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PHAN MO PAU

1. Tinh cp thiét ciia vin dé nghién ciru

Phuong phap RBF - FD [6, 10, (11} 12} 13} 14} [17, |18} 20} 22} 23] 1a phuong phap khong
lu6i st dung ndi suy ham RBF (Radial Basis Function) véi cach tiép cAn dia phuong va dua
trén su rdi rac héa gidng nhu phuong phap FD (finite different). Phuong phdp nay st dung
cac tap diém rdi rac trong mién xac dinh d€ tinh nghiém tai cic di€ém nay. Mot 10i thé ctia ky
thuat roi rac khong 1uéi 12 chi can dua trén tap diém doc 1ap phan bd bat ky. Do d6, chi phi
danh cho sinh lu6i, duy tri lu6i va cap nhat ludi dudc loai tru.

Cic nghién cifu vé phuong phdap RBF-FD va ting dung giai phuong trinh dao ham riéng,
da dugc cic nha khoa hoc trong va ngoai nudc quan tam. Céc két qua trong hudng nghién
ctfu ny da dat dugc 1a: Xay dung dudc mdt sb cach tinh véc to trong s dua trén y tudng
ctia phuong phap FD va phuong phdp phan ti hitu han FEM (finite element method), xay
dung thuit toan chon tham sb hinh dang t6i wu, xdy dung thuat todn chon tim noi suy, xay
dung thuét toan 1am min thich nghi. Cac két qua tht nghiém trong [[10} (12} [18| 20, 23] cho
thiy nghiém x4p xi tim dugc bdi phuong phdp RBF-FD trén céc bai toan mau chinh xdc hon
nhiéu so véi nghiém x4p xi tim dudc bdi phuong phap FD va FEM. Tuy nhién, cic nghién
ctfu tru6c ddy mdi chi quan tAm dén do chinh x4c clia 16i giai sb.

Trong phuong phap RBF-FD [10} 12,18} 20, 23], vi mbi tim nam trong mién ta cin xac
dinh mot véc to trong s6, véc to nay dudc xdc dinh khi x4c dinh dudc bd tim ndi suy nim
trong 1an cin clia né va véc to trong s6 12 nghiém cta hé phuong trinh v6i ma tran hé s6 1a
ma tran thua. Cong doan x4c dinh véc to trong s6 1a ton kém thdi gian va hoan toan doc lap
nhau, chinh vi vdy vin dé song song héa trong phuong phdp RBF-FD 1a kha thi va cap thiét
dé 1am gidm dang k€ chi phi vé miit thoi gian.

2. Muc tiéu, doi tugng, pham vi, cach tiép can, phudng phap nghién citu

e Muc tiéu

- Xay dung dudc thudt todn song song nham muc dich song song héa qu4 trinh xac

dinh véc to trong s6 trong phuong phap RBF-FD;

— Panh gia hiéu qua cia giai phap song song héa bang ly thuyét va thi nghiém;



— Thit nghiém sb trén tap dit liéu phan tan 16n.

e Dbi tugng nghién ctiu: Pé tai tap trung vao viéc song song hod qud trinh chon tim va

tinh véc to trong s6 ctia phuong phap RBF-FD.
e Pham vi nghién cifu: Bai toan toan truyén nhiét ding.

e Cich tiép can:

Do céc van dé c6 lién quan 12 nhitng vin dé trén thé gi6i dang nghién ciu va phat
trién nén cong viéc dau tién cAn phai tién hanh 1a thu thap va hé thdng héa cic tai
liéu chuyén moén lién quan dén nhiing két qua gan day nhét vé phuong phuong phap

RBF-FD va céc k¥ thuat xu ly song song.

Céc budc tién hanh sé tuan theo quy trinh: nghién ciu, phan tich, thiét ké giai phdp,
cai dit. Viéc hop tac véi cdc tap thé va ca nhan trong va ngoai nudc sé dugc dic biét
quan tam, tin dung t6i da chit xdm va cong nghé méi, nang cao chit lugng va hiéu qui

thuc hién dé tai.

e Phuong phap nghién citu: Phuong phap nghién citu ctia dé tai dudc lua chon 1 1y thuyét
két hop véi thuc nghiém. Qua trinh dugc tién hanh dua trén viéc tim hiéu tai lidu, cai
dit thit nghiém sau d6 danh gid két qua thuc nghiém va cai tién nham nang cao chét

lugng.



Chuong 1
Kién thic co s6

Trong chuong nay ching t6i sé trinh bay céc kién thiic co s6 lién quan dén dé tai, bao
gbm: [1.1] Gi6i thiéu vé& bai toan truyén nhiét dimg; [1.2] Khai niém bai toan ndi suy dit liéu
phén tan; Khai niém ham co s& ban kinh; Ma tran xac dinh duong, ham xac dinh
duong; [1.5|N@i suy v6i ham co s& ban kinh va cudi cting 1a[1.6) Mdt s6 kién thic co ban vé ly

thuyét xi ly song song.

1.1. Bai toan truyén nhiét dung
Bai toan truyén nhiét mét chiéu:

Phutong trinh truyén nhiét mét chiéu [2)] hay phuong trinh mo ta hién tugng truyén nhiét
trong thanh vat chit dong chit c6 dang

o0
ar  ox%’

a<x<b,t>0, k=const >0, (1.1)
trong d6 u = u(t,x) 1a nhiét do ctia thanh vat chit & vi tri x tai thoi diém ¢, % la muc do thay
2. 2 A A . A Lg ~ ’ N, . 2 ~ ~ A ~ - A
doi cua nhiét do tai mot dieém nao do theo thoi gian, % la dao ham bac 2 (luu chuyén nhiét)

ctia ham nhiét do, k 1a hang sb truyén nhiét (phu thudc vao vat liéu, d6 dan nhiét, mat do va

dung tich nhiét), a, b la cac hang sb bién dién do dai ctia thanh vit chét.

Trong truong hdp k = k(x,t,u), tic 1a k phu thudc vao x,¢,u , khi d6 phuong trinh (1.1))

c6 dang
du d 0
E — a—x [k(x,t,u)a—x} y a<x<b, t >O

Khi thanh vat chit con c¢6 mot ngudn nhiét (sinh nhiét hay hip thu nhiét) dic trung béi
ham f(x,#) thi ta ¢ phuong trinh

du 0 d
3 = x [k(x,t,u)a} + f(x,t,u),a<x<b,t>0.

Néu k va f khong phu thudc vao u thi ta c6 phuong trinh truyén nhiét tuyén tinh

du d d
Friale {k(x,t)a} —q(x,)u+ f(x,t),a<x<b,t>0.



Néu dén mot thdi diém nhit dinh su phan bd nhiét trén thanh vat chit 6n dinh, khong thay
ddi theo thai gian thi dudc goi 1 hién tuong truyén nhiét da ding. Khi d6 nhiét d6 khong

thay ddi theo thdi gian nén % = 0 va ta c6 phuong trinh truyén nhiét ding

d’u
EZO, a<x<b
hay
d du
o [k(x,u)a] =f(xu),a<x<b
hay

< {k(x,u)j,—ﬂ —g(xu=f(x), a<x<b,

Bai toan truyén nhiét hai chieu:

Phucong trinh truyén nhiét trong méi truong phdng ddong chit c¢6 dang

u (82u 0%u

o \ae ™ a_yZ) (x,y) € Q, k= const. (1.2

trong d6 Q 13 ban mong vat chét c6 bién 1a dudng cong khép kin I' ndm trong mit phang Oxy,

u = u(t,x,y) la nhiét do ctia thanh vat chét & vi tri (x,y) tai thoi diém ¢, 8_1: la muc do thay

& Ed LN A . A g N 2, N, . 2 2 N N A A
doi cua nhiét do tai mot di€ém nao do theo thdi gian, g—xg‘, ‘;—y’g la dao ham béc 2 (luu chuyén
nhiét) cia ham nhiét do cua nhiét do theo huéng x va y.

Trong trudng hdp tdng quat phuong trinh (1.2)) c6 dang

du 0 du 0 du
E = a |:f1 (x,y,t,u) $:| +(9_y |:f2 (x,y,t,u) a_y:| +f(x7y7t7u)7 (xay) S 'Q‘7 >0 (13)

hay khi fi, f>, f khong phu thudc vao u thi phuong trinh (1.3)) ¢6 dang

du d du d du
3 = o [fl (x,3,1) a} —}—a—y {fz (x,y,1) a—y] —q(x,y,u+f(x,yt), (x,y) € Q, t>0.

(1.4)
Céc phuong trinh (1.2)), (1.3), dudc goi 1a cdc phuong trinh truyén nhiét 2 chiéu [2]].
Néu dén mot thai diém nhét dinh su phan bd nhiét trén ban mdng vat chit &n dinh, khong
thay ddi theo thoi gian thi dugc goi 13 hién tugng truyén nhiét diing. Khi d6 nhiét do khong
thay ddi theo thdi gian nén % = 0 va phuong trinh truyén nhiét ditng c6 dang

%u  d%u

ﬁ‘i‘a—yz:(), (x,y) cQ (1.5)



hay

d d d d
5 |:f1 (x,y,u) 8_l;:| +a_y |:f2 (x,y,u) a_$:| = f(x,y,u), ()C,y) € Qa

d du d du

5 ) R 3. ) a0 ) = ) ) ) € Q.
S e ]+ 5 e G| gt = £, )
Phuong trinh ((1.5]) v6i vé& phai khac 0 khi d6 ta ¢6 phuong trinh Poisson hai chiéu

0%u  d%u
W+8_)/2:f(x’y)’ (x,y) € Q. (1.6)

Bai todn tim ham u = u(x,y) thda man phuong trinh (1.6]) véi diéu kién bién

u(x,y)=g(xy), (xyel (1.7)

dudc goi 12 bai toan bién Dirichlet dbi v6i phuong trinh Poisson.
Y nghia vt 1y ctia bai todn 12 mo ta su phan bd nhiét da 6n dinh trong mit phing Q khi

phan bd nhiét do tai bién ' cda Q & dinh 1a g (x,y).
Bai toan truyén nhiét ba chiéu:

Tuong tu nhu trong khong gian hai chiéu, thay ban méng vt chét bang mot khbi vat chit
Q c6 mit bién khép kin T, dit trong khong gian Oxyz. Khi d6 phuong trinh truyén nhiét trong
moi truong khong gian ddong chit 1a

@_k 92u+82u+82u
ot \odx2  d? 972

) ; (%,3,2) € Q, k= const (1.8)

hay dang téng quat ctia phuong trinh (1.8)) 1a

du 0 0 0 du 0 du
E = EC |:fl <X7y7Z7t7M) a_} +a_y |:f2 (x,y,z,t,u) a_y:| +&_z |:f3 (x,y,z,t,u) a_Z}

u
X

+f(x,y,z,t,u), (x,y,2) €Q,t>0. (1.9)
Néu f1, f2, f3, f khdng phu thudc vao u thi phuong trinh ([1.9) c6 dang

du d du d du 0 du
E = EC [fl (x,y,z,t) $:| +a_y |:f2(x,y,Z,t) a_y:| +a—Z |:f3 (x,y,z,t) a_z‘|

—q(x,y,z,t)u+f(x,y,2,1), (x,y,2) € Q, t > 0. (1.10)

Céc phuong trinh (1.8), (1.9)), (1.10) dugc goi 1a cac phuong trinh truyén nhiét 3 chiéu [2].
Phuong trinh truyén nhiét ding ba chiéu c6 dang

0%u n 0%u n 0%u B
ox2  dy? 972

0, (x,yz2)eQ



hay

0 du d du 0 du
a [fl (x,y,z,u) $:| +8_y |:f2 (x,y,z,u) 8_y:| +8_Z |:f3 (xay7z7u) a_z}

:f(xvyaz7u)7 (x,y,z) € Qv
0 0 d 0 0 0
a |:fl (x,y,z) 8_Z:| +a_y |:f2 (x,y,z) a_;t:| +8_Z |:f2 (x,y,z) a_l::| —q(x,y,z)u

=f(X,y,Z), (x;y,Z) € Q.

Phuong trinh Poisson véi diéu kién bién Dirichlet trong khong gian 13 bai toan tim ham
u=u(x,y,z) thdoa man

%u  d*u 9%u

u(x,y,z) =gxyz), (xyz)el. (1.12)
1.2. Noi suy du liéu phan tan

Cho bd dt liéu (x;,yi),i =1,2,...,n,x; € R?,y; € R, trong d6 x; 1a cac vi tri do, y; 1a cac
két qua tai vi tri do. Gid st uy,ua,...,u, 1a cic ham co s& ctia khong gian tuyén tinh cac ham
d bién lién tuc [22]. Ky hiéu

n
F =span{uy,uy,... ,uy} = {Z Crllg, Cx € ]R} )
k=1

Bai todn ndi suy: Tim ham Py € F théa man

Pr(x;) =yi, i=1,2,...,n. (1.13)
Vi Py € F nén
n
Pr(x) = Y cun(x), x € RY, (1.14)
k=1
t (T.13) va (T.14) ta c6
Ac =Yy, (1.15)
trong do
up(xy) - up(xy)
A— : (1.16)

up(x,) o up(xp)



c=ler,.. ety y=1,..o0)t
Phuong trinh (T.15) c¢6 nghiém duy nhit khi det(A) # 0, cau hoi dit ra 12 chon co s6
{uy,u,...,u,} nhu thé nao dé€ diéu kién trén dugc théa man? Trong trudng hop d = 1 thi ta

c6 thé chon co sé 1a
{ur,ug, ... ,up} = {l,x,xz,...,x”’l}.

Pinh nghia 1.2.1. (Khéng gian Haar) Gid sit Q C R? chita it nhdt n diém va F C C(Q)
la khong gian tuyén tinh n chiéu. Ta noi F la khong gian Haar n chiéu trén Q néu vdi bdt
ky cdc diém phdn biét x1,x2,...,%, € Qva fi,f>,..., fa €R, thi ton tai ham s €V sao cho
s(xi)=fi, i=1,2,...,n [22].
Dinh ly 1.2.1. V la khéng gian Haar n chiéu khi va chi khi vdi bdt ky cdc diém phdn biét
X1,X2, ..., Xp € Q va cO G uy,uy, ... ,u, cia 'V, ta luén cé det(A) # 0, trong do ma trdn A
duwoc xdc dinh bdi (1.16) [22]].

Su ton tai ctia khong gian Haar ddm béo tinh kha nghich ctia ma tran néi suy, nghia 1a ton
tai duy nhat nghiém ctia Bai toan ndi suy (T.13). Khong gian céc da thiic mot bién bac n — 1
chinh 12 khong gian Haar n chiéu véi tap dif liéu (xj3yj), xj,y; €R, j=1,....n.
Dinh ly 1.2.2. (Mairhuber Curtis) Gid sit rang Q C R?, d > 2, chita mét diém trong. Khi do
khéng ton tai khong gian Haar ciia cdc ham lién tuc trén Q [22].

Dinh Iy Mairhuber Curtis cho thiy rang néu mudn giai dugc bai toan ndi suy dit liéu phan
tan nhiéu bién thi co s6 cAn phu thudc vao céc vi tri dit liéu. D€ thu dudc cac khong gian xap

xi phu thudc dit liéu, chiing ta can xét cdc ham xdc dinh duong va ma trin xac dinh duong.

1.3. Ham co sé ban kinh

Pinh nghia 1.3.1. Mot ham ¢ : R? — R duwgc goi la ham co s6 bdn kinh (RBF) néu é do ton

tai mot ham @ : [0, 4+o0) — R sao cho
¢ (x) = o(|[x[2),
trong dé ||x||, la chudn Euclid [22]].

Khi nhan r v6i mot s6 16n hon khong thi ham ¢ (x) van la xac dinh duong, nén khi thém

tham sb hinh dang § > 0 vao ham ¢ ta c6 Bang sau:



Bang 1.1: Mot s6 ham co s& béan kinh, trong d6 r = ||x — xi||.

Tén ham Viét tat Pinh nghia
Multiquadric MQ Omg(r) = V1+r2
Inverse multiquadric | IMQ | @y (r) = 1/V/1+12
Gaussian Gauss Og(r)=e" ’

Bang 1.2: Mot s6 ham co s3 ban kinh vé6i tham sb hinh dang 8 > 0.

Tén ham Viét tat Pinh nghia
Multiquadric MQ Omg(r) = V2 + 12
Inverse multiquadric | IMQ | @img(r) =1 / V82412
Gaussian Gauss Oy (r) = e/ 5)*

1.4. Ma tran xac dinh duong, ham xac dinh duong

Ma tran xac dinh duong:

Pinh nghia 1.4.1. Ma trdn thuc, déi xiing A = [A;j|nxn dugc goi la xdc dinh duong néu dang

toan phuong tuong ung khong dm, ticc la

n

T
chckA,-j >0, c=(c1,¢2,...,¢p) €ER"
1j=1

™=

~.

hay

cTAc>0 c=(c1,c2,...,c0)T €R™
Ddu "=" xdy ra khi va chi khi ¢ = (0,0,...,0)T [22]].
Tinh chét quan trong ctia ma tran x4c dinh duong 1 cdc gid tri riéng ctia n6 duong, do d6
ma trin xac dinh duong 13 khong suy bién.
V6i ¢o s6 ug, néu Bai toan nodi suy (T.13) tao ra ma tran ndi suy A xdc dinh duong thi hé
(T.15) c6 nghiém duy nhit.
Ham xac dinh duong:

DPinh nghia 1.4.2. Ham ®: R — R lién tuc, duoc goi la xdc dinh duong trén R4 néu va chi

néu né la ham chdn va véi moi bo tam phdn biét ting doi mot X = {x1,xa,...,x,} C R, véi



moi véc to ¢ = (cy,c¢2,...,cn) € R" thi dang toan phuong

n n
) Z ek ®(xj —xi) > 0. (1.17)
j=lk=1
Ddu "=" xdy ra khi va chi khi c la véc to 0 [22] [13]].

Dinh nghia 1.4.3. Ham mét bién ¢ : [0,+o) — R duoc goi la xdc dinh duong trén R? néu
ham nhiéu bién tuong iing ®(x) = ¢(||x||), x € RY, la xdc dinh dwong [22) [13].

Tir dinh nghia trén va tinh chit cia ma tran xdc dinh duong ta thiy c6 thé st dung cic

ham xac dinh duong u,, = ®(x — x;) 1a ham co s6 ban kinh RBF va khi do6 ta co:

Pr(x) = i cxP(x —xg).
k=1

Ma tran ndi suy A = [A;j]nxn, V01 Ajj = up(x;) = P(xi —x;)si,j=1,...,n

Dinh nghia 1.4.4. Mot ham duoc goi la ham bdn kinh xdc dinh duong néu né vica la ham

bdn kinh vita dong thoi xdc dinh duong [22) [13]].
Gia st @(x) la ham xac dinh duong va dugc xac dinh
CI)k(X) = @(X—Xk) = (P(||X—Xk||), k= 1727 sy, X E Rd'

Khi d6 ma tran cta bai toan ndi suy theo ham ®(x) c6 dang
D(0) s D(x) —xp)
A=
P(x, —x1) .- P(0)
Theo dinh nghia ham xac dinh duong thi det(A) # 0.
1.5. Noi suy ham c¢ s6 ban kinh
Gia st c6 bd tim {x;, k= 1,2,...,n} va ham ®(x) sao cho
(I)k(X) = (I)()C—Xk> = (P(HX—X](H), k= 1725 N (P S Rd'

Khi d6, ndi suy ham s6 dua trén ciac ham co sé ban kinh 13 tim ham

chq)k ch(P (e = xxl])



10

thda man diéu kién noi suy (I.13).

Néu @, (x) 12 ham x4c dinh duong thi theo diéu kién noi suy ta c6

Pf(x,-)zyi, i=1,2,...,l’l

hay
n
ch(p(|]xi—xk||):yi7 i=1,2,....n
k=1
hay
Ac =Yy,
trong do
@0) DPlrr—x2) 0 Plx1—xn)
A D(x2 —x1) ®(0) o D —xy)
D(x,—x1) DPlxp—x2) - P(0)
c=[ct. ety y=[v1s- o)l

Theo dinh nghia ham xac dinh duong ta c6 det(A) # 0.

1.6. Mot s6 kién thitc co ban vé Iy thuyét xit Iy song song
Dinh nghia:

Dinh nghia 1.6.1. Xi Iy song song la qud trinh xit [y gém nhiéu tién trinh duoc kich hoat
dong thoi va cing tham gia gidi quyét mot van dé, noi chung la thuc hién trén nhiing da bo

xii 1y (],

Mot trong cac muc dich chinh cta xt ly song song la nghién ctru va xay dung nhiing thuat
todn thich hop dé cai dit trén cidc may tinh song song, nghia 1a pht tri€n cac thuat toan song
song. Pbi v6i thuit todn tuan tu thi chiing ta c6 thé thong nhit cich danh gid dva vao thdi
gian thyc hién thuit toan, khong gian bd nhé va kha nang 1ap trinh. Panh gia thuat toan song
song thi phtic tap hon nhiéu, ngoai nhiing tiéu chuin trén con phai bd sung thém nhiing tham
s6 vé s bo xit ly, kha niing clia cac bd nhé cuc bo, so dd truyén thong va cdc giao thifc dong
b0 hoa, v.v.

DE cai dit céac thuat todn song song trén cdc mdy tinh song song ching ta phai st dung
nhiing ngdn ngit 14p trinh song song. Nhiéu ngdn ngit 1ap trinh song song dang dudc st dung

nhu: Fortran 90, nCUBE C, Occam, C-Linda, PVM vé61 C/C++, CDC 6600, v.v.
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Thuat toan song song:

Thuat todn song song 1a mot tip cac tién trinh hoiic cic tac vu c6 thé thuc hién dong thdi
va ¢6 thé trao ddi dit liéu v6i nhau dé két hop cuing giai mot bai todn dit ra. Thuit todn song
song c6 thé xem nhu 12 mot tip hop cac don thé doc 1ap, mot s6 trong sb ching c6 thé thuc
hién tuong tranh trén may tinh song song [[1]. D& thiét ké dugc cac thuit toan song song can

phai thuc hién.
e Phan chia du liéu cho cac tac vu.
e Chi ra cach truy cép va chia sé di liéu.
e Phan céc tic vu cho céc tién trinh (bo X 1y).
e Cic tién trinh dudc dong b ra sao.

Khi thiét k& mot thuat todn song song c6 thé sit dung mot s6 nguyén li chinh trong thiét ké

thudt toan song song

e Nguyén Iy ldp lich: St dung cac thuét toan 1ap lich cho cdc bo xi 1y d€ giam tbi thidu

thoi gian tinh toan.

e Nguyén Iy hinh éng: Nguyén ly nay dudc dp dung khi bai toan xuit hién mot day céc

thao tac {Ty,»,...,T,}, trong d6 T;, | thuc hién sau khi 7; két thic.

e Nguyén Iy chia dé¢'tri: Chia bai toan thanh nhitng phan nho hon tuong d6i doc lap véi

nhau va giai quyét chiing mot cach song song.
C6 ba céch tiép can d€ thiét ké thuat toan song song:

1. Song song hoa nhitng thuit todn tuan tu, bién ddi nhitng ciu triic tuan tu dé tin dung

kha niing song song tu nhién cta tit cd cac thanh phan trong hé théng xi ly.
2. Thiét ké thuat toan song song méi trén co s thuit todn song song da co.
3. Thiét ké thuat toan song song hoan toan mdi thich dng véi nhiing céu tric song song.

Nhu vay, cach lam thong dung 12 bién ddi cac thuit toan tuan tu vé song song, hay chuyén tir
mot dang song song vé dang song song phit hgp hon sao van bao toan dudc tinh tuong duong

trong tinh toan. Do d6, khi bién ddi chiing ta can tra 15i hai cau hoéi
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e Kién tric nao phu hop cho bai toan?
e Nhiing bai todn loai ndo sé xi ly hiéu qua trong kién triic song song cho truéc?

Phan tich va danh gia thuat toan song song:

Dé danh gia dugc do phic tap tinh todn ciia cic thuit todn song song, ngoai s6 budc tinh
toan chiing ta con can danh gia thdi gian truyén thong cla céc tién trinh [19]. Trong mot hé
thong truyén thong, thdi gian truyén thong ciing phai dugc xem trong thdi gian thuc hién cta

thuat toan. Thoi gian thuc hién song song, ky hiéu la 7, gdm hai phan teomp VA teomm

tp = tcomp +tcomms

trong do, t.omp 1a thoi gian tinh toan va #.y, - thoi gian truyén thong di liéu.

Thdi gian tinh toan 7., duge xdc dinh gidbng nhu thuat todn tuan ty. Khi ¢6 nhiéu tién
trinh tién trinh thuc hién dong thdi thi tinh thdi gian thuc hién cla tién trinh phiic tap nhét
(thuc hién 1au nhit). Trong phan tich do phtc tap tinh todn, chiing ta ludn gia thiét ring, tat
ca cac bd xir Iy 12 gidng nhau va thao tac cling mot téc dd nhu nhau. Déi v6i nhitng cum may
tinh khong thuan nhét thi diéu nay khong dam bio do viy, viéc danh gia thoi gian tinh toan
ctia nhitng hé nhu thé 1a rat phic tap.

Thai gian truyén thong #.omm lai phu thudc vao kich ¢d cia cac thong diép, vao ciu hinh
két n6i mang dudng truyén va ca cach thiic truyén tai thong diép, v.v. Cong thiic uéc luong

thoi gian truyén thong dudc xdc dinh nhu sau

Tcomm ‘= tstartup TN X lgatas

trong do fsarrup 1a thoi gian can thiét d€ gdi nhitng thong diép khong phai 1a dit liéu. N6 bao
gdm ca thoi gian dé€ dong goi thong diép & noi gii va thoi gian mé goi 6 noi nhan. DE don
gian chiing ta gia thiét thoi gian nay 13 hang s6. f4, 12 thoi gian can thiét d& chuyén mot tir
dit liéu (mot muc dit liéu) tif ndi gii t6i noi nhan, dudc gia thiét 1a hing s6 va n 1a s6 tir dif
liéu dugc trao d6i trong hé thong.

Ddnh gia thuat todn tuan tu c6 thé cin cti chd yéu vao thdi gian thuc hién dudc tinh theo
ham cua kich c¢d di liéu vao (input). Ham nay dudc goi la d phuc tap tinh toan thoi gian
f(n) cla thuat toan va dugc ky hiéu 12 O(f(n)) va O(1) ky hiéu cho mot hing sb bat ky. Mot

cach hinh thiic O(g(x)) duge dinh nghia nhu sau:
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Pinh nghia 1.6.2. Cho g(x), f(x) la hai ham c¢ gid tri duong. Ta néi mot thudt todn cé do
phiic tap tinh todn f(x) = O(g(x)) khi va chi khi ton tai s6 C duong va sé nguyén x sao cho

0 < f(x) < C x g(x), véi moi s6 lugng dit liéu vao x > x.

Do phuc tap tinh todn cia thuét toan song song khong chi phu thudc vao kich ¢d cua dit
liéu dau vao ma con phu thudc vao kién triic mdy tinh song song va s luong céac bd xi ly
dudc phép st dung trong hé thong.

Do phic tap thoi gian 12 thuée do quan trong nhit danh gid mic dd hiéu qua cta thuat
toan song song. Ching ta gia thiét ring md hinh tinh todn c6 p bod xit ly. Nghia 1a mic do
song song la c6 gidi han. Ngudc lai, miic do song song khong bi gidi han khi s6 cic bo xi 1y
la khong bi chan.

Do phuc tap thdi gian ctia thuit todn song song st dung p bd xut Iy d€ gidi mot bai todn
c6 kich ¢ n 12 ham f(n, p) xdc dinh thdi gian cuc dai troi qua gitta thai diém bat diu thuc
hién thuat ton béi mot bo xii 1y va thdi diém két thiic cla cac bo xi ly dbi véi bo dit liéu vao

bét ky. C6 hai loai thao tic khic nhau trong cic thuat toan song song
e Cac phép toan cd s6 nhu +, -, X, /, AND, OR, v.v.
e Céc phép todn truyén dif liéu trén cac kénh truyén.

Do phiic tap thdi gian cia thuit todn song song dudc xac dinh bdi sd cac phép todn co sé
va sb cac budc truyén tai dit lidu gitta cac bo x{ 1y v6i nhau. Tir d6 suy ra, do phiic tap thoi
gian cua thudt toan song song khong chi phu thudc vao mo hinh tinh toan ma con phu thudc
vao s6 bd xu ly dudc st dung.

N6i chung, chuong trinh tinh toan song song thuong bat diu bang viéc nhap dit liéu vao
bd nhé va kich hoat mot phan ti xt ly. Mdi budc tinh todn, phan ti xit 1y nay c6 thé doc mot
s6 dif liéu tif bd nhd, thuc hién mot s6 phép todn co s3 va ghi két qua vao bo nhd riéng hoic
bd nhé chung. Pong thi mdi bude tinh todn, mot phan ti xi 1y ¢ thé kich hoat mot hay mot
s6 phan ti xit Iy khac. Thuc té thi cdc mdy tinh déu c6 s6 bd xi 1y 1a hitu han, nén nhiing
thuat toan song song khong bi gidi han chi c6 nghia st dung khi chiing c6 thé chuyén ddi vé
thuat toan song song bi giGi han.

C6 ba céch dinh nghia khai niém lién quan dén do phiic tap cta thuit toan song song
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e Mot thudt toan song song ¢ do phiic tap tinh toan O(T') véi P bo xtt 1y khi né thuc

hién nhiéu nhit 12 O(T x P) phép todn cd sé (dinh ly Brent).

e Mot thuat todn song song c6 do phic tap tinh toan O(7T') st dung rat nhiéu bo xt ly dé
thuc hién O(e) phép toan co sG khi cai dat véi P bd xu 1y thi s€ cé do phic tap thai

gian1a O[]+ 7).

e Mot thuét todn song song ¢ do phic tap tinh todn O(T') véi P bd xtt 1y ¢6 thé cai dit

v6i [ﬂ 1< p<Pboxi Iy thi sé c6 do phic tap thdi gian 1a O(p x T).

Két qua thit 2 chi ra riang khi sb bo xit Iy dudc sit dung giam xudng trong mot pham vi
nhét dinh thi thut toan tiép tuc 1am viéc nhung thoi gian thuc hién sé ting 1én. Két qua thi
3 khang dinh ring c6 cach dé cai dit thuat toan song song khi sb cdc bo xit ly dudc st dung
bi giam xudng.

Miic do hiéu qua cta thuit todn dudc thé hién ¢ mic do song song cia thuit todn. Miic
do song song ctia thuat todn 1a sd Iuong cuc dai cac phép toan doc 1ap c6 thé thuc hién dong
thdi ¢ moi thdi diém thuc hién cla thuat todn. Ky hiéu P(W) 1a do song song clia thuét toan,
thi thuat toan hiéu qua gidi dé gidi bai todn c6 ¢ W 1a nhiing thuat toan chi can st dung
nhiéu nhét P(W) bd xt ly. Ngoai ra, d€ dénh gid dugc thuat toan song song chiing ta con phéi
xét t6i hé sb gia téc clia n6. Hé sb gia tde clia thuat todn song song st dung p bd xi ly dudc
xac dinh bdi cong thic

5
Sp==, 1<S,<p,

Ip
trong d6 ¢ la thoi gian thuc hién tinh todn trén mot bo xi ly va ¢, 1a thdi gian thyc hién tinh

todn trén p bo xit ly, v6i gia thiét 12 bd xi 1y tuan tu va bd xi ly song song 14 nhu nhau.
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Chuong 2

Tinh toan song song cho phuong phap
RBF-FD trong khong gian hai chieu

Trong chuong nay chiing tdi sé trinh bay cdc phan sau: 2.1/ Gidi thiéu vé véc to trong sb
trong cong thiic vi phén s; Céch rdi rac bai toan truyén nhiét diing; Thuit to4n tuan
tu chon bd tam ho trg; Song song héa viéc chon bd tim hd trd va tinh véc to trong s6;
Thit nghiém s va cubi cuing 13 phan Két luan.

Cic két qua trong chuong nay dugc cong bd trong [3, 4, 5]

2.1. Véc to trong s6 trong cong thirc vi phan so

Gié stt D 1a todn tit vi phan tuyén tinh va X = {x;}"_ 1a bd tdm phan bd khong déu trong

R?. Ta sé tim cdng thiic vi phdn sé ctia toan ti D

n

Du(x) = Y wi(x)u(xi), 2.1
i=0
dugc xéc dinh bdi cdc trong sé w; = wi(x). Véc to w = [wy,...,w,|" dudc goi 1a stencil hay

con goi 1a véc to trong sé.

That vy, véc to trong sb trong cdng thiic c6 thé dugc tim bang ndi suy dif liéu phan
tan nhu sau:

Cho s 12 mot xAp xi clia u trén bd tdm phan tin X = {xo,...,x,} C R véi cac gia tri

tuong tng (x;,u(x;)) cé dang

m
s= ) aisi,
i=0

trong d6 s;, i = 0,...,m la cidc ham co s8 va véc to hé s6 a = [ao, ..., an]’ phu thudc tuyén

tinh vao Uy,
n
ai:Zbiju(xj), i:(),...,m,
Jj=0
hay

a=B-uy, (2.2)



16

m,n

trong d6 B = [b;j];Z ;—o-

Dé tim cong thic vi phan clia toan ti D, ta xap xi
m n m n
Du(x) ~ Ds(x) = ZaiDs,-(x) = Z <ZbijDsi(x))u(xj) = Z wiu(x;),
i=0 J=0 “i=0 Jj=0
va ta nhan dugc cong thic (2.1)) véi stencil w = [wy, ..., w,]T dugc cho béi

m
Wj:ZbijDsi(x)a jZO,...,I’L,
i=0

hay
w =BT - [Ds;(x)|™. (2.3)

Xét trudng hop m = n va cac hé sd a ; thu dudc bing cach giai bai todn ndi suy khong suy

bién
s(x;) = Zajsj(xi) =u(x;), i=0,...,n,
j=0
hay
Sxa = M‘X,
hay
a= S;lu‘x,

trong d6 Sy := [s;(x;)]} ;_o- T 2.2), 2.3) suy ra B = Sy ! va véc to trong s6 w dudc tinh bdi
cong thuc

w=58y" [Dsi(x)]io,

hay giai hé phuong trinh tuyén tinh
Sxw = [Dsi(x)]1, (2.4)

hay
n
Zwisj(xi) =Dsj(x), j=0,...,n.
i=0

Do chinh x4c clia véc to trong s6 lién quan truc tiép dén do chinh x4c ctia phuong phap xap
xi.

Trong phuong phap khong ludi RBF-FD, véc td trong s& w c6 thé dugc tim bing noi suy
Hermite (xem chi tiét trong [5, [10]) v6i céch tiép can toan cuc, tuy nhién khi giai bai todn

bing céc tiép can nay din dén s6 diéu kién ctia ma tran ting 1én khi s6 tAm ndi suy ting hoic
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mién c6 hinh hoc phiic tap. Vi vdy, véc td w chi yéu dudc tim bang sit dung ndi suy ham co

sG ban kinh RBF [3], /4, 10, [18], v6i ham ndi suy c¢o sd ban kinh s ctia ham u ¢6 dang
s(x) =Y aj®(x—x;), P(x):=(|x]),x R,
j=0

trong d6 @ : R, — R 1a ham xdc dinh duong va ||x|| 1a chuén Euclid. Khi d6 véc to trong s6

w trong cong thuc (2.4) dudc tim bdi cong thuc

dxw = DD(xp—.) (2.5)

x>

vii qDX = [CD(X,' —Xj)]n

! iz DP(xo — )| = [Ds(x0 — x;) |-

Khi tim véc to trong s trong cic thi nghiém sd, cic tac gia da dung ham RBF Gauss
o(r)=e 2 day 12 ham x4c dinh duong dbi v6i moi gid tri tham sé hinh dang ¢ > 0 (xem

chi tiét [11]]). V6i ham nay, ma tran ®y c6 dang
Dy = [e—czllxz'—x/'l\z]ﬁj:l_
Khi d6 Laplacian cia ham Gauss ®(x) = eI 13
AD(x) = 2¢2e P (262 |1x|2 — a).
Trong phan tiép theo, ta sit dung cong thiic vi phan sb dé roii rac bai toan truyén nhiét
dung (1.6)-(1.7), trong d6 toan ti vi phan D la toan ti Laplace A, xem thém trong [4} [10] [18].

2.2. Roi rac bai toan truyén nhiét dirng

Bai todn truyén nhiét ding (1.6)-(1.7) duoc viét dusi dang bai toan Dirichlet d6i véi
phuong trinh Poisson trong khong gian hai chiéu la:
Cho mién mé Q C R? va cic ham s f xdc dinh trén Q, g dudc xac dinh trén dQ. Tim

u: Q — R sao cho

Au= f trén Q, (2.6)

Ulpo = & 2.7)

Bai toan dudc roi rac héa nhu sau:
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Goi E C Q 12 bd hitu han cdc tdm rvi rac, dZ := ZNIQ va E;y := =\ IE. Gia st véi
moi § € Eiy, bd E, C E dugc chon sao cho § € Zy va

- U

CEEint

(x]
(x]

C.
Déi v6i mbi { € Ziy, st dung cong thic (2.1)) ddi véi todn ti Laplace A ta dugc
Au(§)~ Y wegu(§), (2.8)
SeBy

trong d6 [w¢ ¢]ecz, 1a cdc véc to trong s6. Khi d6 bai todn 1'1} dugc rdi rac thanh hé

phuong trinh tuyén tinh

Y weed(§)=£(8), §€Zim, (2.9)

Sely
a(&) =g(8), &€& (2.10)

Néu hé phuong trinh — khong suy bién thi gidi hé ta s& tim dugc nghiém xip xi
ciabaitoanlasi:Z — R.

Khi thuc hién trén mién hinh vuong Q C R?, phuong phdp dudc trinh nay 1a phuong
phép sai phan hitu han, = 12 ludi déu va 12 cong thiic sai phan 5 - diém ddi véi toan tir
Laplace.

Do chinh xdc cia phuong phdp khi giai bai toan (2.9)—(2.10) phu thudc vao cich chon
bd tAm hd trg tinh toan véc to trong sb E¢. Hién nay co nhiéu thuit toan chon B¢, xem
(10, (18} 20, 23]. Trong phﬁn tiép theo, ching t6i xin gidi thiéu thuét toan chon tam [18,
Thuat toan 1] dugc dé xult gan ddy nhét va dé xuit song song héa thuit toan niy cung véi

tinh véc to trong s6 trong [3].

2.3. Thuat toan chon tam
Y twéng cia thuit toan:

V6i moi § € Eiy, ta chon dugc tap = = {, {1, .., 8} C &, trong d6 cdc diém (..., &,
dugc xép theo thi tu ngudc chiéu kim dong hd dbi véi ¢. Dit
n

/,L(Cl,...,C,,)::Zaiz o(i,...,¢) = min o, a(Ey,...,E,) = max q,

=~ 1<i<n 1<i<n
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trong d6 o; 1a géc gitta cac tia &, {41 theo hudng ngudc chiéu kim dong ho, véi chu
trinh {4 := §. Vi Y, o = 27, nén biéu thic Y., o? dat gid tri nhd nhét khi cdc tia { ¢
phan b6 déu hay cdc géc o; bang nhau o) = - -- = o, = 27 /n. Trong thuc nghiém rat khé dé
chon dugc céc diém (..., & sao cho biéu thic Y1, a dat gid tri nhd nhét ddi véi tap con
{C1,...,&,} cla tap hitu han E, nén trong [10, 18] cac tac gia st dung p lam do do cac goc

déu khi so sanh 2 tip con cuing dang va cac thuit todn st dung diéu kién diing

&(Cla--an) SVQ(Cla--an)»

voiv > 1.0.
Céc thuft todn déu bat dau véi k di€ém gin nhat, sau d6 thay thé di€m ¢ bdi cac di€m c6
khoéang cach 16n hon & € Z\ E¢ sao cho i (..., &) nho hon. Mat khac, vi céc di€m & gan

cling phit hgp, nén thuat toan chon tam trong [[18]] st dung thém diéu kién ding thi hai
c Kk
16=¢ll= 2% Z 1G5 = Ell+ 118 = Ejall)

v6ihésbc>1.0va& € E\E;.

Tht nghiém s6 cho thiy, cic gia tri v = 2.5, ¢ = 3.0 dudc xdc dinh 1a cho két qua t6t va
ludn chon k = 6 d€ dam bao mat do ctia ma tran hé sd c6 thé so sanh v6i mat do cia
ma tran hé sb ctia phuong phap phan ti hitu han v6i ham tuyén tinh, xem chi tiét trong [10].

D€ tinh to4n nhanh, ban diu c4c thuat toan chon m = 50 diém gan nhit va nhan ddi khich

thu6c tap dugc chon khi qua trinh thay thé da hét.

N6i dung cua thuat toan:

Algorithm 1. [Thuét toan 1, [18]] Thuét toan ODP chon tip cac tam hé trg

Input: B, §.

Output: E¢.

Cdc tham so: k (s6 diém trong E¢\{{}),v> 1.0 (tham s6 goc déu ), ¢ > 1.0 (khoang cach),
va m > k. Céc gia tri tham s6 dudc st dung trong thit nghiém sb k =6, v =2.5, c =3.0 va
m = 50.

I Timm diém gannhat &,..., &, trong \ {{} dén £, sdp xép theo chiéu ting dan vé& mit
khoang céch dén , tap ban dau E¢ :={{,&1,..., G} ={C,&1,..., &) vai==k+1.
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II. While i <m:

L Néw IS~ &l > ST (16— Cll+ 16— Gyl dhi STOP va i vé .

2. Tinh cdc goc a,.. ., 0y, dudc tao b6i tap mé rong {L7,..., &} ={C1,..., &, &}
Néu cic géc giita tia €& va hai tia 1an cin clia né 16n hon géc nhoé nhit of =
(o E):

a. Tim jsao cho o} = &'. Chon p = j hodc p = j+ 1 phu thudc vao o} | < ot
hodc (x;._l > oc;.ﬂ.
b. New p({C],.... G P\ G <G, G
i) Capnhap E¢ :={{,G,.... G} ={C. {1, & P\ G
i) Néu a(Cy,...,8) <va(l,..., &), thi STOP vatra vé E¢.

3. Néu i=m:

Tim m diém gan nht tiép theo &, 1,...,&, trong E\ {{} dén {, xép theo
chiéu ting dan vé mit khoang cach dén ¢ va dit m := 2m.

4. bati:=i+1.

Khi giai bai toan 2.9)—(2.10), v6i mdi § € Ejy st dung thuit toan ODP chon dugc bd
tam hd trg tinh todn véc to trong sb E¢ va tinh toan véc to trong ) w¢ tuong ung voi bo
tam nay (xem chi tiét trong [18]). Cong doan nay hoan toan doc 1ap trén mdi € Zjy va rit
ton thoi gian, dic biét v6i cdc bai todn c6 dit liéu 16n, nén can dudc song song héa. Trong
phan tiép theo chiing tdi sé trinh bay qua trinh song song héa cong doan néi trén va cac thir
nghiém s d€ thiy dudc su hiéu qua ctia qud trinh nay (tham khao [3])).

Do phiic tap cuia thudt todn ' Gia st tap cdc tAm rdi rac Z ¢6 g di€ém va tp Zjy cO n
diém. Khi d6 do phtc tap tinh toan ctia thuét toan|1{1a O(n-m-log(q)).

That vay, véi mdi tim { € Z;, chi phi tinh todn ddi véi cic budc trong thuat todn I
I. Chi phi tinh toan vdéi budc I:

1. Thoi gian tim m di€ém gan ¢ nhatla m- O(log(q)).
2. Thai gian sap xép m diém theo chiéu ting dan vé mit khoang cach dén { 1a O(m?).

3. Thdi gian xdc dinh k di€ém dau tién 1a O (k).
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Ap dung theo quy tic cong suy ra chi phi thoi gian dé xdc dinh tap E¢ ban dau 1a
O(m-log(q)).

II. Chi phi d€ loai b diém "t6i" 1ay diém "t6t hon" v6i m — k tAm con lai nhu sau
1. Chi phi tinh todn bude IL1 la (m — k) - O(K2).
2. Chi phi tinh toan cac géc dudc tao bdi cac tdp mé rong & bude I1.2 1a O(k+ 1).

a. Chi phi tinh todn budc I1.2.a 12 O((k+1)?).

b. Chi phi tinh toan budc I1.2.b 1a O(1).
St dung quy tic cong ta c6 chi phi tinh toan ctia budc I1.2 14 O((m —k) - log(k+1)?).
3. Chi phi tinh toan budc I1.3 1a m - O(log(k+ 1)?).

4. Chi phi tinh toan budc 1.4 1a O(1).

Vay chi phi tinh todn ctia thuat toan theo quy tac cong 1a O(n-m-log(q)).

2.4. Song song héa viéc chon tam va tinh véc to trong so
Y twéng thuit toan
Gia st c6 N bo xi Iy va E C Q 1a tip cac tam rdi rac hitu han, Zj, 12 tip cdc tAm nam
trong mién.
e Trudc tién, ta can phan hoach Zj, thanh N phan xép xi bang nhau, tuong ting véi N bd
Xt ly;

e Tiép theo, thyc hién thuét toan ODP trén mdi bo xi 1y dé€ tim tap E¢ va tinh véc to
trong sO w; tuong ting vi ¢, dong thoi luu trit cdc véc to trong s6 vira tim dugc vao

tap we.

Dé thuc hién dugc tinh todn song song khi st dung thuat todn ODP va tinh véc td trong s,
ta can phan ludng dit liéu dau vao phu hop. Nghia 13, tich va phan phdi n tim trong tip Zin

déu khip trén N bd xii 1y, sao cho mdi bo xii 1y ¢6 s tAm gan bing nhau, tuong ting la

T(i) = {C](l)]: 1727~"’n(i)}7 l: 1727"'7N

“int * T
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véi
N
Tit d6 mdi b xit 1y sé tinh sb tap cic tim hd g ), i=1,2,...,N, j=1,2,...,n{ va véc

g’

(i), i=1,2,...,N, j= 1,2,...,n tuong Ung. Qua trinh xu ly song song nhu

to trong s6 w
0 Cj

trong sau:

Algorithm 2. [Thuat toan 2, [3]] Thuét toan tinh toan song song
Input: B tam roi rac E, &, V.

Output: Tap cic véc to trong s6 we, { € Ejy.

Cdc tham sé: Cac tham sb cta thuat toan ODP: k, v, c,m.

Khéi tao wy := 0.

I. Phan hoach dit liéu cho N b0 xu ly

2. Whilei <N

a. If i =N then n\) := n; (1 —N)+n

Else ni) .= ni;

b. E'l(rll)t = {Cj+17Cj+2;“'7Cj+n(i)};
c. ji=j+nl;
d i:=i+1.
II. D6i v6i mdi bo xit Iy thit i € N
P X ) ’:(l)
1. V6imoi g; € &

a. Su dung thuat toan chon tdim ODP, tim cac tap E@, j=12,... .nl);
J

b. Tinh céc véc to trong s6 wg?, j=1,2,....n\) bdi cong thic (2.3)) tuong tGng véi

J
cac tap =zl j= 1,2,...,n",

A
J

2. Luu trit cac véc to trong s6 vira tinh wei=welU {w§j(i) s j=1,2,... ,n(i)}.

Luu dd tinh todn song song sii dung thuit todn hd trg chon tim ODP dugc bi€u dién trong
hinh (3:1)).
Dé tim do phiic tap tinh todn ciia thudt todn [2|ta tinh chi phi tinh todn ddi véi cac budc

trong thudt toan nhu sau:
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Hinh 2.1: Luu db song song héa thuit toan hd trg chon tim ODP va tinh véc to trong sb.
I. Chi phi thoi gian phan hoach dit liéu cho N bo xt ly
1. Chi phi tinh todan buéc 1.1 1a O(1).
2. Chi phi thdi gian tinh todn budc L2 1a 2 - O (log(n))

a. Chi phi tinh toan budc I.2.a1a O(1).

b. Chi phi tinh todn budc 1.2.b 1a % - O(log(n)).
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c. Chi phi tinh toan buéc I.2.c 1a O(1).

d. Chi phi tinh toan buéc 1.2.d 1a O(1).

Do d6 chi phi tinh todn phan hoach n cho N bo xit 1y 6 budc 1.2 1a O(; - log(n)).

Ap dung quy tic cong ta c6 chi phi thdi gian phan hoach dit liéu & budc I Ia O -
log(n)).

II. Chi phi thdi gian tinh toan trén mdi bo xt Iy nhu sau

1. Chi phi tinh toan budéc I1.1:
a. Chi phi tinh todn cho thuét toan ODP trén moi bo xit y 1a O(§; - m-log(q)).
b. Chi phi tinh todn buéc IL1.b 1a O(§; - log(k+1)).
Do d6 chi phi tinh toan budc 1.1 1a O(§; - m - log(q)).

2. Chi phi tinh toan budc I1.2 1a O(1).
Ap dung quy tic cong ta c6 chi phi tinh toan budc II 1a O(g -m-log(q)).

Vi thai gian truyén dif liéu cho cdc bod xit Iy 12 khong dang ké va giita cac bo xit 1y khong
truyén dit liéu cho nhau nén thdi gian truyén thong ctia cac bo xit Iy bang 0. Vay thudt todn

c6 chi phi tinh todn 1a O (% - log(n)) + O (5 -m-log(q)).

2.5. Thit nghiém s6

Muc tiéu clia thit nghiém 1a so sanh hiéu qua vé mit thdi gian gitta viéc st dung thuat
toan tuan tu va st dung thuit toan song song héa qua trinh chon bo tim hd trd va tinh véc to
trong sd cho phuong phap RBF-FD gii phuong trinh Poisson, diéu nay dudc thé hién thong
qua thdi gian chay ctia s6 bd xit ly trong cac thi nghiém sb.

Chung t6i thit nghiém trén bo tam E dudgc tao bdi PDE Toolbox cia MATLAB cho FEM.
V6i phuong phap RBF-FD, chi st dung 1udi thd nhat ciia FEM, sau d6 st dung Thudt toan 2
trong [[18] dé thém cac diém vao bd tim E qua cic 1an 1am min, xem chi tiét trong [10 [18].
Véc to trong s6 dudc tinh bang céch st dung ham ndi suy RBF Gauss-QR ¢@(r) = e~ (& | v6i

tham s6 hinh dang € = 107°.
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Dé so sanh su hiéu qua ctia phuong phap RBF-FD chiing t6i dung cong thiic sai sb trung

binh binh phuong rms (root mean square)

X 1/2
s = (#T, Z<ﬁ<c>—u<c>>2> ,
Tt C ey

trong d6 #Z;, 12 s6 tAm trong mién. Két qua sai sd rms ctia phuong phap RBF-FD dugc dbi

sanh v6i FEM trong cdc thif nghiém sb. Céc tham s6 dudc st dung trong thuat todn ODP 1a

v=2.5,c=3.0,k=6,m=>50.

Bai toan 1. Xét bai toan Dirichlet véi phuong trinh Laplace Au = 0 trong mién hinh quat
dugc xdc dinh bdi bit phuong trinh r < 1, —37/4 < @ < 37/4 trong toa do cuc, diéu kién
bién Dirichlet dugc cho bdi u(r, ¢) = cos(2¢/3) doc theo cung cong va u(r, ¢) = 0 doc theo

hai doan théng. Nghiém giai tich 1a u(r, @) = r?/3cos(2¢/3).

Két qua thit nghiém s6 ctia Bai toan (T)) dudc minh hoa trong Bang (2.1)) va Hinh (2.2).

b, Sai sb rms Thoi gian chay (gidy)
FEM | RBF-FD | 1boxtly | 2bd xtly | 4 b xt ly
91 4.01e-03 | 2.82e-03 0,48 0,62 0,21
140 1.79e-03 | 7.32e-04 0,32 0,30 0,12
229 9.31e-04 | 4.57e-04 1,65 1,63 0,59
416 3.90e-04 | 1.32e-04 6,79 7,33 2,88
828 3.23e-04 | 1.43e-04 37,29 21,21 11,92
1566 || 2.57e-04 | 4.66e-05 101,51 75,02 25,01
2875 || 2.11e-04 | 3.07e-05 259,12 208,20 117,61
5210 | 1.53e-04 | 1.81e-05 883,43 695,67 409,84
9528 1.31e-04 | 8.54e-06 | 3328,28 | 2435,99 1203,44
17676 | 9.45e-05 | 4.26e-06 || 12001,34 | 9042,83 | 4706,90
32841 | 5.47e-06 | 2.85e-06 || 23404,76 | 14392,11 | 7255,46

Bang 2.1: Céc sai s6 rms so v6i nghiém chinh xac cia FEM va phuong phap RBF-FD, thoi
gian chay cua phuong phap RBF-FD trén cac bo xt ly ciia Bai toan

Hinh (2.2))(b) minh hoa viéc phan ludng dit liéu trong tinh todn song song khi st dung
thuat toan ODP cho phuong phap RBF-FD, thit nghiém v6i 9528 tam va 4 b xtt ly (4 worker),
tuong ng véi 4 mau khac nhau. Hinh (2.2)(d) biéu dién thdi gian tinh todn trén cac bo xi ly

ctia phuong phap RBF-FD. Ta thay mdi bo xit Iy c6 s6 tAm va thdi gian tinh todn x4p xi nhau.
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Iterations in Time By Worker

44
83
S
=2
4
0 2 4 6 8 10 12 18
Worker Utilization T'meo(s)Tlme Of Individual Iterations
4 003
g5 £
5 ' 0.02
=2 S
| | i
0
0 50 100 5000 10000
% of Total Time on Worker Iteration Number
(a) Mién () vé6i (10158) tam (b) Phén luong dit liéu trén 4 bd xt 1y véi (9528)
tam
s rms error on centers for the Problem 25 210" Parallel processing time for Problem 1
10 T — & -1 worker T T T T )
—6—2 workers e
—b—4 workers .
oF
10° =
kel
c
8
5 815t
2
2} E
: gt
<
€
3
10% =
05t
108 . . . . . . . .
102 10° 10* 05 1 15 2 25 3
Number of interior centers Number of interior centers x10°
(c) Cac sai sO rms (d) Thoi gian chay trén cac bo xt ly

Hinh 2.2: Két qué thit nghiém s6 ctia Bai toén (a) Mién Q ctia phuong phap RBF-FD. (b)
Phan ludng dif liéu chay song song trén 4 bd xit Iy ctia phuong phap RBF-FD. (c) Céc sai s6
rms cia FEM va phuong phap RBF-FD. (d) Thai gian chay cua phuong phap RBF-FD trén
cac bo xu ly.

Sai s6 rms ctia phuong phap FEM dugc thé hién trong cdt thii 2 ctia Bang (2.1)) va dudng
mau dd, nét rdi ¢6 nhan “FEM” trong Hinh (2.2)(c). Sai s6 rms cla phuong phidp RBF-
FD Ia cot thi 3 trong Bang (2.1) va dudng mau xanh, nét lién c6 nhin “RBF-FD” trong
Hinh (2.2)(c). Céc két qua thit nghiém nay cho thiy do chinh xac clia phuong phap khong
luéi RBF-FD t6t hon FEM.

Thdi gian tinh toan cta phuong phap RBF-FD trén céc b xt 1y dudc thé hién trong cic
Cot 4, 5, 6 clia Bang (2.1)) va Hinh (2.2)(d), cu thé: Cot 4 va dudng gan nhan ‘1 worker’ biéu
dién thoi gian tinh todn tuan tu, Cot 5, 6 tuong Ung véi dudng c6 nhin ‘2 workers’ va dudng
‘4 workers’ bi€u dién thdi gian ctia qua trinh song song véi 2 bd xii 1y va 4 bo xt ly. Cac két
qua nay cho thiy khi mién c6 mat do tAm phan b6 cang nhiéu thi hiéu qua cla viéc 4p dung

qua trinh song song vao viéc chon tdm va tinh véc td trong so cang cao, thdi gian chay cua
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phuong phap RBF-FD giam manh khi s bo xt 1y ting 1én.

Bai toan 2. Xét bai toan Dirichlet véi phuong trinh Laplace Au = 0 trong mién Q = (0.01,1.01)?

véi didu kién bién Dirichlet dugc chon théa man nghiém giai tich u(x,y) = log(x? 4 y?).

Tuong tu nhu Bai todn [1] nghiém chinh xdc ctia bai Bai toan[2|ciing ¢6 ky di tai cdc diém
quanh gbc toa do, nén s6 tam quanh gdc tao do dudgc 1am min day 1én rat nhiéu [18]. C4c két

qua sd clia bai toan nay dudc trinh bay trong cdc Bang[2.2|va Hinh

Y, Sai s6 rms Thoi gian chay (giay)
FEM | RBF-FD || 1boxtuly | 2bdxuly | 4 bo xu ly
144 8.90e-03 | 1.85e-02 0,30 0,34 0,3702
207 5.26e-03 | 2.42e-03 0,98 0,89 0,5382
302 4.19e-03 | 1.14e-03 2,86 2,90 1,466
489 2.37e-03 | 1.25e-03 9,42 7,36 4,52
883 1.65e-03 | 3.83e-04 24,47 22,09 13,38
1776 | 6.45e-04 | 2.45e-04 73,05 80,27 43,29
3287 | 4.10e-04 | 1.14e-04 || 323,12 322,98 145,5
5822 || 1.57e-04 | 6.53e-05 || 1398,08 947,92 460,3
11146 | 1.00e-04 | 4.98¢e-05 || 4914,02 | 3490,87 1794
20604 | 4.64e-05 | 2.96e-05 || 18109,33 | 12445,85 | 7467,5

Bang 2.2: Céc sai s6 rms so v6i nghiém chinh xic cia FEM va phuong phap RBF-FD, thoi
gian chay cua phuong phap RBF-FD trén cac bo xt ly cuia Bai toan

St hiéu qua ctia phuong phap khong 1usi RBF-FD dudc thé hién trong tit ca céc thir
nghiém s6. Sai s& rms clia phuong phdp RBF-FD luén tot hon FEM va thdi gian chay cla

phuong phap RBF-FD dugc cai thién rat nhiéu khi st dung thuét toan song song.

2.6. Kétluan

Trong chuong nay ching toi da trinh bay thuat todn chon tip cdc tAm hd trd tuan tu va
thuat todn song song héa viéc chon bd tim hd trg va tinh véc to trong sd cho phuong phap
RBF-FD cung véi cac két qua thi nghiém trén céc thuit toan. Céc thi nghiém sb cho thiy
thuat toan song song da cai thién dudc thdi gian tinh toan, diéu d6 ching té hiéu qua cla

thuat toan nay.
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Iterations in Time By Worker
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Hinh 2.3: Két qué thi nghiém sb ctia Bai toan 2} (a) Mién Q ctia phuong phép RBE-FD. (b)
Phan ludng dit liéu chay song song trén 4 bd xii Iy ctia phuong phap RBF-FD. (c) Céc sai sb
rms cua FEM va phuong phap RBF-FD. (d) Thoi gian chay cua phuong phap RBF-FD trén
cac bd xu ly.
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Chuong 3

Phuong phap khong luéi RBF-FD trong
khong gian ba chieu

Trong chuong nay ching tdi trinh bay phuong phap khong luéi RBF-FD giai phuong
trinh truyén nhiét ditng trong khong gian 3 chiéu trong Muc Cac thuat toan chon bd tam
ho trg dua trén cac géc khdi cho phuong phap RBF-FD Muc Cic két qua thit nghiém s
Muc [3.3|va cudi cuing 12 phan Két luan.

Cic két qua trong chuong nay dugc cong bd trong [12].

3.1. Phuong phap khong luéi RBF-FD

Xét bai todn truyén nhiét ding trong khong gian ba chiéu (T.T1))- (T.12) nhu sau: Cho
mién m3 Q C R3 va cdc ham s6 f xac dinh trén Q, g xac dinh trén dQ. Timham u : Q — R

thda man
Au=f in Q,
u=g on JQ.

3.1
trong do A la toan tit Laplace.

Phuong phap khong ludi tinh todn nghiém xAp xi rdi rac i ctia (3.1) trén tip cdc nit roi
rac hitu han £ C Q nhu sau. Goi Z;y := ZNQ 1a tip cic tim trong mién va dZ :=ZNJIQ Ia
tap cac tAm trén bién. V6i mdi € Z;y, ta chon dudc tp Er i =1{80,61,8,...,&} C E véi
&y = ¢, vaxap xi Au () bdi cong thiic vi phan

Au()~ }, weeu(§), §€Em. (3.2)
E€E¢

Khi d6 bai toan (3.1)) dudc rdi rac héa thanh hé phuong trinh

L oweed(§)=r(8), & €Eim,
E€E; (3.3)

i(g)=g(c), ¢edE,
trong d6 7i(&) 1a nghiém xip xi clia nghiém u ctia bai toan (3.1)) tai cic diém & € .

Dé gidi dugc hé phuong trinh (3.3) ta can giai quyét 3 van dé:
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e Lam thé nao d€ tao ra dugc tip cic tam rdi rac Z?
e Chon tip céc tm ho trg Z; nhu thé nao?
e Cich tinh véc to trong s6 w ¢ phit hgp?

Tap cdc tim rdi rac E c6 thé dudc tao ra bang cach gidng nhau 1a st dung phuong phap
lu6i (phuong phép sai phan hitu han, phuong phap phan ti hitu han hoic phuong phap gia tri
hitu han). Tuy nhién trong cdc ting dung viéc tao luéi thuong rat khé khin, dic biét 1a cho
cdc mo hinh 3D phic tap. Pong luc chinh cho cic phuong phap khong c6 1u6i 1a khong can
duong lién két gitta cac diém trong =, diéu nay gitip don gian héa hon trong viéc tao nit.

Mbi phuong phap khong 1udi déu dua ra thuat todn chon tap céc tAm rdi rac E va véc to
trong s6, d6 12 viéc chon cac tap E¢, § € Ejpe va tinh cdc trong sO wee, § € B, § €8y
tuong tng. Céch tinh véc to trong s6 anh hudng dén do chinh xdc cla cong thic (3.2)), nd
c¢6 thé dudgc tinh bang cach si dung cdc da thic c6 bac nhit dinh hoic ham co sé ban kinh
(RBF) (xem [13]). Po chinh xic clia cong thifc vi phan sb trén céc tAm phan bd khong déu
ctia mot sd phuong phap dudc gi6i thiéu trong [17, 18, O].

Cac tap tam ho trg Z¢ c6 thé duge chon véi cau tric don gian la k diém gan ¢ nhat, dé
d4am bao do chinh xac ctia nghiém # thi s6 k diém 14n cin dudc chon phai 16n, trit khi Z 12 tap
déu dia phuong, day Ia vin dé 16n khi tao ra cc niit diém. S6 k diém 1an cin c6 anh hudng
truc tiép dén mat do ma tran ctia hé (3.3), thuong 1a k + 1 diém khéc khong trén mdi dong,
do d6 mot trong nhitng muc ti€u quan trong cua cac phuong phap khong 1uéi 1a gitt £ nho
nhét c6 thé. Ngay ca khi st dung thuét toan chon Z ¢ t6n kém hon, thi tinh toan song song dé
giai gidi hé phuong trinh tuyén tinh thua (3.3) s& gidi quyét van dé nay dbi vdi cic bai todn
c6 quy md 16n. Mat d6 ctia ma trin A € R [a trung binh cdng ctia cic dau vao khac khong
trén mdi rong, dugc tinh bdi cong thiic nnz(A) /n, v6i nnz(A) 1a tdng s6 dau vao khac khong
trén mdi hang cta A.

Trong cac nghién ctiu [10, [18], cdc tac gia da phat trién cac thuat toan chon tim va sinh
tam thich nghi cho phuong phap khong lu6i RBF-FD giai phuong trinh elliptic trong khong
gian 2 chiéu, v6i cac tip tAm hd trg dudc lua chon gom 7 diém (tdc 1a k = 6), nén mat do ma
tran clia hé phuong trinh tuong tu nhu ctia phuong phap phan ti hitu han. Trong phan
tiép theo, ching toi sé gidi thiéu cac thut toan chon tip cac tim hd trg tinh toan véc to trong

s6 trong khong gian 3 chiéu, 1a tdng quat ctia thuat todn chia 4 géc trong khong gian 2 chiéu
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dudc cong bd trong [[16]]. Véi thuit toan chia 8 goc khdi, 2 diém gan nhat trong mbi goc khdi
tam  s& dudc lua chon hoic véi thuat toan chia 16 goc khoi, sé lua chon diém gan nhit trong
mdi géc khdi. Trong ca hai trudng hop déu chon k < 16, nén trong cic thi nghiém s6 mat do
ma tran cua hé cao hon mot chut so véi mat do cua ma tran cung Gng véi FEM trong khong
gian 3 chiéu véi cdc ham tuyén tinh. Phuong phap FD trong khong gian 3 chiéu dudc cac tac
gia gidi thiéu trong [21]] v6i dé xuét lua chon 3 diém trén mbi géc khdi, tuy nhién né dan dén
ma tran hé s6 c6 25 dau vao khac khong trén mdi hang, do d6 mat do ctia ma trin hé sb xip

xi mat do ma tran hé s6 cia FEM bac 2 (khoang 27), gan véi cac phuong phap bic cao.

3.2. Thuét toan chon tim dua trén cac géc khoi

V6i mdi § € E;, muc tiéu clia thudt todn 1a chon cdc diém &, &, ..., & € E xung quanh
gbc { sao cho khoang cach ||§ — &, i =1,2,...,k 1a nho, trong khi van giit dugc céc diém
&1,&, ..., & déu nhit c6 thé. DE dat dudc muc tidu d6, ching toi tinh todn va phan hoach
tap m di€ém gan nhét {&;,...,&,} C Z\ {{} vao 8 goc khdi (octants) c6 gbe tai §, sau do lua
chon 2 di€m gan nht trén mbi goc khoi. Khi d6 ¢ gom cic di€m nay va (.

Trong hé truc toa do Euclide 3 chiéu, mdi géc khdi trong 8 géc khdi c6 gbe ¢ dudc xic
dinh bdi diu cda toa do véc to (z =& — = (xi,y1,2), i = 1,2,...,m (m > k), trong d6
&1,&, ..., En lam diém gan ¢ nhét trong E\ {{}. Ky hiéu géc khdi thi j1a 0}, j=1,2,...,8,
mbi géc khbdi dudc xac dinh bang diu clia véc to & — ¢ tuong ng trong Bang trong do

d4u bang *+ chia ca gia tri bang 0.

Géc khoi

X |y | z
O + |+ | +
0)) + —
O3 + | - |+
Oy + |- | -
Os — +
O¢ — —
0Oy — | =]+
Og - = -

Bang 3.1: 8 - géc khdi

Y tudng clia thuat todn 8 - géc khdi (octants) 1 chon 2 diém gan { trong mbi géc khbi
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cho tap E;. Ta bat dau véi m diém {&;,&,..., &} € E\{{} gan { nhit (trong thit nghiém
m = 99 dé tap nay c6 100 diém gdm ca ). Céc diém nay dugc phan hoach trén cac goc khbi
va 2 di€m gan nhit sé dugc chon vao tap Z, (néu c6). Néu tat ca cac géc khoi c6 di 2 diém
thi tip Z, c6 17 diém k€ ca {. Néu cic géc khoi khong chita diém nao hodc ¢ 1 di€ém thi
tap E¢ ¢6 it hon 17. Néu doan thang ndi { v6i diém &; chita di€m khong thude Q thi & dugc
thay thé bang diém gin nhét trén bién (diéu nay chi xay ra khi Q 12 mién khong 16i, xem vi
du Bai |5 phia sau). Cic diém bién dudc Iua chon nam trong tap E/C va dudc thém vao mién
1di rac E sau khi két thic qua trinh tim tap E¢ VO tat ca cac diém ¢ nam trong mién.

Thuét todn 8 géc khdi nhu sau:
Thuét toan 3. 8- gdc khdi.
Input: E, § € Eiy.
Output: E, E/C
Tham sé: m > 16 (sb diém dudc lua chon ban dau gom ca {); m = 99 trong cic thi nghiém

%
A

SO.

Khdi tao: E¢ :={{}, E/C = 0.
L. Tim m diém &,&,...,&, thuoc Z\ {{} va gan ¢ nhit.

II. Phan hoach cdc diém &;,&,, ..., &, vao 8 géc khdi O; = {&;1,&pn,...}, j=1,2,...,8,
tudng ting véi 8 géc khdi trong Bang 3.1} théa man [|&;; — || < [ — &I < ---.

III. For j=1to8
a. If#0; =1 then E, :=E, U{{;1}.
b. Elself #O; > 1 then E; := &, U{&;1,&0}.
IV. V6imbi & € E;\ {{}, xét doan thing (§,&) ={¢+a(f—-{):0<a <1}
If (£,6)N9Q#0, then E; :=E,\ {E}U{E} va B} :=E[ U{E'}, rong d6 &' 1a diém

thuoc (£,€) NI gan ¢ nhit.

Sau khi 4p dung Thuit todn 8 géc khdi cho tat ca cac diém { € E;y, ta cAp nhap tip =
bdi cong thiic

) =/
xi=xU Ze 3.4)
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Bing céch tuong tu, chiing tdi chia d6i mbi géc khéi trong 8 géc khdi bdi mot mit phang,
khi d6 ta c6 thuit todn 16 - goc khdi véi mot diém gan nhit trong mdi géc khdi sé dudc
lua chon. Cu thé, phan hoach céc diém {&},&,,...,&,} vao 16 goc khbi c6 gbe § duge xac
dinh bdi dau cia toa do véc to @7; =§—& = (xi,yi,2i), i=1,2,...,m (m > k) va cac gia
tri x; — i, X; — i, y; — z; tuong Ung trong Bang Khi d6 diém gan nhat trén mdi goc khbi

khong rong s& dugc chon vao tap Z; va Z; c6 nhiéu nhat 17 diém.

Gockhdi | x | y | z | diéukién
O + | + | + x>y
O, + |+ |+ x<y
O3 + |+ | — x>y
Oy + |+ | — x<y
Os5 + | — | + x>z
Og + | — | + x<z
0 |+|-| -] >
Og + =] y<=z
Og — |+ y>z
O10 — | + y<z
On — |+ |- x=-z
O12 — |+ | -] —x<—z
O | —|—|+|—x>—y
O14 — =+ —x<-y
Ois |- |- ]| =x>-z
O16 — =] =] x<—z

Bang 3.2: 16 - géc khdi.

Noi dung ctia thuit toan 16 géc khdi:

Thuét toan 4. 16-géc khoi.
Input: E, § € Eiy.
. =/
OI/tl'pl/lt. Hg, \—IC.
Tham s6: m > 16 (s6 diém dudc lua chon ban dau gom ca §); m = 99 trong cic thi nghiém

SO.

Khdi tao: E¢ = {(}, E/g = 0.

I Tim m diém &,&,,...,&, thudoc Z\ {{} va gan ¢ nhit.
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II. Phan hoach cdc di€m &;,&,...,&, vao 16 tap O; = {&;1,€p,...}, j=1,2,...,16,
tuong tng véi 16 goc khéi nhu trong Bang 3.2] théa man [|€;1 — || < || =& < -

II. For j=1to 16.

If#Oj > 1 then EC = ECU{gﬂ}.

IV. V6i moi § € E¢ \ {{}, xét doan thang (£,&).

If (,8)NdQ #0, then E¢ :=E, \ {G}U {&'} va E/C = E/C U{&’}, trong d6 &’ thuoc
(£,E)NIQ va gan £ nhit.

Sau khi 4p dung Thuit toan 16 géc khoi cho tat ca cac diém ¢ € Ej,, ta cAp nhap = béi

cong thic (3.4).

3.3. Thi nghiém so

Muc tiéu clia cic thi nghiém s6 1a danh gia hiéu qua ctia thut toan 8 géc khdi va 16 géc
khdi trong viéc so sanh v6i FEM dua trén cdc ham tuyén tinh, do d6 ching toi rdi rac céac
mién 12 c4c tip E gdm cic dinh clia cic tif dién dudc tao bdi hAim generateMesh trong PDE
Toolbox. Vi mbi bai todn thi nghiém, chiing tdi chon do dai canh 1uéi t6i da Hmax cho phép
tao ra cdc tam giac Iudi tho nhit, sau d6 tao cic tam gidc lui min hon bang cach giam Hmax

1/3 va dugc gan gp doi sb dinh. S6 lugng dinh trong mién ky hiéu 1a

nhiéu 1an v6i hé s6 2~
#Z;, tuong ting trong cac bang ghi két qua thi nghiém s6 ctia mbi bai todn.
V6i moi § € Eiy, ta chon dugc tap tam ho trg & = {{ = &o,&1,..., &} va véc to trong

s6 w tuong ting dugc tinh bing cach st dung ham co s& ban kinh RBF [15] nhu sau

W= <CI>3§>_1DCI>(C—-)|EC, (3.5)
trong do
D (& —&) P(&—&) - P(Go—&)
e D1 —&) PE1—&) - P(G1—&)
=T : : :
P(&—81) P&—&) - P(&—&)

DO(C — )z, := [DD({ — &), DP(C —&1),...,DP(E -&)l",
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véi ham RBF ¢(r) = r°. Do ®(x) := ¢(||x||), x € R 1a ham co ¢6 ban kinh x4c dinh duong
nén ma tran @z, ludn khi nghich va ta luén tim dugc duy nhat véc to trong so trong cong
thic (3.3).

Céc tap tam ho trg EC,C € Zine dudc chon bdi thuat todn 8 goc khdi (RBF-FD 1) va 16
goc khodi (RBE-FD 2) hodc chon E; gom § va tat ca cac nit & € Z ¢6 lién két v6i { bdi mot
canh cua tam giac FEM (RBF-FD 3). Phuong phap RBF-FD 3 it dugc quan tam vi n6 dya
vao ludi ctia phan ti hitu han, nhung chiing t6i gi6i thiéu d€ so sanh véi cac phuong phap
khéc. Hon nifa, d€ so sanh sai s6 ctia phuong phap RBF-FD, déi v6i Bai toainchling toi con
thém trudng hop chon tip cic tim hd trg tinh toan véc to trong sd cho phuong phap RBF-FD
bing cac diém gan ¢ nhit.

Pé danh gia su hiéu qua clia cic thuat toan, ching tdi so sanh gid tri sai s6 tuong ddi
trung binh binh phuong RRMS (relative root mean square) va coi n6 nhu do do do chinh xac
ctia nghiém x4p xi 4 clia hé v6i nghiém chinh xac u ctua hé tai cdc diém trong

mién, cong thic tinh sai s6 RRMS nhu sau

A = CGEim
E. = RRMS(u, i, Eipy) := 5 (3.6)
L (u(8))
CGEint
Bai toan 3. Xét phuong trinh Poisson Au = —37? sin 7txsin rysin 71z trén mién Q = [0, 1]3

véi diéu kién bién Dirichlet ddong nhét U 5o = 0. Nghiém chinh xac cta bai toan la u(x,y,z) =

sSin 7tx sin 7Ty sin 7z.

Két qua thit nghiém sb ctia bai todn dugc biéu dién trong Bang[3.3|va Hinh3.1] Ludi tam
gidc thd nhit ¢6 33 diém trong mién ting vé6i gia tri Hmax = 0.25. Tiép theo 1 lu6i tam gidc
6 80 diém trong mién dudc tao béi ham generateMesh v6i Hmax = 0.25/ 2173, ... Ngoai cic
sai s6 dudc gidi thiéu trong Bang va Hinh a), Hinh b) so sanh mat do cta cac ma
tran hé s6. Khi tinh mat do ma tran cda hé va cuia ma tran cing ing véi FEM da loai
di cac diém trén bién, do cic diém nam trén bién chiém mot ty 1é dang ké nén mat do clia
ma tran hé s6 thip hon so v6i mién rdi rac thd. Mat do ctia ma trin hé sd gan bang 16 khi
st dung thuat toan RBF-RD 1, RBF-FD 2 véi tap diém 16n nhit va xip xi 14 cho ca FEM va
phuong phap RBF-FD 3.

Bai toan 4. Xét phuong trinh Poisson Au = 3¢*™ % trong khdi cau don vi Q = {(x,y,z) €
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. Sai s6 RRMS trén céc niit trong mién (E.)
FEM RBF-FD 1 RBF-FD 2 RBF-FD 3
33 9.19¢-02 | 5.79¢-02 | 4.87e-02 | 8.44e-02
80 7.19¢-02 | 3.38e-02 | 1.80e-02 | 4.15e-02
179 4.64e-02 | 2.03e-02 | 1.25e-02 | 3.24e-02
479 2.19e-02 | 1.01e-02 | 7.21e-03 | 1.78e-02
1008 1.31e-02 | 4.47e-03 | 3.90e-03 | 1.34e-02
2213 7.58e-03 | 4.11e-03 | 2.34e-03 | 8.45e-03
4633 4.72e-03 | 2.49¢-03 | 1.51e-03 | 4.83e-03
9684 3.12e-03 | 1.42e-03 | 9.93e-04 | 3.11e-03
19776 || 2.02e-03 | 8.16e-04 | 6.66e-04 | 1.85e-03
41409 || 1.06e-03 | 4.93e-04 | 3.42e-04 | 1.79e-03

Béng 3.3: C4c sai s6 RRMS so vdi nghiém chinh xéc clia Bai toan

rms error by FEM and RBF-FD
T

rms error

- e -FEM
—=—RBF-FD |

RBF-FD 2
-<4--RBF-FD 3

102 10°

number of interior nodes

(a) Sai s6 trén cdc niit trong mién (E.)

Hinh 3.1: Két qua thi nghiém sb ctia Bai todn [3| Hinh (a) minh hoa sai s6 RRMS trén céc
tam trong mién. Hinh (b) biéu dién mat d6 clia ma tran thua ctia hé (3.3)) tng v6i phuong

phap RBF-FD va ctia ma trdn cing tng v6i FEM.

R3:x2+y*+72 < 1} véi diéu kién bién Dirichlet dugc chon sao cho théa man nghiém chinh

xéac clia bai todn 12 u(x,y,z) = ez,

Két qua thi nghiém s clia bai todn duge biéu dién trong Bang [3.4] va Hinh 3.2} Cic
1u6i tam gidc tho nhét dat dugce béi ham generateMesh véi Hmax = 0.25 ¢6 349 diém trong.

Tuong tu nhu Bai todn 3| ching t6i st dung E. d€ do su hiéu qua cla céc thuit toan va dugc

két qua nhu sau

Bai toan 5 ([24, Section 3], Forearm Link). Xét phuong trinh Poisson Au = —10 vdéi diéu

density of the FEM and RBF-FD system matrix
T

-© -FEM
—=—RBF-FD |

RBF-FD 2
o[ RBE-FD 3

.
10° 10
number of interior nodes

(b) Mat do cta ma tran hé sb

kién bién Dirichlet u| J0 = 0 trén mién Q trong Hinh a).
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b Sai s6 RRMS trén cic niit trong mién (E,)
FEM RBF-FD1 | RBF-FD2 | RBF-FD3

349 4.20e-03 | 1.40e-03 | 1.70e-03 | 1.77e-03
650 2.61e-03 | 1.11e-03 | 1.19¢-03 | 8.68e-04
1318 1.66e-03 | 8.48¢e-04 | 7.74e-04 | 8.68e-04
2559 1.02e-03 | 4.90e-04 | 4.98¢-04 | 4.93¢-04
5254 || 6.04e-04 | 2.51e-04 | 2.18e-04 | 3.15e-04
10662 | 3.80e-04 | 1.72e-04 | 1.56e-04 | 1.80e-04
21777 | 2.38e-04 | 7.30e-05 | 8.46e-05 | 4.99¢e-04
43813 | 1.45e-04 | 4.67e-05 | 4.03e-05 | 1.43e-03

Bang 3.4: Cac sai s6 RRMS so véi nghiém chinh xéc ctia Bai todn

rms error by FEM and RBF-FD
T

4|~ © -FEM

—=—RBF-FD |
RBF-FD 2
< RBF-FD 3|

10°

10
number of interior nodes

(a) Sai s6 trén cdc niit trong mién (E.)

-© -FEM

—&—RBF-FD 1
RBF-FD 2

~<¢-RBF-FD 3

density of the FEM and RBF-FD system matrix
T

-
P
-

number of interior nodes

(b) Mat do ctia ma tran hé sb

Hinh 3.2: Két qua thit nghiém s6 ctia Bai todn |4t (a) Cic sai s6 RRMS trén céc niit trong
mién. (b) Mat d6 ctia ma tran hé sb.
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Mién cla Bai todn |5|dugc xuét tii file STL ‘ForearmLink.stl * cia MATLAB PDE Tool-
box bﬁng 1énh importGeometry, dé 1a mot bd phian co hoc véi kich thude xip xi gidi
han trong hinh hop 135 x 35 x 61. Két qua thir nghiém sd cta bai todn dudc biu dién
trong Bang Hinh va Hinh Céc ludi tam gidc tho nhat dat dudc tao ra bdi 1énh
generateMesh vdi Hmax = 6.8 v6i 816 diém trong mién. Cu thé , ching toi da st dung doan
code sau trong MATLAB 2017b d€ thiét 1ap 1uéi phan ti hitu han véi céc gid tri clia Hmax va

trich xuét c4c dinh clia tam gidc trong mang nodes:

model = createpde(l);
importGeometry (model, ’ForearmLink.stl’) ;
generateMesh(model, ’Hmax’ ,Hmax, ’Hmin’ ,Hmax/3, ’GeometricOrder’,’linear’);

nodes = model.Mesh.Nodes;

Ngudc lai véi Bai toan 3| va 4, do chua biét nghiém chinh x4c u cta bai todn nén khi

tinh sai s6 RRMS trong cong thic da thay Ec bsi E, = RRMS(;41,4;, ! ) va B, =

i
RRMS (dref, i, EL ), trong d6 @; va d;; 1a nghiém rdi rac cta cac phuong phap RBF-FD va
FEM tai tip cac mit Z' hién tai (thii i-th) va tip cac niit ké tiép lién ké ! (thi i + 1-th).
Nghiém tham chiéu ii..r 12 nghiém ctia phuong phdp FEM bac 2 véi 641825 niit trén khbi
da gidc, dat dugc bdi 1énh generateMesh iing véi Hmax = 6.8/27/3 ~ 1.35. Biing viéc so
sanh nghiém tham chiéu nay v6i nghiém dat dudc bang FEM trén khéi da gidc véi 604279
dinh, ching t6i udc lugng sai sb fgs so v6i nghiém chinh xdc ctia bai toan khoing 0.001.
Sai s6 Ep, E; dugc tinh trén tap E!  sau khi da noi suy tuyén tinh @;41 va ndi suy bac 2 fye
tuong tng. Ngoai viéc so sanh v6i FEM va RBF-FD 3, Hinh e)—(f) con biéu dién sai sb
va mat do ctia ma tran hé sb tng véi phuong phap RBF-FD véi trudng hop tip cic tim hd
trg tinh toan véc to trong sd dugc chon 1a k diém gan { nhAt, vdi k 1an ludt nhan cic gid tri
k=16,k =18 va k = 20.

Su hiéu qua ctia phuong phdp RBF-FD khi sit dung thuit todn dua trén cac géc khdi dudc
thé hién trong cdc thit nghiém s6. Cac Bai toan sai s0 RRMS so sénh v6i nghiém chinh
x4c thudng thip hon 2-3 1an so v6i FEM. Déi véi Bai toén ¢6 mién phiic tap hon trén mién
khong 16i, sai s6 RRMS dudc tinh todn dbi sanh v6i nghiém clia cing mot phuong phap trén
tap cac nit min hon lién ké thap hon mdot chiit so véi FEM, khi sai s6 RRMS dudc tinh todn

v6i nghiém tham chiéu 13 nghiém ctia FEM bic 2 thi sai s6 ctia phuong phap RBF-FD cao
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number of interior nodes

(e) Céc sai s6 so v6i mot nghiém ctia FEM
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rms error by FEM and RBF-FD
T

B - e -FEM
—e—RBF-FD |
—>—RBF-FD2
--4-+RBF-FD 3
& .
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.
-
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.
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number of interior centers

(b) Céc sai s6 so v6i nghiém cta 1an ké tiép

- e -FEM

—=—RBF-FD |
—»—RBF-FD 2 E
-<+RBF-FD 3

.
10° 10*
number of interior nodes

(d) Mit d6 cta ma tran

-© -FEM
—¥—nearest 16
—&—nearest 18

—8—nearest 20

.
10° 10*
number of interior nodes

(f) Mit d6 ctia ma tran

Hinh 3.3: (a) Mién Q dudc tao bsi 1énh pdegplot trong MATLAB PDE Toolbox. (b)—(d)
D6 thi cic sai s6 RRMS va mat do clia ma tran hé s6 st dung cac thuat toan RBF-FD 1, 2,
3 va FEM nhu trong Bang (e)—(f) Do thi cac sai s6 RRMS va mat do ctia ma tran hé s6
ting v6i phuong phap RBF-FD chon céc tip tim hd trg tinh trong s6 c6 16, 18 hoidc 20 diém
gan ¢ nhét va FEM.
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z-contour slices of FEM solution z-contour slices of RBF-FD solution
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(a) Pudng dong miic theo bién z nghiém ctia FEM (b) Pudng dong mic theo bién z nghiém ctia RBF-FD

Plot contour slices for various values of y of the FEM solution Plot contour slices for various values of y of the RBF-FD solution

(c) Puong ddéng miic theo bién y nghiém ctia FEM (d) Pudng dong miic theo bién y nghiém ctia RBF-FD

Contour Plot on Tilted Plane of the FEM solution Contour Plot on Tilted Plane of the RBF-FD solution
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(e) Puding dong miic theo bién x va ban mau trén mat (f) Pudng dong miic theo bién x va ban mau trén mit
phing nghiém ctia FEM phéng nghiém cia RBF-FD

Hinh 3.4: Pudng dong miic cic nghiém ctia FEM (bén trai) va RBF-FD 1 (bén phai) véi
trudng hop mién roi rac c6 65652 diém trong. (a)-(b) dudng dong miic theo bién z; (c)—(d)
dudng ddng miic theo bién y; (e)—(f) dudng ddng miic theo bién x va ban mau trén mit phang.
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Sai s6 RRMS so véi lan ké tiép (En) Sai s6 RRMS so véi nghiém tham chiéu (E,)
FEM RBF-FD 1 RBF-FD 2 RBF-FD 3 FEM RBF-FD 1 RBF-FD 2 RBF-FD 3
816 3.93e-02 | 3.64e-02 | 4.04e-02 | 3.51e-02 || 3.54e-02 | 3.63e-02 | 3.37e-02 | 3.28e-02
1254 2.73e-02 | 2.30e-02 | 2.28e-02 | 2.74e-02 || 2.39e-02 | 2.69e-02 | 2.79e-02 | 2.36e-02
2414 1.79e-02 | 1.76e-02 | 1.61e-02 | 2.99e-02 || 1.86e-02 | 1.92e-02 | 1.90e-02 | 2.95e-02
4423 1.16e-02 | 1.07e-02 | 1.04e-02 | 1.07e-02 || 1.24e-02 | 1.55e-02 | 1.47e-02 | 1.25e-02
8401 7.17e-03 | 6.50e-03 | 6.82e-03 | 6.27e-03 || 8.69e-03 | 1.11e-02 | 9.97e-03 | 9.67e-03
16437 4.54e-03 | 4.80e-03 | 4.20e-03 | 5.18e-03 || 6.25¢-03 | 8.02e-03 | 7.89¢-03 | 6.68e-03
33030 2.94e-03 | 2.95¢-03 | 2.81e-03 | 2.71e-03 || 4.49¢-03 | 6.95¢-03 | 6.00e-03 | 4.79¢-03
65652 - - - - 3.40e-03 | 4.59¢-03 | 4.47e-03 | 3.76e-03

Hint

Bang 3.5: Céc sai s6 RRMS so v6i nghiém ctia lan ké tiép trén cting mot phuong phap (E,)
va so v6i nghiém dat dugc béi FEM (E;) cia Bai toan [5

hon 1,35 14an sai s6 cia FEM. Tuy nhién cic dudng dong miic theo cdc bién va ban mau trén
mit phang (Hinh cho thiy nghiém ctda phuong phap RBF-FD va FEM trén cling mot
tam roi rac E la nhu nhau.

Két qua thir nghiém sb ciing cho thiy phuong phap RBF-FD sit dung thuit toan 16-géc
khéi (RBF-FD 2) hiéu qua hon khi st dung thuét todn 8-géc khdi (RBF-FD 1), con néu chi
st dung ciu tric diém ctia FEM (B¢ 1a tap tit ca cac diém thudc cac ti dién c6 chia §)
cho phuong phap RBF-FD (RBF-FD 3) thi hiéu qua t6i hon. Két qua nay hoan toan tuong
tu nhung trong khong gian 2 chiéu da dugc gidi thiéu trong [10]. Mit khéc, do s6 diém clia
E¢ cho RBF-FD 3 va FEM nho hon k nén mat d6 ma tran cua hé va ma tran cting bang
nhau, nh6 hon moét chit so véi RBF-FD1, RBF-FD 2. Hlnh (e) cho thiy sai sb ctia phuong
phap RBF-FD khi st dung tap Z; 1a k diém gan ¢ nhit la kém hon va cao gap doi sai s6 cla
FEM. Néu k nho (k = 16 hoic k = 18), thi sai sd ctia phuong phdp RBF-FD khong &n dinh
v6i cac tam gidc tho. D& khac phuc diéu nay, can ting k 16n hon, nhu k > 20, tuy nhién n6 sé
lam cho mat dd ma tran cua hé phuong trinh cao hon 25% so v6i cuia RBF-FD 1 va RBF-FD
2 (khoang 16), xem Hinh (d) va (f), dan dén ting chi phi khi giai hé (3.3), diéu nay hoan

toan khong mong mubn ddi véi cic bai todn c6 dit liéu 16n.
3.4. Ketluan

Trong chuong da trinh bay 2 thuat toan chon tdim mdi cho phudng phap khong luéi RBF-
FD gidi phuong trinh truyén nhiét diing trong khong gian 3 chiéu. Cu thé, so sanh sy hiéu

qua cua phuong phap RBF-FD stt dung ham cd sé ban kinh va 2 thuat toan chon tam véi
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FEM trén cic nit dudc tao bdi ludi tiéu chuin. Nghiém x4p xi ctia cac phuong phap RBF-FD
chinh x4c hon nghiém ctia FEM véi cdc bai todn c6 mién 1a khdi 1ap phuong hoic khdi cau
(Bai toan va c6 dong chinh x4c tuong duong vé6i bai toan cé mién phic tap hon (Bai

toan [3)).
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KET LUAN VA KIEN NGHI
Pé tai dat va vugt mic yéu cau dbi véi san pham dit ra trong thuyét minh.
e Sin phiam khoa hoc: Pé tai dé xuit 03 thuit toan mdi, cu thé la:

— Dé xuit thuit toan song song héa viéc chon bd tim hd trg va tinh véc to trong sd

cho phuong phap RBF-FD trong khong gian 2 chiéu [3].

— Pé xuit 2 thut todn chon bo tm hé trg phuong phap khong ludi RBF-FD trong

khong gian 3 chiéu [12]].
— Tht nghiém sb dbi v6i cac thuit todn méi.
e Sin phdm dao tao: Hudng dan 02 luan vin thac si bao vé thanh cong.

Hudng phit trién nghién cifu trong thdi gian t6i: Tiép tuc nghién cifu phuong phap RBF-

FD giai phuong trinh dao ham riéng trong khong gian hai chiéu va ba chiéu.
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