu dién duoc. Khi dé cdc
khang dinh sau la ding.
(i) Attg N # 0 khi va chi khi N # 0.
(ii) Tap cdc idéan nguyén té toi thiéu cia R chiia Anng N chinh la tap
cdc phan ti toi thiéu cia Atty N.
(iii) Cho 0 = N — N — N" — 0 la day khdp cic R-modun biéu dién
duoc. Kht do ta co
Attg N' C Attg N C Attp N U Attg N

Dinh Iy sau day cho ta mot 16p cac médun bieu dién dugc.
Dinh 1y 1.3.3. [18, 5.2] Moi modun Artin déu biéu dién duoc.

Cho A la R-modun Artin va 7 € R,u € A. Goi (rn)nen 12 day Cosi
trong R dai dién cho 16p 7. Vi Ru ¢6 do dai hitu han nén ton tai sb tu
nhién k sao cho mfu = 0. Cha § rang ton tai ng sao cho r, —r,, € m¥ véi
moi m,n > ng. Suy ra r,u = r,,u v6i moi n > ny. Ta dinh nghia tich vo6

huéng 7u = rp,u. Khi d6 A ¢6 cau tric tu nhién nhu R-modun. V6i ciu

trac nay, mot moédun con cia A xét nhu R-moédun khi va chi khi né 1a
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modun con ciia A xét nhu R-modun. Do d6 A 13 R-madun Artin. Néu
xem R-modun A nay nhu 13 R-modun xac dinh béi ddng ciu tu nhien
R — R thi ta dudc ciu tric R-modun ban dau tréen A. Nhu vay, tap
idean nguyen tb gén két ciia A tréen R va R luon xac dinh va ta c6 méi

lien hé gitta cac tap idéan nguyén té6 gan két nay nhu sau.

Meénh dé 1.3.4. [3, 8.2.4 va 8.2.5] Attg(A) = {PNR | P € Att5(A)}.
Két qua sau day, goi 1a tinh chat dich chuyén dia phuong yéu, thuong

dugc dung trong cac chitng minh cac két qua 6 phan sau.

Dinh 1y 1.3.5. [32, Dinh ly 4.8] Gid st M # 0 va p € Suppr(M) sao
cho dim R/p = t. Gid st i > 0 la mot s6 nguyén va q la idéan nguyén to

vdi q C p sao cho qR, € AttRp(HéRp(Mp)). Khi dé q € Attr(HLT'(M)).
T Dinh 1y 1.3.5 ta ¢6 hé qua sau.

Hé qua 1.3.6. [32, Hée qua 4.9] Gia st M # 0 va p € Assg M vdi
dim R/p = t. Khi dé H.(M) # 0 va p € Atty HL(M).

Theo Dinh 1y 1.2.7, médun déi dong diéu dia phuong cap cao nhat véi
gia ciyc dai 1a Artin, do d6 né cé biéu dién thit cip (xem Dinh 1y 1.3.3).
Tap idéan nguyén t6 gin két ctia HZ(M) dugc cho bdi cong thic sau.
Dinh 1y 1.3.7. [21, Dinh Iy 2.2] Gié s¢ M # 0 va dim M = d. Khi dé
HI(M) # 0 va Attgp(HL(M)) = {p € Assg M | dim(R/p) = d}.

Ky hiéu dimg R/ Anng A 1a chiéu Krull ctia vanh R/ Anng A. Khi d6
theo Ménh dé 1.3.2(ii), ta c¢6

dim(R/ Ann A) = max{dim(R/p) | p € Attg A}.

Nam 1975 R. N. Roberts [30] da gidi thieu mot khai niem chiéu khéac
cho modun Artin ma sau d6 duge D. Kirby [16] nam 1990 ddi tén thanh
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chiéu Noether dé tranh nham lan véi khai niém chieu Krull da quen biét
nhu da dé cap & trén. Trong sudt dé tai ndy, ching toéi dung thuat ngi
"chieu Noether" ctia Kirby [16].

Dinh nghia 1.3.8. Chiéu Noether ctia A, ki hiéu bdi N-dimpg A, dugc
dinh nghia bang quy nap nhu sau: Khi A = 0, ta dit N-dimp A = —1.
Cho d > 0 14 mot s6 nguyén khong am. Ta dat N-dimp A = d néu
N-dimp A < d 1a sai v& v6i moi day ting cdc modun con Ay C A; C ...
ctia A, ton tai mot s6 tu nhién ng sao cho N-dimp (A, /A, 1) < d véi moi
n > ng.

R. N. Roberts [30] va D. Kirby [16] da chi ra nhiéu tinh chat ctia chiéu
Noether cho cdc modun Artin tuong tir nhu cac tinh chat vé chiéu Krull
cho cac modun hitu han sinh trén vanh dia phuong, dic biet 1a két qua
duéi day cho ta cac cach tinh chiéu Noether cho cdc modun Artin.
Dinh 1y 1.3.9. Néu A # 0 va q la idéan sao cho £(0 14 q) < oo thi ¢
mot da thic Q(n) vdi hé s6 hiu ty sao cho Lr(0 14 ") = Q(n) khi
n >0 va

N-dimp A = deg(¢z(0 :4 "))
=inf{t >0:3x,...,zy €m:lR(0:4 (z1,...,2¢)R) < o0}.

Sau day ta sé dua ra so sanh giita chiéu Krull va chiéu Noether clia
modun Artin A. Trong trudng hop dic biét, ta ¢c6 N-dimp A = 0 néu va
chi néu dim R/ Anng A = 0, néu va chi néu A c¢6 do dai hitu han, khéc 0,
néu va chi néu R/ Anng A 13 vanh Artin. Trong trudng hop tong quét,
N.T. Cuong va L.T. Nhan da dua ra cau tra 16i nam 2002.

Ménh dé 1.3.10. [10, Ménh dé 2.5] N-dimg A < dim(R/ Ann A).

Hon nita, ciing trong bai bdo d6 ho con chi ra vi du ma dau ding

thitc 1a khong xay ra [10, Vi du 4.1]. Xét (R,m) 13 mién nguyén dia
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phuong Noether chiéu 2 dugc xay dung bdi D. Ferrand va M. Raynaud
[36] thod man tinh chét tdn tai mot idéan nguyén t6 nhing § € Ass R
v6i dim R/§ = 1. Khi d6 A = HL(R) 1a modun Artin. Ta c6

dim R/ Anngp A = 2 > 1 = N-dimp A.

Tiép theo ta nhic lai mot két qua vé chiéu ciia modun doéi dong diéu dia

phuong.

Dinh ly 1.3.11. [10, Dinh 1y 3.1, Hé qua 3.6] Cdc ménh dé sau la ding.
(i) N-dimg H. (M) < i.
(ii) dimp H4(M) = d = N-dimg HL(M).

Dinh 1y 1.3.9 cho phép ta dinh nghia khai niém hé tham s6 cho modun
Artin.

Dinh nghia 1.3.12. Mot hé z4,...,2, gom s = N-dim A phan ti cla
m dugc goi 1a hé tham s6 cia A néu £(0 :4 (z1,...,75)R) < co. Mot he
T1,...,%;, voi i < s, cac phan tit cia m dudge goi 14 mot phan hé tham
s6 cia A néu ta c6 the bo sung thém cac phan t& =1, ..., r, cia m sao
cho z1, ...,z 1a hé tham s6 ciia A. Mot phan tit z € m dude goi 1a phan

ti tham s6 cia A néu N-dimpg(0 :4 x) = N-dimp A — 1.

Céc ménh dé sau day, dugc chiing minh bdi Z. Tang va H. Zakeri [34],
cho ta cac két qua vé dic trung mot phan ti x € m 13 phan t tham
s6 ctia modun Artin A va sy ton tai mot phan hé tham s6 ciia médun

Artin A trong mot idéan [ cua R.

Meénh dé 1.3.13. [34, B6 dé 2.14] Cho N-dimp A = s va A = A; +
...+ A, la mot biéu dién thd cdp toi tieu cia A vdi A; la p;-thd cdp.
Cho z € m. Khi dé x la phan ti tham so6 cia A néu va chi néu x & p;

vdi moi i thod man tinh chat N-dimp A; = s.
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Meénh dé 1.3.14. [34, Ménh dé 2.10| Cho I la idéan cia R sao cho
N-dimp(0 :4 I) = N-dimr A — r. Khi dé ton tai mot phan hé tham sé
ciua A trong I c6 do dai v, va moi phan hé tham so ctia A trong I c6 do

dai r deu la phan hé tham soé toi dai cia A trong I.

1.4 Mo6dun Cohen-Macaulay

Mo6dun Cohen-Macaulay va médun Cohen-Macaulay suy rong la hai 16p
modun quen thudc va quan trong trong Dai s6 giao hoan. Trong tiét nay
ching ta nhac lai khai niém va mot s6 két qua thudng sit dung trong
luan 4n vé hai 16p modun nay. Ta ky hi¢u (R, m) 1a vanh giao hoén, dia
phuong, Noether véi m la idéan cuc dai, M la R-modun httu han sinh
chiéu d.

Ta luon c6 bat dang thiic depth M < dim M (xem [5, Ménh dé 1.2.12]).
Trudng hop dau ding thic xay ra, ta cé dinh nghia vanh v modun

Cohen-Macaulay nhu sau.

Dinh nghia 1.4.1. (Xem [19, Trang 134]) M 1a modun Cohen-Macaulay
néu M = 0 hodc M # 0 va depth M = dim M. Néu R 1a modun Cohen-

Macaulay trén chinh né thi ta néi R 1a vanh Cohen-Macaulay.

Sau day 14 mot s6 tinh chat cia modun Cohen-Macaulay thuong dugc
st dung trong ludn an (xem [19, Dinh 1y 17.3], [19, Trang 137]).

Meénh dé 1.4.2. Cdc ménh dé sau day la ding.

(i) Néu M la modun Cohen-Macaulay thi dim R/p = dim M wvdi moi
p € Asspg M. Khi dé M khong cé idéan nguyén té6 nhing.

(ii) Gia st M la modun Cohen-Macaulay. Khi dé M, la R,-modun

Cohen-Macaulay vdi moi idéan nguyén t6 p cia R.
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(iii) M la médun Cohen-Macaulay khi va chi khi moi hé tham sé6 cia M
déu la M-day chinh quy.

(iv) R la vanh Cohen-Macaulay khi va chi khi vanh cdc chuoi liy thia
hinh thic R[[xy, ..., x,]] la vanh Cohen-Macaulay.

Dé néu mot s6 diac trung cia moédun Cohen-Macaulay, truéc hét,
chiing ta nhic lai khai niem s6 boi (xem [40, Trang 24]). Mot hée cac
phan tt z = (x1,...,7) cia R sao cho £(M/(x1,...,x)M) < oo dugc
goi 1a hé boi cia M. Khi d6 ky hiéu boi e(x; M) cia M dbi v6i hé boi x
dugc dinh nghia qui nap theo ¢ nhu sau: Véi t = 0, tic 1a ¢(M) < oo ta
dat e(D; M) = 46(M). Gia st t > 1. Dat (0 :py x1) = {m € M | mz, = 0}.
Khi d6 (xs,...,7;) 1a hé boi cia M/xyM va (0 :p; x1). Vi thé ta dinh
nghia

e(x; M) =e(xg,...,xe; M/x1 M) — e(xa, ..., x40 0 x1).

Cho q la idéan cua R sao cho ¢(M/qM) < oo. Khi d6, ta c6 ham
Hilbert-Samuel Py(n) = ¢(M/q" ™ M). Chu y réng ton tai mot da thiic
pq(n) bac d sao cho véi n du 16n, ta c6 Py(n) = py(n). Hon nita, ton tai
cac s6 nguyen eg(q; M) > 0,e1(q; M), ..., eq(q; M) sao cho véi n di 16n,
ta co

Py(n) = eofa: M) <”j;d) +eifa; M) (n;ﬁ; 1) o eala; M)
Hé s6 eq(q; M) goi 1 s6 boi ciia M ing vdi idéan q. Néu z = (x1,. .., 24)
14 he tham s6 cia M va q = (z1,...,2q)R thi eg(q; M) = e(z; M). Hon
nita, ta luon ¢6 0 < e(z; M) < ((M/zM) (xem [40, B6 dé 3.3]).

Sau day 1a mot s6 dic trung cia modun Cohen-Macaulay (xem [19,

Dinh Iy 17.3, Dinh Iy 17.5, Dinh ly 17.11], Dinh 1y 1.2.5).

Meénh dé 1.4.3. Cdc diéu kién sau la tuong duong:
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(1) M la moédun Cohen-Macaulay.

(ii) Ton tai hé tham s6 x cia M sao cho e(z; M) = ((M/xM).

(iii) Vi moi hé tham s6 x cia M ta cé e(x; M) = ((M/xM).

(iv) M la modun Cohen-Macaulay.

(vi) M/xM la Cohen-Macaulay véi moi phan tié M-chinh quy x € m.
(

vii) H. (M) =0 vdi moi i =0,...,d.
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Po6i dong dieu dia phuong qua mé
rong phang va quy tich khong
Cohen-Macaulay

Trong toan bo chuong nay ta luon gia thiét (R, m) 1a vanh dia phuong
Noether va la thuong cia mot vanh Cohen-Macaulay dia phuong. M 1a
mot R-modun hitu han sinh. Ky hieu R, M tudng ting la diy di m-adic
cua R va M. Cho P € Spec(]:’:), dat p =PN R va rg = dim (Em/pﬁqg).
Khi d6, dong cau ¢ : R, — }%13 cam sinh tit ddng cAu tu nhien R — R
12 mot dong ciu phang dia phuong va M, ®p, qu = ]\/4\543. Do d6, theo
[19, Dinh ly 23.2] ta ¢6 mdi quan hé gitia cac tap cic idéan nguyén 06

lien két cta M, va ]\/4\9;3 nhu sau
Assp, M, = {0 (QRy) | QRy € Assﬁm(]\/qu)}

ASSRQB(]\/Z‘B) = U Ass(ﬁm/qﬁm).

qRy€Ass g, M,
Nhu da gi6i thieu 6 Chuong 1, tap cac idéan nguyén t6 gan két cia
modun Artin dugc dinh nghia bdi I. G. Macdonald [18] déng vai tro
quan trong tuong tu nhu tap cac idéan nguyén t6 lien két ctia modun

hitu han sinh. Chi ¥ rdng v6i méi s6 nguyén bat ky ¢ > 0 ta c6 Hng(Mp)
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la R,-modun Artin va H;gi(f‘?m) 1a }A?up—m()dun Artin. Do d6, mot cau
héi hoan toan ty nhién dit ra l1a cac tap idéan nguyeén t6 gin két clia cac
modun dbi dong diéu dia phuong ndy c6 quan hé v6i nhau nhu thé nao?
Muc tiéu thit nhat ctia chuong 1 tra 10i cho cau héi trén. Trén co s d6
chting toi dua ra mdi lién hé vé chiéu clia cdc modun déi dong dieu dia
phuong nay. Muc tiéu thi hai ctia chuong 1a 4p dung cac két qua trén dé
nghién citu tinh Cohen-Macaulay qua chuyén phang. Cac két qua trinh
bay trong Chuong nay dugc lay tir bai bao [28].

Truée hét ching toi trinh bay vé mdi quan hé gitta cac tap idéan

nguyén t6 gan két ciia cac modun ddi dong dieu dia phuong néu trén.

2.1 Tap cac idéan nguyén t6 gan két

Nhic lai ring mot R-modun M dudc goi 1a médun phang néu ham ti
tenxo M ®p 0 : Mp — Mg 1a khép. Dong cau vanh f : R — S dudc
goi 1a dong cdu phdng néu S 13 R-modun phang.

Tinh chat sau day cho ta méi lien hé gitta chiéu va do sau cia cac

modun qua chuyén phang (xem [19, Dinh 1y 23.3], [5, Dinh Iy A.11]).

Bé6 dé 2.1.1. Cho f : (R,m) — (S,n) la dong ciu dia phuong giita cdc
vanh Noether dia phuong, M, N tuong ung la cac modun hdu han sinh

trén R va S, gid thiét thém rang N la phang trén R. Khi do
(a) dimg(M ®g N) = dimg M + dimg N/mN.
(b) depthg(M ®r N) = depthp M + depthg N/mN.

Cho A 14 R-moédun Artin. Ta da biét rang khi d6 A c6 cau tric tuy

nhien nhuy R-modun Artin va theo Ménh dé 1.3.4 ta luon c6

Attg(A) = {PN R | P € Att(A)}.
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Tong quat hon, L. T. Nhan va P. H. Quy da ching minh dudc tinh chat
chuyén tap idéan nguyén t6 gan két ctia mét modun Artin qua dong cau
phang dia phuong trong trusng hgp vanh thé cé chiéu biang 0 nhu sau.
Bé dé 2.1.2. [27, B6 dé 2.3]. Cho A la R-modun Artin. Gid st (S, n)
la mot vanh dia phuong Noether va ¢ : (R, m) — (S,n) la moét dong cau
phang dia phuong. Gid thiét them rang dim(S/mS) = 0. Khi dé A ®p S

la S-modun Artin va
Attr A= {p (&) | & € Attg(A®5 9)}.

Truong hgp vanh thé S/mS 14 vanh Cohen-Macaulay c6 chiéu d ta c6
két qua sau ciia M. Brodmann va R. Y. Sharp vé cAc médun déi dong
diéu dia phuong qua chuyén phang.

Bé dé 2.1.3. [4, Dinh 1y 2.1] Cho h: (R,m) — (S, n) la dong cdu phdng
dia phuong gida cdc vanh dia phuong sao cho S/mS la vanh Cohen-
Macaulay cé chieu d. Khi dé, vdi moéi R-modun N, va moi so nguyén j
ta co

HES(N @ ) & HI(HL(N) 1)
va Hy 7 (N @p S) # 0 khi va chi khi HL(N) # 0.

Nhu vy, néu ta xét dong cau phang dia phuong ¢ : R, — qu § trén
trong truong hop rp = 0 thi do Dinh Iy chuyén co s6 phang (Dinh ly
1.2.4) H;RP(MP) ®p, Ry = H%ﬁm(Mm) nén theo Bo dé 2.1.2 ta c6

Attr, (Hyp, (M) = {9~ (QRy) | QRy € Attp (H%Em(ng))}.

Tuy nhien, vi ry > 0 va gid sit Hip (M) # 0 thi Hip (M,) ®g, Ry
khong la P:;p—médun Artin vi

dim Supp];zqs <Hng(Mp) ®R, qu) =7y > 0.
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Do dé H;Rp(Mp) ®R, ]3@ e H;gi(]/w\m). Mic di vay ta van c6 dang ciu
sau.
Bo dé 2.1.4. Cho %} € Spec(ﬁ) véi p = PN R. Néu R la thuong cia
mot vanh Cohen-Macaulay dia phuong thi
S H™. (H.®(M,) ® Ry) ifi>r
Hyg, (My) = iy (o, (W) © i) ¥
0 ZfZ < T'yp.

Hon nia, H;Em(f\ip) # 0 néu va chi néu Hé;%:m(Mp) # 0 vdi moi 1 > riy.
Ching minh. Do R 14 thuong cia moét vanh Cohen-Macaulay dia
phuong nén thé hinh thiic ﬁqg / pﬁm 14 Cohen-Macaulay. Vi vay ta suy
ra dugc depth(}/%m/pﬁqg) = dim(ﬁm/pﬁm) =ry. Laico ¢ : R, — ]3@3 la
dong cau phang dia phuong va M, ®p, Rp = ]\/4\q3 nén theo B6 dé 2.1.1

ta co

depthﬁm(]\/jm) = depthfgm(Mp ®R, Rﬁ)
= depthy, (M,) + depth(Ry/pRy)

= depthp (My) + ry > ro.

Do d6 H%ﬁm(]%) — 0 v6i moi i < rqp. Két qué cho trudng hop i > ry
suy ra ngay tit Bo dé 2.1.3. O

Chi ¥ réng R 1a thuong ctia mot vanh Cohen-Macaulay dia phuong
néu va chi néu R la catenary pho dung va moi thé hinh thiic cia R 1
Cohen-Macaulay (xem [15, Hé qua 1.2]). Do d6, theo [27, Dinh ly 3.7]
ta c6 nguyén 1y nang dia phuong vd nguyén 1y nang day du cho idéan
nguyén t6 gan két clia cac modun doéi dong diéu dia phuong. Day 1a cong

cu chii yéu dé chitng minh két qua chinh ctia phan nay.

Bé dé 2.1.5. Cho p € Spec(R) wva i > 0 la mot s6 nguyén. Gid si ring
R la thuong cua mot vanh Cohen-Macaulay dia phuong. Khi doé
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(a) Attp, (Hy, ™ P (M) = {aR, | q € Attr(HL(M)),q C p};

(b) Atts(HL(M)) = U Assp(R/pR).
peAttr(HEL (M)

Dinh Iy sau day 1a két qua chinh ciia phan nay cho ta mdi quan hé
gitta cic tap idean nguyen t6 gin két clia Hyp (M,) va clia H;g‘ﬁ(]\/im).
P

Dinh ly 2.1.6. Cho R la thuong cua mot vanh Cohen-Macaulay dia
phuong. Gid si B € Spec(ﬁ) va p =PNR. Dat rg = dim (ﬁqg/pﬁqg).
Khi dé vdi bat ky s6 nguyén i < dim M,, ta c6

i D D i+rp
(a) Attg, Hyp (My) = {QRp N Ry | QRy € Aty Hinﬁs:(Mm)}'

+rp 1 = -~
(b) Attp, H 2" (My) = U | Ass (Ry/qRy).

quGAttRp H;Rp (Mp)

~

(c) Vi moi Q € Spec(R) théa man Q C P va q = QN R, ta 6
QRy € Atty H;gi(M‘ﬁ) néu va chi néu qR, € Attg, Hng(Mp) va
Q € min V(qR).

Chitng minh. (a). Cho qR, € Attp, H;RP(MP). Vi R la thuong ctia mot
vanh Cohen-Macaulay dia phuong nén R, cting la thuong ctia mot vanh
Cohen-Macaulay dia phuong. Do d6, theo nguyén 1y nang dia phuong
(B6 dé 2.1.5(a)) ta c6

qRy € Attr, Hyp ™™/ 9%) (M),

Vi anh xa tu nhien R — R 1a dong cidu phang nén né théa man tinh
chat going down. Do d6, tit gia thiét q C p va BN R = p suy ra ton tai
9 € min V(qf{) sao cho Q C B. Theo Dinh I chuyén co sé phang ta c6

~

i—dim(R, /aR o pyi-dim(Ry/aR R
(HqRq (Ry/q p)(Mq)> ®Rq RD:HqEQ (Ryp/q p)(Mq ®Rq RQ)

—~

~ pri—dim(R,/qRy)

Lai do 4nh xa ¢ : Ry — Ry 1a mot ddng cau phing dia phuong véi
dim (R\Q/qﬁg) — 0 nén theo Bo dé 2.1.2, ton tai mot idéan nguyén t6
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gin két Q1 Ry € Attp Hg};;m(Rp/qu)(MQ) sao cho qRy = Q1 Ra N R,.
SuyraQ; COQvaQ NR=gq. ViQ € minV(qR) nén ta c6 Q = 9Q;. Do
d6 QRq € Attp H' fhm(R"/qR’“)(M ). Tt nguyén 1y nang dia phuong ta
co -
Qfty € At ooV (2) (7

Gia st Py € min V(pR) sao cho P; C P va rp = dim(ﬁm/pﬁqg) =
dim(ﬁm/‘ﬁlﬁfp). Vi R 1a thuong clia mot vanh Cohen-Macaulay dia
phuong nén R/p va R/q la tua khong tron lan (theo thuat ngit cia M.
Nagata). Do vay, dim(R/Q) = dim(R/q) va dim(R/%;) = dim(R/p).

Suy ra
ry = dim(R/%,) — dim(R/P) = dim(R/p) — dim(R/P).
Chi ¥ ring R va R 1a catenary, béi vay ta c6
i — dim(R,/qR,) + dim (Ry/QRy) = i — dim(R/q) + dim(R/p)
+ dim(R/Q) — dim(R/P)
= i + dim(R/p) — dim(R/%)
=1+ 7.
Suy ra Qﬁp € A‘ctﬁq3 H;gi(]\/jsp) véi qR, = Qﬁqg N R,. Nhu vay,
Attp, Hyp (M,) C {QRy N R, | QRy € Aty H;gi(ﬂm)}.
Ngugce lai, gid si Qf{qg € Attp Hg;g(M ). Khi d6 9 C B. Theo
Dinh 1§ chuyén co sé phing, véi méi s6 nguyén i > 0, ta c6 dang cau
Hi (M) = H;A _céc R-modun. Do dé theo nguyén ly nang dia phuong

R(M)
ta thu dudgc

Q€ Atta H@—i—rqg—&-dlm(R/‘B)( ) Att -~ HZ-H‘m—‘rdlm(R/m)(M).

Vi R la thuong cua mot vanh Cohen-Macaulay dia phuong nén theo
nguyén 1y nang day da (Bé dé 2.1.2(b)) ta c6 Q € Ass(R/qR) v6i q nao
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dé6 thudc Attpg Hﬁrwdim(R/m)(M). Lai theo nguyén ly nang dia phuong,

ta suy ra dugc
i+ry+dim(R/PB)—dim
qR, € Attp, Hp};p"ﬁ (R/B) (R/p)(Mp).

T tinh khong tron 1an ctia vanh R/p, ta c6 thé kiem tra dugc ring
rp = dim(R/p) — dim(R/9). Suy ra qR, € Attg, H;Rp(Mp). Hon nita, vi
Qe Ass(ﬁ/qfi) nén ta c6 q=QN R va Qﬁqg € Ass(fiqg/qfisp). Do tinh
phang cia 4nh xa tu nhién Ry, — ]%;3 nén ta cé thé suy ra tir [19, Dinh ly
23.2(i)] rang Qéqg N R, = qR,. Tt d6 khang dinh (a) dugc chiing minh.
(b). Gid sit QRy € Aty H;gi(]\/f\m). Dit g = QN R. Bing cach ching
minh tuong ty nhu trong phan cubi ctia (a), ta ¢6 thé chi ra ring qR, €
Attg, Hip (M,) va QRy € Ass(Ry/qlty).

Nguge lai, gia sit qR, € Attp, H;RP(MP) va Qﬁq;; € Ass(ﬁm/qﬁm).
Khi d6 g C p, Q C P va Q € Assz(R/qR). Vi R/q la khong tron 1an
nén 9 € min V(qf{). Hon nita, ¢ = Q N R nén theo nguyén Iy nang dia
phuong ta c6 qR, € Attg, H;éfim(R”/qu)(Mq). Vi 9 € minV(qR) nén

—

theo (a) ta dugc QRq € Attp_ H;ghm(R”/qR")HQ(MQ). Lai theo nguyén
9]

Iy nang dia phuong ta dugc

QR‘B c Attﬁm H;—fs;m(Rp/qu)‘i‘?"D'Fdim(R‘l?/QR‘B)(]/\Zm)

Vi R/qlakhong tron 1dn va Q € Ass;(R/qR) nén dim(R/Q) = dim(R/q).
Suy ra 9 € min V(qR) va do d6 rq = dim(Rq/qRq) = 0. Tit tinh cate-
nary cua R va R ta c6
i — dim(R,/qR,) 4 rq + dim(Ry/QRy)
— i — dim(R/q) + dim(R/p) + dim(R/Q) — dim(R/R)
— i+ dim(R/p) — dim(R/R) = i + rq.

Suy ra QRy € Attfzgp H;%:(Mm).
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A~

(c). Cho 9 € Spec(R) v6i Q C B va q = QN R. Theo (b) ta co6
QRy € Aty H;EE(M‘B) néu va chi néu qR, € Attg, Hng(Mp) va
ARy € Ass(Ryp/qRy). Chu ¥ rang QRy € Ass(Ry/qRy) néu va chi néu
9 C Pva € Ass(R/qR). Vi R/qlakhong tron 1in nén Q € Ass(R/qR)
néu va chi néu Q € min V(qR). Suy ra QRy € ;A\xttﬁm H;gi(Msp) néu va
chi néu qR, € Attp, Hyp (M,) va Q € min V(qR). O

2.2 Mbi lien hé vé chidu ctia Hij, (M,) va Hgﬁ(]\%)

Nhu da trinh bay & trén, cho A 13 R-modun Artin thi A ludn c¢6 cau
trac tu nhién nhu R-modun. Véi cau tric nay, mot modun con cua A xét
nhut R-modun khi va chi khi né 13 médun con ctia A xé6t nhu R-modun.
Do d6 A la R-modun Artin. Dat dimp A := dim(R/ Anng A). Néu A = 0
thi ching ta quy u6c rang dim A = —oo.

Tt Ménh dé 1.3.2(ii) ta thay chiéu ctia mot modun Artin c6 thé dugc

tinh bang maximum ctia chiéu clia cac idéan nguyén té gan két ctia né
dimp A = max{dim(R/p) | p € Attr A}.

Do d6, theo Ménh dé 1.3.4, ta luon c¢6 dimpz A < dimp A. Truong hop A

13 modun déi dong diéu dia phuong Artin H: (M), ta c6 dau dang thiic

8 trén xay ra khi R 13 vanh thuong ctia mot vanh Cohen-Macaulay dia
phuong (xem [10, Hé qua 3.2, 4.7] va [23, Ménh dé 3.5]).

Bo6 dé 2.2.1. Néu R la thuong ciia mot vanh Cohen-Macaulay dia phuong
thi
dimp(HL(M)) = dimz(H(M)) <

v01 mo1 so nguyén 1 > 0.

Vi vay ta c6 thé ap dung Dinh I 2.1.6 dé so sanh chiéu ctia cAc médun
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doi dong dieu dia phuong Artin Hyp (M,) va H;gi(ﬁm). Cu thé ta c6

dinh 1y sau.

Dinh ly 2.2.2. Cho R la thuong cua mot vanh Cohen-Macaulay dia
phuong. Gid s B € Spec(]i’;) voi p = PN R. Dat rg = dim ﬁqg/pﬁqg.

Khi dé vdi bat ki s6 nguyén i > 0 ta cé
. R . ;

Chitng minh. Gia sit ¢ > 0 14 mot s6 nguyén. Vi dong cau dia phuong
R, — 1%43 13 phing va vanh ]3“1; /p}A%qg 14 Cohen-Macaulay chiéu rq nén
tit Bo dé 2.1.4 ta c6 H;gi(ﬁ‘ﬁ) = 0 néu va chi néu Hyp (M,) = 0. Do
d6, néu Hyp (M) = 0 thi ca hai vé déu bang —oo.

Theo Ménh de 1.3.2(ii), ton tai mot ideéan nguyeén t6 gin két qR, €
Attp, H;RP(MP) sao cho k = dim(R,/qR,). Viq C p va‘*BP N R = p nén
ton tai Q € min V(q]:’z) sao cho Q C *B. Khi dé Qﬁm € A‘ctR43 H;gm(]/\iqg)

P

(theo Dinh 1y 2.1.6(c)). Do d6, tit Ménh dé 1.3.2(ii) ta c6

dimy H;gi(m) > dim(Ry/QRy) = dim(R/Q) — dim(R/%R).
Vi R/q va R/p la khong tron 1an va Q € min V(qﬁ) nén ta cé dim(f{/ﬂ)
— dim(R/q) va ry = dim(R/p) — dim(R/P). Suy ra
dim(R/Q) — dim(R/P) = dim(R/q) — dim(R/p) + ryp
= dim(R,/qRy) + 1y = k + rg.
Nguoc lai, dat ¢ = dimﬁm H;gi(ﬂm) thi theo Bé dée2.14tacot>0.
Tir Ménh dé 1.3.2(ii), ton tai QRy € Atty H;g;f(Mm) sao cho t =

dim(Ry/QRy). Dit g = QN R. Khi d6 qR, € Attg, Hip (M,) va Q €
min V(qR) (theo Dinh 1y 2.1.6(c)). Do d6, tit Ménh dé& 1.3.2(ii) va do
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tinh catenary cta R va R, ta cé

dimp, Hyp (M) +ry > dim(R,/qR,) + ry

= dim(R/q) — dim(R/p) + ry

= dim(R/Q) — dim(R/R)
(Ryp/QRy) = t.

= dim

]
Hé qua sau day mé ta tinh khoéng triét tiéu, tdp cac idéan nguyén
t6 gan két va chiéu ciia modun déi dong dieéu dia phuong cip cao nhat

3 (43,0 o, ).

Heé qua 2.2.3. Cho R la thuong cua vanh Cohen-Macaulay dia phuonyg,
m c Spec( ) p="1nN R va Ty = dlm(ng/pch) Gia su HéRp(MP) # 0.
Khi dé, modun doi dong dieu dia phuong Hip (M, Qr, ﬁrp) # 0 khi va
chi khin = ryg.

Hon nia, H;%m(H;RP(Mp) ®R, qu) la ﬁm—médun Artin cé chiéu bang
Ty + dime(HéRp(Mp)) va c6 tap idéan nguyén to gan két la

Attp, (H, o ir, (M) ®g, Ry))

= {QRm c ASSEm(Rs‘p/qu‘p) ’ qec AttR(Héj_ht(p/q)(M))}.

4 - 2 13 r i SN o~ pitrn T
Chitng minh. Theo Bo de 2.1.4, H e (HpR (My)®g, Ry) = Hgmfzi(MsB)
nén Hq3 <H;R (M,) ®r, R‘B) 1a R modun Artin. Chi § rang HpR (M,)
la mot R,-moédun Artin nén né la giéi han thuan cia mot hé thuan
{A,}, trong d6 mo6i A, 1a mot Ry,-moddun c6 do dai hitu han. Vi anh
xa ty nhién R, — fisp la hoan toan phang va vanh f{m /pfﬁsp la Cohen-
Macaulay chiéu rg nén moi modun A, ® R, Esp la mot ]/%B—médun htu
han sinh va 14 Cohen-Macaulay chiéu rg. Do d6 H% Em(A” ®g, Ryp) =0

v6i moi n # ro. V1 tich tenxo giao hoan véi giéi han thuan va ham tu
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déi dong diéu dia phuong ciing giao hoan véi giéi han thuan nén ta suy

ra v6i moi n # ryq thi

Hyypp (Hyp, (My) ®, Ry) = Hyp (im A, @, Ry)
= Hyp (m(A, ®r, Ry))

= ]1m(HmR (An ®Rp Rsﬁ)) =0.

Theo Bo dé 2.1.4 va Dinh 1y 2.1.6, 2.2.2 ta c6 diéu phai chting minh. O
D. Kirby [16, Ménh dé 2] da chiing minh rang c¢6 mot da thic Hilbert-
Samuel ciia modun Artin tuong ty nhu déi v6i modun hitu han sinh va

ta c6 két qua sau (xem [10, Hé qua 2.5, [30, Dinh ly 6])
Bo dé 2.2.4. Cho A la mot R-médun Artin va I la idéan m-nguyén so
cia R. Khi d6 Lg(0:4 I™) la mot da thitc véi n > 0, va
dlmRA = degﬁR(O ‘A In)
= inf {¢ | z1,..., 24 € m sao cho lg(0 :4 (z1,...,2,)R) < oo}.
Gid st dimz A = ¢ va a; 1a hé s6 cao nhat cla da thic (0 14 I")

v6i n > 0. Theo Brodmann va Sharp [4], boi ctia A ing vdi I , ky hiéu

e'(I,A), dugc xac dinh nhu sau
e'(I,A) = ayt!.

Cht § rdng H: (M) 13 mot R-modun Artin v6i moi s6 nguyén i > 0 va
néu R 13 thuong ctia mot vanh Cohen-Macaulay dia phuong thi
U V) = V(Amg Hy(M))
peAttr(HEL (M)

= {p € Suppy M | H,, 2P (0,) # 0},

(xem [4, Ménh dé 2.5]). Do d6 theo [4, Dinh 1y 2.4 ta ¢6 cong thiic boi
lien két ctia H (M).
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Bo dé 2.2.5. Gid st R la thuong ciia mot vanh Cohen-Macaulay dia
phuong. Cho i > 0 la moét s6 nguyén va I la mot idéan m-nguyén sd cia
R. Khi do

(I, Hiy(M)) = > Ly (Hy ™ P (M) eI, R p).

peAttr(H (M))
dim(R/p)=dimp(Hi (M))

Tiép theo ching toi st dung Dinh 1y 2.1.6 va cong thiic boi lien két
trong Bo dé 2.2.5 dé dua ra mdi lien he gitta s6 bai clia Hng(Mp) va clia

e~
Hy b (M),
Dinh 1y 2.2.6. Gid si rang R la thuong cia mot vanh Cohen-Macaulay
dia phuong. Cho IR, la mot idéan pR,-nguyén so cia Ry, 3§q3 la 1déan
cla qu sao cho E‘B/@E‘ﬁerﬁ‘ﬁ) c6 do dai hiu han. Dat Eﬁqg = H%p +
Jf&p. Khi do 21%3 la mot 1déan ‘B]%p—nguyén S0 cua ]3% va

¢'(ERy, Hgéqf(Mm)) = ¢/(IRy, Hyp (My)).(I Ry, Rep/p Rp).

Chitng minh. Dé thay ring 2]%3 la mot idéan ‘Bfis;g—nguyén SO cua fisp.

T = {qR, € Attg, Hyp (M,) | dim(R,/qR,) = k}.
V6i méi qR, € T, dat
T(q) = {QRy | Q € min V(qR),Q C B}

Vi R/q la khong tron 1an nén ta c6
dim(R/9Q) = dim(R/q) = k + dim R/p, véi moi Qf{m € T(q). Suy ra

dim(Ry/QRy) = dim(R/Q) — dim(R/P) = k + rq,
v6i moi QRy € T(q). Do d6 theo dinh 1y 2.1.6(c) ta c¢6

U T(a) = {9Ry € At H7®(My) | dim(Ry/QRy) = k + re}.
qR,eT
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Giasit QRy € | J T(q). Theo Meénh dé 1.3.2(iii) ta c6
qR,eT
AN . i+ry 3
QRy € min Atty Hmﬁ;f(Mm).

Suy ra Attg Hg;;m dlm(Rm/QRm)(Mg) — {QRy)} (theo B3 d& 2.1.2(a)).

Vi 9 € min V(qR) v R/q la khong tron lan nen
1+ g — dlm(ﬁm/ﬂﬁm) =1 — k.

T d6 (5 (Hgg(MQ)) < 00 (theo Ménh dé 1.3.2(ii)). Do Q € min V(qR)

va anh xa Ry — ég 14 hoan toan phang nén
i~k (AT i—k 2)
U (HSE (Ma)) = t5, <HqRq (M,) @, Rg)
= (g, (Hyp! (My)) L5, (Ra/qRq).
Do dé theo Bo dé 2.2.5 ta c6

¢/ (S Ry, i (V)

i+r dlm(R QR 5 D 5
_ Z, Uy (H2?™ »/98%) (g)).e(ERy, Ryp/QRy)
QRpeAtts, Hggz (M)
dim(ﬁm/ﬂﬁm):k+rsp
= > D lag(HLE (My)).e(SRy, Ry/QRy).
ARy €T QRyeT( )
= Z ER HéRk ( Z Z Rg/qﬁg)e(gﬁfp,ﬁm/ﬂém))
Ry €T QRypeT(q)

V6i méi qR, € T, cha ¥ rang
dim(Ry/qRy) = dim (RP/ 12 D, 1%)
= dlm(Rp/qu) + dlm(égp/pﬁm) =k+ Ty

Do d6 QRy € T(q) néu va chinéu QRy € Ass(Ry/qRy) va dim(Ry/Q Ry)
= dim(ﬁm/qﬁm). Do d6 véi mdi qR, € T, tir cong thiic boi lien két cta
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]%p / qﬁqg ting véi idean £§q3, ta co

> 05 (Ra/qRa).e(SRy, Ry/QRy) = e(LRy, Ry/aly).
QRyeT(q)

Vi 4nh xa R, — qu la hoan toan phing, bing cach ching minh tuong
tu [8, Bo dé 6.2] ta co

e(gﬁm, qu/qﬁqg) = B(Iqu + Eﬁm, Rp/qu ®Rp qu)
= €(IRp, Rp/qu).e(ﬁﬁuB, ﬁsp/pﬁqg)

Do d6 ta c6 cong thiic boi lien két cua H;Rp(Mp) tng voi IR,

I
¢ (S Ry, L0 (M)

= (0 tr, (HiGE (M) (T Ry, Ry /aRy) (3R, Rs/pRp)

qR,eT

= ¢ (IR, Hip (My)) e(3Ry, Ry/pRy).

2.3 Quy tich khong Cohen-Macaulay qua chuyén phing

Khi nghién cttu vé tinh Cohen-Macaulay ctia vanh vd modun thi
nhitng van dé vé quy tich khong Cohen-Macaulay ciing 14 mot mang deé
tai thu hut duge sy quan tam ciia nhiéu nha nghién ctu. Nhic lai rang
M 13 modun Cohen-Macaulay néu depth M = dim M. Quy tich khong
Cohen-Macaulay ctia M, ky hieu nCM (M), 1a tap hogp tat cd cac idéan
nguyén t6 p ctia R sao cho M, khong la R,-modun Cohen-Macaulay.
Quy tich khong Cohen-Macaulay da dudgc nghién cttu bdi mot s6 nha
toan hoc nhu R. Hartshorne, P. Schenzel, N. T. Cudng khi vanh co s6
13 thuong ctia mot vanh Gorenstein. Cac nghién ctu tap trung chi yéu

vao tinh chit déng clia quy tich theo topo Zariski (xem [14], [39]), chiéu



32

clia quy tich (xem [6], [7]) vA mo6 t& mot s6 quy tich lien quan dén tinh
Cohen-Macaulay (xem [11], [26]). Trong dé tai nay, ching t6i quan tam
dén quy tich khong Cohen-Macaulay qua chuyén phing.

Xét dong cau phang ¢ : R, — ]%;3. Cho B € Spec(R), dat p = PN R
va rq = dim (}3@3 / p]%p). Trudc hét 14 mot két qua vé tac dong ctia dong
cau phang ¢ lén tinh Cohen-Macaulay.

Meénh dé 2.3.1. Cho R la thuong ciia mot vanh Cohen-Macaulay dia
phuong. Khi dé6 M, la Cohen-Macaulay néu va chi néu ]\71; la Cohen-
Macaulay.

Ching minh. Vi R la thuong cia mdt vanh Cohen-Macaulay dia
phuong nén }?isp / pﬁsp 13 mot vanh Cohen-Macaulay chiéu rq. Do dé theo
tinh phang ctia dong cau tu nhién R, — fis;p va chi y rdng M, ®r, Esp =
M\‘ﬁ ta co dimR33 ]\7433 = dimpg, My+ry va depthR13 ]\/4}; = depthp M,+ry.
Suy ra M, 1a Cohen-Macaulay néu va chi néu M\‘B 14 Cohen-Macaulay.
O

Két qua tiép theo cho ta moi lién hé gita nCM(M,) va nCM(]\/qu) qua

chuyén phang.

Meénh dé 2.3.2. Cho R la thuong cia mot vanh Cohen-Macaulay dia
phuong. Khi do

(a) nCM(M,) = {QRy N R, | QRy € nCM(My) };

(b) HCM(M\‘JB) = UquenCM(MP) V(qﬁ‘ﬁ)-

Chitng minh. (a). Gid st R, € nCM(M,). Khi d6 M, khong la Cohen-
Macaulay. Ldy Q € minV(qR) sao cho Q C 8. Thé thi Mg khong
la Cohen-Macaulay theo Hé qua 2.3.1(a). Suy ra Q}A%p € nCM(]\/qu)
and qR, = QRy N R,. Ngugc lai, gid st QRy € nCM(Mg) va qR, =
Q Ry N R,. Khi d6 Mg khong 1a Cohen-Macaulay va do d6 M, khong la
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Cohen-Macaulay theo Hé qua 2.3.1(a). Suy ra qR, € nCM(M,).

(b). Gia stt QRy € nCM(Mgy). Dat qR, = QRy N R,. Theo chiing minh
(a) 6 trén, ta c6 qR, € nCM(M,) va Q}A%qg € V(qf{m). Ngugc lai, gia si
qR, € nCM(M,) va Qﬁmp € V(qﬁfp). Let 91 € min(qR) sao cho Q; C Q.
Khi d6 Qi N R = q va 9, Ry € nCM(My). Do d6, QRy € nCM(My). O
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Chuong 3

Modun Cohen-Macaulay chiéu 16n
hon s

Trong toan bo chuong nay ta luon gid thiét (R, m) 14 mot vanh
Noether dia phuong, M 1a mot R-moédun hitu han sinh véi chiéu Krull
dim M = d. Muc tiéu ctia chuong nay 13 nghién cttu vé mot mé rong khac
ctia modun Cohen-Macaulay, d6 1 16p modun Cohen-Macaulay chiéu 16n
hon s, tap trung chi yéu vao viéc mo ta quy tich khong Cohen-Macaulay
chiéu 16n hon s v nghién cttu chiéu ctia quy tich ndy qua chuyén phing.
Cac két qua trinh bay trong Chuong nay dugc 1ay tit bai bao [33] va mot
phan ctia bai béo [28].

3.1 Moédun Cohen-Macaulay chiéu 16n hon s

Ta da biét rang 16p modun Cohen-Macaulay 13 16p modun rat quen
thuoc va déng vai tro quan trong trong Dai sé giao hoan. Nhic lai rang
mot modun hitu han sinh M trén vanh dia phuong Noether (R, m) 1a
modun Cohen-Macaulay néu moi hé tham s6 cta M 1a M-day chinh
quy. C6 nhiéu md rong ctia 16p modun ndy da dugc gidi thieu va thu
hit duge sy quan tam nghién ciu cia nhiéu nhd todn hoc nhu: 16p

modun Buchsbaum, Cohen-Macaulay suy rong, Cohen-Macaulay chinh
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tac, Cohen-Macaulay suy rong chinh tic, Cohen-Macaulay day, Cohen-
Macaulay suy rong day, ... Cho s > —1 14 mot s6 nguyén. Khai niém
M-day chinh quy chiéu 16n hon s duge gidi thiéu trong [1] 14 mot mé rong
cua khai niem M-day chinh quy quen thudc va modun Cohen-Macaulay
chiéu 16n hon s duge dinh nghia béi N. Zamani [35] cling 1a4 mot trong

s6 nhitng md rong ctia modun Cohen-Macaulay.

Dinh nghia 3.1.1. (xem [1], [35]). Mot phan ti = € m dugc goi la
M-chinh quy chiéu lén hon s néu x ¢ p v6i moi p € Assp M théa man
dim(R/p) > s. Mot day xq,...,2; € m dude goi la M-day chinh quy
chiéu l6n hon s néu z; 1a M/(x1,...,z;_1)M-chinh quy chiéu 16n hon
s v6i moi ¢ = 1,...,t. Ta néi rang M 1a mot moédun Cohen-Macaulay
chiéu lon hon s néu moi hé tham sé cta M 1a M-day chinh quy chiéu

16n hon s.

Dé thay rang M-day chinh quy chiéu 16n hon s véi s = —1,0, 1 tuong
tng la M-day chinh quy, f-day ctia M (theo thuat ngit cia N. T. Cudng-
P. Schenzel-N. V. Trung [37]) va day chinh quy suy rong ctia M (theo
L.T. Nhan [24]). Do d6, mdodun Cohen-Macaulay chiéu 16n hon s vdi
s = —1,0,1 tuong tng la moédun Cohen-Macaulay, f-modun dinh nghia
trong [37] v& f-mddun suy rong dugc gidi thiéu trong [25]. Cling dé dang
kiém tra dugc rang néu M 1a Cohen-Macaulay chiéu 16n hon s thi M /xM
cling 134 Cohen-Macaulay chiéu 16n hon s, v6i moi phan tit tham sé x cla
M.

B6 dé sau chi ra mot sb dic trung ctia médun Cohen-Macaulay chiéu

16n hon s (xem [35, Ménh dé 2.4]).

Bo dé 3.1.2. Cdc phdt biéu sau la tuong duong:
(a) M la Cohen-Macaulay chiéu lén hon s.
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(b) Véi bat ky mot phan hé tham s6 x1,...,x; cia M va bat ky idéan
nguyén to p € Ass(M/(x1,...,x;) M) théa man dim R/p > s, ta luon cé
dimR/p=d —t.
(c) Véi bat ky p € Suppg M théa man dim R/p > s, ta luon cé
depth M, + dim R/p = d.

(d) Vi p € Suppp M théa man dim R/p > s, ta c6 M, la Cohen-
Macaulay va dim M, + dim R/p = d.

B6 dé tiép theo, c6 thé dé dang suy ra dugc tir [13, Dinh 1y 3.7], [9, Bo
dé 3.1], cho ta mot dic trung khac cia modun Cohen-Macaulay chiéu

16n hon s thong qua doéi dong diéu dia phuong.

Bo dé 3.1.3. Cho R la thuong ciia mot vanh Cohen-Macaulay dia phuong.

Khi dé6 M la Cohen-Macaulay chiéu lén hon s néu va chi néu
N-dimp(H,(M)) < s
vdi moi s6 nguyén i < dim M.
Sau day 1a mot két qua vé tinh Cohen-Macaulay chiéu 16n hon s qua
day du hoa.
Meénh dé 3.1.4. Cho R la thuong ciia mot vanh Cohen-Macaulay dia

phuong. Khi dé M la Cohen-Macaulay chieu lén hon s néu va chi néu

M la Cohen-Macaulay chiéu lén hon s.

Chitng minh. Néu R 1a thuong cia mot vanh Cohen-Macaulay dia
phuong thi

N-dimp Hj, (M) = dimp H} (M) = N-dimp H' (M)
v6i moi ¢ > 0. Do dé, theo Bé dé 3.1.3 ta c6 M la Cohen-Macaulay

chiéu 16n hon s néu va chi néu N-dimg(H. (M)) < s véi moi s6 nguyén
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i < dim M, néu va chi néu N-dimp H' -(M) < s v6i moi s6 nguyén

i < dim M, néu va chi néu M 1a Cohen-Macaulay chiéu 16n hon s. [

3.2 Quy tich khong Cohen-Macaulay chiéu 16n hon s

Nhic lai rdng quy tich khong Cohen-Macaulay ciia mot R-modun
M, ky hieu nCM(M), 1a tap hop tat cd cac idean nguyen t6 p ciia R sao
cho M, khong 1a Cohen-Macaulay. Cho i > 0 1a mot s6 nguyén. Theo M.
Brodmann va R. Y. Sharp [4], gid gid thit i cia M, ky hieu Psupp’h (M),

dugc xac dinh 1a

Psuppi(M) = {p € Spec R | Hyp ™ P (M) # 0}.
Nam 2010, N. T. Cudng, L. T. Nhan va N. T. K. Nga (xem [11]) da dung
gid gia dé mo ta quy tich khong Cohen-Macaulay ctia M nhu sau

nCM(M) = U (Psupp (M) N Psuppp(M)).

0<i<j<d

Tuong tu nCM (M) va gia gia Psupp’ (M), ching toi ki hieu nCM. (M)
va, PsuppéS(M ) tuong ting 1a quy tich khong Cohen-Macaulay chiéu 16n
hon s va gid gia thi ¢ chiéu 16n hon s cia M. Muc dich ctia ching toi
trong phan nay 1a mo ta quy tich khong Cohen-Macaulay chiéu 16n hon
s thong qua gia gia thi ¢ chiéu 16n hon s ctia M. Trudc hét ching toi
dua ra dinh nghia sau.

Dinh nghia 3.2.1. (a) Quy tich khong Cohen-Macaulay chiéu lén hon
s cta M, ky hieu nCM. (M), dugc xac dinh 1a tap tat ci cac idean
nguyén t6 cia R sao cho M, khong 1a Cohen-Macaulay chiéu 16n hon s.
(b) Cho i > 0 1a mot s6 nguyén. Gid gid thi i chiéu lén hon s cia M,

ky higu bdi Psupp’, (M), dugc dinh nghia la

Psupp’.,(M) = {p € Spec R | N-dimp, (HélgfimR/p(Mp)) > s}
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Chii ¥ rang néu s = —1 thi quy tich khong Cohen-Macaulay chiéu 16n
hon —1 1a quy tich khong Cohen-Macaulay va gid gia thi 4 chiéu 16n
hon —1 cua M chinh la gid gia thit ¢ cia M. Nhu vay, ching ta da c6
mo t& trong truong hop s = —1. Véi s > 0 1a mot s6 nguyén, ching toi
c6 dinh Iy sau day 1a két qua chinh ctia phan nay.

Dinh 1y 3.2.2.

nCM. (M) C U (Psupp’. (M) N Psuppl,(M)).

1<i<j<d
Bao ham thic ngudc lai cing ding khi R la thuong ciua mot vanh
Cohen-Macaulay dia phuong. Hon nda, néu M la dang chiéu thi

nCM. (M) = U Psupp’ ,(M).

1<i<d

Chiing minh. Cho p € nCM.4(M). Khi dé M, khong la Cohen-Macaulay
chiéu 16n hon s. Theo Bo dé 3.1.3 ton tai 1 < ¢ < dim M, sao cho
N-dimpg, (HﬁRp(Mp)) > 5. Dat i =t + dim(R/p), ta cb

N-dimp, (H,p """ (M) > s.
Suy ra p € Psuppl (M). Dat k = dim M, thi t < k. Vi M, khong la
Cohen-Macaulay chiéu 16n hon s nén ta ¢6 k > s. Do d6 theo Dinh Iy

1.3.11 ta suy ra rang

N-dimp, (Hyg (M) = k > s.
Dat j = k+ dim(R/p) thi N-dimp, (™" (M,)) > s. Diéu nay kéo
theo p € Psuppl,(M). Nhu vay

p € Psuppl, (M) N Psupp’,(M).
Vil<t<k=dimM, nén1<i<;j<d Khidé

nCM. (M) C U (Psupp’.,(M) N Psuppl,(M)).

1<i<j<d
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Ngugce lai, gia st p € Psupp’. (M) N Psuppj>8(M), 1<i<j<d Tacéd
N-dimp, (Hyp "7 (M) > s va Nedimp, (Hyz "7 (M) > s.
Dé thay rang j—dim(R/p) < dim M,. Khi d6 ton tai t = j—dim(R/p) <
dim M, théa man
N-dimp, (Hip (Mp)) > s.

Vi R la thuong ctia mot vanh Cohen-Macaulay dia phuong nén tir Bo
de 3.1.3 ta suy ra M, khong la Cohen-Macaulay chiéu 16n hon s. Do do,
p € nCM.4(M). Diéu nay cho ta bao ham thrc

U (Psupp’.,(M) N Psuppl,(M)) € nCM.,(M).

1<i<j<d
Tiép theo gid st M 1a déng chiéu. Khi d6 Psupp’ (M) C Psupp?,(M),
v6i moi i < d. That vay, lay bat ky p € Psupp’ (M), ta c6
. i—dim(R
N-dimpg, (HpRp ( /p)(Mp)) > s.
Vi R la catenary va M 1a dang chiéu nén dim M, = d — dim R/p. Do d6,
theo Dinh 1y 1.3.11 ta c6
. d—dim(R . . .
N-dimpg, (HpRp ( /p)(Mp)) =d—dimR/p>i—dimR/p
> Ndimp, (Hy P (M) > s.
Do d6, p € Psupp?,(M). Diéu nay kéo theo

nCM.,(M) =[] (Psuppl (M) N Psuppl (M))

1<i<j<d
= |J (Psuppl (M).
1<i<d
T d6 ta c6 diéu phai ching minh. O
Chi y rang khi R khong 1a thuong ctia mot vanh Cohen-Macaulay dia
phuong thi ddu dang thic trong Dinh 1y 3.2.2 13 khong diang. Sau day

la mot vi du.
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Vi du 3.2.3. Gi4 st (R, m) 132 mot mién nguyén Noether dia phuong
chieu 2 duge xay dyng bdéi Ferrand and Raynaud trong [36] sao cho
day dii m-adic R ctia R c6 idéan nguyén t6 lien két ¢ chidu 1. Khi
d6 R khong la thuong cia mot vanh Cohen-Macaulay dia phuong. Xét
truong hop s = 0, ta ¢6 R 14 Cohen-Macaulay chiéu 16n hon 0. Do dé,
nCM.o(R) = 0. Vi N-dimp, (HSRP(RP)) = 0 nén ta c6

Psuppl((R) = {p € Spec R | N-dimp, (le];fimR/p(Rp)) >0}
= {p € SpecR | dim R/p = 0} = {m}.

Mt khéc, cho bat ky p € Spec R, dim R/p =1 ta ¢6 dim R, = dim R —

dim R/p = 1. Suy ra N-dimp, (Hng(Rp)) = 1. Khi d¢

Psupp?¢(R) = {p € Spec R | N-dimp, (H;;iimR/p(Rp)) >0}
={m}U{p € SpecR | dim R/p = 1}.

Do d6 nCMs(R) C (PSUPP;O(R) A PSUPpio(R))-

Tiép theo, ching t6i nghién ctu chiéu ctia quy tich khong Cohen-

Macaulay chiéu 16n hon s qua chuyén phéang.

Dinh 1y 3.2.4. Cho s > —1 la mot s6 nguyén. Gid st B € Spec(R) vdi
p=PNR. Cho R la thuong cua mot vanh Cohen-Macaulay dia phuong.
Khi dé

(a) nCM.4(M,) # 0 néu va chi néu dim nCM>5(]\7qg) > Ty

(b) Néu nCM-,(M,) # 0, thi dimnCM.,(My) = dimnCMe. ,(M,) + ry.

Chitng minh. (a) Gid st ring nCM.4(M,) # 0. Khi d6 ta c6 thé chon
qR, € nCM.4(M,) sao cho dimnCM4(M,) = dim(R,/qR,). Suy ra M,
khong 1a Cohen-Macaulay chiéu 16n hon s. Cho Q € min V(q]%) sao
cho Q C B. Vi rg = 0 neén theo He qua 2.3.1(b) ta c6 Mg khong la
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Cohen-Macaulay chiéu 16n hon s. Suy ra Q}A%qg € nCM>S(]\/4\q3). Do dé

dim nCM.,(My) > dim(Ry/QRy) = dim(R/Q) — dim(R/P)
= dim(R/q) — dim(R/p) + rq = dim(R,/qR,) + ryp
= dimnCM.(M,) + rg > 7.

Ngugc lai, gié st rang dim nCM>8(]\/4\q3) > ro. Virg > 0, taco nCM>8(]\/4\q3)
# (). Suy ra ton tai QlA%qg € nCM>S(J\/4\m) sao cho dim(ﬁm/ﬂﬁm) > Ty
Chi ¥ riing Mg khong la Cohen-Macaulay chidu 16n hon s. Do dé theo
B6 dé 3.1.2 ta suy ra rang phai xay ra mot trong hai trudng hop sau:

Truong hop 1: Ton tai 9 Rq € min ASSEQ(]/\IQ) sao cho
s < dim (ﬁg/ﬂﬂ@g) < dim ]/\ZQ;

Truong hop 2: Ton tai Ry € Suppﬁﬂ(]\/fg) sao cho
dim (EQ / Qlﬁg) > S va ]\791 khong 1a Cohen-Macaulay.

Gia st truong hgp 1 xay ra. Khi do Qlfim € min ASSEm(]/\qu). Vi
dim(ﬁm/ﬂﬁm) > 1y, nén ta co

s + (Y <s+ dlm(ﬁm/ﬂﬁm) < dim <ﬁq3/Q1§q3>

< dim Mg + dim(]:?qg/i)]:’:m) < dim ]/\4}3.

Suy ra ]\/@3 khong 1a Cohen-Macaulay chiéu 16n hon s + ry theo Bo dé
3.1.2. Do d6 M, khong 1a Cohen-Macaulay chiéu 16n hon s theo Hé qua

2.3.1(b). Do d6, nCM(M,) # 0.
Gia su truong hop 2 xdy ra. Khi dé Qlﬁm € Suppém(]\/qu) sao cho

dim (égp/ﬂlﬁqg) > S+ dlm(ﬁm/gﬁm) > s+ Ty

va, 1\791 khong la Cohen-Macaulay. Suy ra M\sﬁ khong la Cohen-Macaulay
chiéu 16n hon s + ry theo Bo dé 3.1.2. Theo chiing minh trén, ta c6
nCM. ¢(M,) # 0.
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(b) Vi nCM.4(M,) # 0, nén ta c6 thé chon qR, € nCM.(M,) sao cho
dimnCM.4(M,) = dim(R,/qR,). Khi d6 M, khong la Cohen-Macaulay
chidu 16n hon s. Gi st Q € min V(qR) sao cho Q € P. Vi rq = 0, nén
theo Hé qué 2.3.1(b) ta suy ra ]\/4\,3 khong 1a Cohen-Macaulay chiéu 16n
hon s. Suy ra Qﬁqg € nCM>S(]\/4\m). Do dé

dim nCM. ,(My) > dim(Ry/QRy) = dim(R/Q) — dim(R/P)
= dim(R/q) — dim(R/p) + rp = dimnCM~4(M,) + rq.

Tiép theo ta ching minh bao ham thic nguge lai. Vi nCM.4(M,) # 0
nén theo (a), ton tai Qﬁm € nCM>S(]\7;I;) sao cho

dim HCM>S(]/\4\q3) = dlm(ﬁm/ﬂﬁm) Z qu.

Tit Mg khong 1a Cohen-Macaulay chidu 16n hon s suy ra riing Mg khong
la Cohen-Macaulay. Dt ¢ = QN R. Theo Hé qua 2.3.1(a) ta c6 M, khong
la Cohen-Macaulay. Dat

k:= max dimg, HéRq(Mq)

i<dim M,
thi k£ > 0. Theo Bo dé 3.1.3, M, la Cohen-Macaulay chiéu 16n hon k va
M, khong 14 Cohen-Macaulay chiéu 16n hon k—1. T He qué 2.3.1(b) suy
ra rang ]\/4\9 14 Cohen-Macaulay chiéu 16n hon k+rg. Do d6 s < k+rq—1.

Dé dang kiém tra dugc rang
dim(R,/qR,) = dim(R/q) — dim(R/p)
= (dim(R/Q) + rq) — (dim(R/P) + ry)
= dlm(ém/ﬂérp) —TIp T+ T
= (dimnCM.,(Mg) — ry) + ra.

Vi dim (nCM>S(Z\7¢;)) —ry > 0 nén ton tai mot idéan p; clia R ndm gita
q va p sao cho dim(R,/p; R,) = dim (nCM>S(]T4\sB)) — 7y va ht(p1/q) =
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rq. Do M, khong 1a Cohen-Macaulay chiéu 16n hon k — 1 nén ta c6 the
4p dung Bo dé 3.1.2 dé chi ra ring M,, khong 1a Cohen-Macaulay chiéu
I6n hon & —1+417r4. Vis < k—1+rq nén M,, khong la Cohen-Macaulay
chiéu 16n hon s. Suy ra p1R, € nCM.4(M,). Do do,

dim (nCM~4(M,)) > dim (R,/p1R,) = dim (nCM>S(]\/4\<B)) — Iy
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KET LUAN

Dé tai da thu dudgc cac két qua sau:

- Heé théng cac kién thitc vé modun déi dong diéu dia phuong, bieu dién
thit cap va chiéu ciia cAc modun Artin, médun Cohen-Macaulay, modun
Cohen-Macaulay chiéu 16n hon s, quy tich khong Cohen-Macaulay.

- Dua ra mdi lién he gitta cic tap idéan nguyén t6 gin két, moi lien
hé vé chieu ctia cic modun d6i dong dieu dia phuong Artin Hyp (M,) va
H;gi (M\qg) qua chuyén phéang.

- Nghién cttu tinh Cohen-Macaulay, tinh Cohen-Macaulay chiéu 16n
hon s qua chuyén phang.

- Mo ta quy tich khong Cohen - Macaulay chiéu 16n hon s qua cac tap

gid gi4 thi ¢ chiéu 16n hon s.
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