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MG dau

Trong nhitng nam gan day, dieu kién t6i wu cho bat dang thitc bién phan
vec t0 va bai toan can bang vec to da dugc nhiéu tic gid quan tam nghién
cttu (xem chang han [6-9], [14-17], [21], [24], [25], vA cac tai lidu tham khao
trong cac bai bao d6). Bai toan can bang vec to véi rang buoc can bang (hay
con goi 1 cac rang buoc bil) bao gdm bai toan bat dang thiic bién phan vec
to va bai toan t6i uu vec to v6i rang budc can bang nhu céc truong hop dac
biet. Dieu kién chinh quy va diéu kién t6i uu cho cac bai toan t6i wu véi rang
buoc can bang da duge nghién citu bdi nhidu tac gia (xem [4], [5], [12], [13],
[16], [18-20], [23], [26], [27], va céc tai lieu tham khéo trong cac bai bao do).

Viéc tim cac diéu kien chinh quy thich hgp dé dan céc diéu kien Kuhn—
Tucker cho bai toan t6i wu véi rang budc can bang 1a dé tai thu hat sy quan
tam nghién ctu rong rai ctia nhiéu tac gid trong nhitng nam gan day. Cac bai
toan t6i wu phi tuyén véi rang buoc can bang khong théa man hau hét cac
diéu kién chinh quy thong thuong cho céc bai toan quy hoach toan hoc, trit
ra diéu kien chinh quy Guignard. M.L. Flegel va C. Kanzow [4] da thiét lap
cac diéu kien can kiéu Fritz John va Kuhn-Tucker vé6i diéu kien chinh quy
kiéu Mangasarian-Fromovitz cho bai toan t6i wu vo hudng véi rang budc can
bang. M.L. Flegel va C. Kanzow [5] chiing minh cac diéu kién can cap 1 cho
bai toan vo hudng véi rang buoc can bang véi diéu kién chinh quy Guignard,
va chi ra mét s6 diéu kién du cho diéu kién chinh quy Guignard.

Noi dung chinh mé chiing toi trinh bay 1a cac diéu kién can Fritz John cho
nghiém hitu hiéu yéu ciia bai toan can bang vec to khong tron véi rang buoc
can bang dudi ngon ngit dudi vi phan Clarke; cic dicu kien can Kuhn—Tucker

v6i cac dieu kien chinh quy thich hgp; cac dieu kien du cho nghiém hitu hieu



v6i vac gid thiét vé tinh 16i suy rong; ap dung cho bai todn bat ding thiic
bién phan vec to va bai todn tdi uu vec to. Cac két qua trinh bay trong deé tai
duge tham khéo trong cong trinh ctia D.D. Héang [1] va D.V.Luu, D.D.Hang
[17]. Dé tai gom c6 3 chuong:

e Chuong 1: Trinh bay mot s6 kién thiic can dung cho cac chuong sau.

e Chuong 2: Trinh bay diéu kién t6i wu cho bai todn can bang vecto véi

rang buoc can bang.

e Chuong 3: Ap dung cho bai toan bat ding thic bién phan vec to va bai
toan toi uu vec to; Trinh bay diéu kién t6i wu cho bai todn bat dang thiic
bién phan vecto va bai toan t6i uu vecto qua phan trong tya tuong doi;
Thiét lap diéu kién t6i wu cho nghiém hitu hiéu Henig va siéu hitu hiéu
ctia bai toan can biang vecto.

Dé tai da néu mot s6 van dé lien quan dén bai toan can bang vects 1a mot
trong nhitng 1y thuyét rong ctia 1y thuyét t6i wu. Kinh mong cac Thay, Co va
cac ban dong nghiép dong gép ¥ kién dé dé tai duge nhoan thieén hon.

Thai Nguyén, thang 05 nam 2019



Chuong 1
Kién thitc chuan bi

Chuong 1 trinh bay cac khai niém va kién thiic can sit dung trong cac
chuong sau bao gom: Bai toan can bang vecto va cac bai toan cé lién quan,
cac dinh 1y tach cac tap 16i khong tuong giao, mot s6 kién thic co ban vé
duéi vi phan ham 16i, duéi vi phan Clarke, dudi vi phan Michel — Penot va
duéi vi phan Dini, mot s6 tinh chat ctia phan trong tya tuong déi va dinh 1y
tach, mot s6 16p ham 16i suy rong. Noi dung cia Chuong 1 dugc tham khéo
trong cac tai lieu [1], [2], [3], [4]

1.1. Bai toan can bang

Gia sit X 1a khong gian Banach, M la mot tap con cia X, F' la anh xa tu
X x X vao R™. Khi do, F = (F,..., Fy,). Gid st P la non 16i déong nhon
trong R™. Xét bai toan can bang vec to (VEP) sau day: Tim T € M sao cho
v6i moi y € M,

F(z,y) ¢ —P\{0}.
Vec to T duge goi 1a nghiém hitu hiéu (efficient solution) ctia (VEP) néu bao
ham thitc trén ding véi moi y € M. Trong truong hgp intP # (), T duge
goi 1a nghiém hitu hiéu yéu (weak efficient solution) ciia (VEP) néu véi moi
y e M,
F(z,y) ¢ —intP.

Dit F(y) = FT.), Fraly) = F@y)(k € J = {1,....m}). Gié si
Fz(z) = 0. Trong truong hop P = R, diém T € M 1a nghiém hitu hiéu (t.u.
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nghiém hitu hiéu yéu) ctia (VEP) néu khong c6 diem y € M nao thdéa man

Fiz(y) <0 (VkelJ),
Fyz(y) <0 v6i it nhat mot s € J,
(t.u’. Fk@(y) < 0 Vk € J)

Gid st £(X;R™) 1a khong gian cac d4nh xa tuyén tinh lién tuc tit X vao
R™ T la 4nh xa tt X vao £(X;R™). Bai toan bat dang thiic bién phan
vecto (VVI) sau day 1a mot truong hop dac bigt clia bai todn can bang vecto
(VEP): Tim x € M sao cho

(Tx)(y — =) ¢ —P\{0} (Vy € M).

Vec to T dugc goi 1a nghiém hitu higu ctia (VVI) néu bao ham thiic trén ding
v6i moi y € M. Trong truong hop intP # (), T sé duge goi 1a nghiém hitu hiéu

yéu ciia (VVI) néu
(TZ)(y — %) ¢ —intP (Yy € M).

Cha y rang dinh nghia nghiém hiu hiéu trong truong hop P = R (t.u.
nghiém hitu hiéu yéu trong truong hop P = R™", ) nhu sau: Khong ton tai
y € M sao cho

T(@)p(y—7) <0 v6imoik € J,

T(T)s(y —T) <0 vo6i it nhat mot s € J,

(t.u. T(@)r(y—7) <0 v6imoi k € J>
trong d6 T'(7) = (T'(T)1,. .., T (@)m), T(@)r : X = R (k € J), R}, = intR}".

Néu F(z,y) = f(y) — f(z) (x,y € M), trong d6 f : X — R™, bai toan can
bang vec to (VEP) trd thanh bai toan t6i uu vec to (VOP) sau day:
min{ f(z) : x € M}.

Khi d6, dinh nghia cuc tiéu Pareto hay nghiém hitu hiéu trong trusng hop
P =TR" (t.u. cyc ticu Pareto yéu hay nghiem hitu hiéu yéu trong truong hop
P =TR",) nhu sau: Khong ton tai © € M théa mén

fe(z) < fiu(z) (VK€ J),



fs(x) < fs(T) v6i it nhat mot s € J,
(tu. fe(z) < fr(T) VE € J).

1.2. Tach céac tap 16i khong tuong giao va duéi vi phan ham 16i

Céc khai niem va két qua vé giai tich 161 sau day (xem [1], [23]) 1a can thiét
cho céc chuong sau.
Dinh nghia 1.1. Cho X la khong gian topo tuyén tinh va cdc tap hop A, B C
X. Ta néi phiém ham tuyén tinh lien tuc z* # 0 tdch A va B, néu ton tai so
a sao cho:
(", y) <a<{(z*,x) (Vxe€ A VyeB).

Néu bat déng thiic trén c6 dang:
(% y) <a<(z"x) (Vxre AVyeB).

thi ta néi «* tach ngat A va B.
Sieu phang dong H := {x : (z*,x) = o} dudc goi 1a siéu phang tdch A va
B. Cac tap A va B goi la tdch duoc.

Dinh 1y 1.1. (Dinh ly tach thii nhat) Hai tap 10i khdc rong bat ki khong tuong

giao trong khong gian topo tuyén tinh, mot tap cé diém trong thi tach duoc.

Dinh 1y 1.2. (Dinh ly tach thit hai) Gia st A, B la cic tap dong khdc rong
khong tuong giao trong khong gian 107 dia phuong va A compact. Khi dé A va
B tach ngat duoc.

T Dinh 1y tach thi 2 ta suy ra rang: C6 thé tach ngit mot diém v6i mot
tap 10i dong khong chia diém dé.

Tt hai dinh 1y tach ta suy ra cac két qua sau:
Meénh dé 1.1. Gid st non K va tap A tich duoce bdi siéu phang H. Khi do
K va A ciing tach dugc béi sieu phang H' di qua dinh ctia nén va H'//H.
Meénh dé 1.2. Gid st K la mot non loi dong cé dinh tai xy trong khong gian

topo tuyén tinh loi dia phuong X, L la mot tia di qua xo va L ¢ K. Khi dé,
K wva L tach duoc.
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Dinh 1y 1.3. Gid st K la nén loi dinh tai 0, intK # 0, L la mot khong gian
con, intK N L # 0. Gid s x* la mot phiém ham tuyén tinh lien tuc trén L
thoa man:

(x*;2) >0 (Vre KNL).

Khi dé, ton tai phiém ham tuyén tinh lién tuc x'™* trén X sao cho:

(2, x) = (", 2) (Vx e L),
(z",2) >0 (Vz € K).

Dinh nghia 1.2. Non lién hop K* cua K dugc dinh nghia nhu sau:
K*:={x"e X*: (2", 2) >0,Vo € K}.
Cha y rang K* déng *yéu va
K" = (K)" = (coK)",

trong dé co 1a ky hiéu bao 161, K 1a bao déng yéu cia K.

Cac két qua sau ve nén lien hop 1a cong cu tot dé dan cac dieu kien toi vu.

Dinh 1y 1.4. Gid sit K1, Ko, ..., K, la cdc nén 1ot md (dinh tai 0), iy Ki #

0. Khi do: .
(ﬂ K) => K;.
=1 =1

Dinh 1y 1.5. (Duboviskii - Milyutin) Gid st Ky, Ko, ..., Ky, K,11 la cdc
non loi (dinh tai 0); cic non Ky, Ko, ..., K, md. Khi dé, - K; = 0 <
drr € KX (i=1,...,n+ 1) khong dong thoi bang 0 sao cho:

+ary+ -+, o, =0.
Gia st f 1a ham 16i tren D C X. Mieén httu hiéu ctia ham f, ki hieu 1a
dom f, dugc dinh nghia nhu sau:

domf ={x € D: f(x) < +o0}.

Dinh nghia 1.3. Ham [ dugc goi la chinh thuong néu domf # 0 va f(x) >

—0OQ.
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Dinh nghia 1.4. Dudi vi phan cia ham loi f tei T € X duge dinh nghia
nhu sau:

Ocf(z) ={2": (2", x) < f(z) — f(T) Vx € X}.
Dinh 1y 1.6. (Moreau—Rockafellar) Gid si fi,..., fm la cdc ham 101 chinh
thuong trén X. Khi do, vér moi v € X,

8c(f1 + 4 fm)(x) D 8Cf1($) —+ 4 acfm(il:)

Hon nita, néu tai x € (\,_;m domf;, tat cd cac ham f1,. .., f,, lién tuc (c6 thé

tri ra mot ham), thi

Oc(fi+ -+ fm)(@) = 0o fi(x) + -+ + Oc fm(T).

1.3. Duéi vi phan Clarke

Gia stt X 1a khong gian Banach, X* 13 khong gian topo ddi ngau ctia X,
z € X va f la ham gia tri thuc trong X.
Dao ham suy rong Clarke ctia f tai & theo phuong v duge xac dinh nhu

sau (xem [4]):

fY(z;v) = limsup flo+tv) - f(.r)
T 7,10 14
Du6i vi phan Clarke (hay gradient suy rong Clarke) ctia f tai  dugc xac
dinh bdi:
0f(z) = {f e X*: (&) < fOzw), Yo e X},

trong do (£, v) 1a gia tri ciia phiém ham § € X* tai v € X. Cha § rang dudi
vi phan Clarke ctia f dudc quy vé dao ham thong thuong khi f kha vi chit.

Néu f 1a Lipschitz dia phuong v6i hing s6 L, ham fY(z;.) 1a thuan nhat
duong, duéi cong tinh trén X, Lipschitz v6i hang s6 L trén X, va f(Z) khac
rong, 10i, compact *yéu ctia X* va [[€]| < L v6i moi € € 9f(T).

Néu f : R? — R" 13 ham Lipschitz dia phuong tai z, thi Jacobian suy rong
Clarke cua f tai z dugc xac dinh béi:

of(z) = co{lim Vf(x):x;, =T, z; € S} :

1—00
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trong d6 V f(x;) 1a ma tran Jacobi clia f tai z;, co ki hieu bao 161, S 1a tap
cac diem ma f kha vi. Trong trudng hop n = 1, Jacobian suy rong Clarke
cua f tai ¥ trung v6i dudi vi phan Clarke cua f tai .

Theo [4], nén tiép tuyén Clarke ctia tap C C X tai diém z € C dugc xac
dinh bdéi

Te(z) ={ve X Vo, € C,z, —» z,Vt, | 0,30, = v
sao cho z, + t,v, € C,Vn}.
No6n phap tuyén cia C tai 7 € C 1a tap:
Ne(Z) :={p € X*: (¢,v) <0,Vv € Te:(7)}

Noén phép tuyén T¢(z) dong khac rong, No(z) dong *yéu khac rdng va ca hai
n6n nay déu 16i. Néu C 161, N¢(z) trung v6i nén phap tuyén theo nghia giai
tich 101 (xem [3]):

Ne(@):={pe X" : (¢, —7) <0,Vz € C}
Vé6i non D C X thi nén lién hgp cia D duge dinh nghia bdi
D*={{e X":(¢v) >0,Yv e D}.
Cuc ctua nén D duge xac dinh bdi
DY ={¢ec X*:(£v) <0,Vv e D).

No6n phap tuyén ctia C tai T 1a nén cyc ciia nén tiép tuyén 7'(C, z)

1.4. Phan trong tua tuong déi

Dinh nghia 1.5. [8] V&i tap con 16i C clia X (X c6 thé vo han chiéu), phan
trong tya tuong doi (quasirelative interior) ctia C', ki higu la qriC, 1a tap cla
cac phan tit x € C sao cho clcone(C' — ) 1a mot khong gian con tuyén tinh

ctia X. Phan trong tua tuong doéi dude ky hieu 1a qriC.

Khai niém phan trong tya tuong ddi 13 mot mé rong ctia khai niém phan
trong tuong ddi (relative interior) trong khong gian hitu han chiéu. Nén phap
tuyén ciia C tai T € C la tap

N C;z)={e X" :{(&x—T) <0,Vr € C}.
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Khi d6, néu ¥ € C thi T € qriC khi va chi khi N(C;7) 14 khong gian con
tuyén tinh ctia X*. Cha ¥ rang néu dimX < oo va C 13 tap 10i khac rong thi
riC' # () va qriC=riC, trong d6 ri ky hiéu phan trong tuong doi.
Tinh chat 1.1. Gid st C va D la hai tdp l0i ciia X sao cho qriC # 0 va
qriD £ 0; 1o € C, T € qriC,a € R va A € [0;1). Khi do,

e qriC + qriD C qri(C + D),

e aqriC = qri(aC),

e qri(C x D) = qriC x qriD,

e cl qriC =cl C,

o (1—MN)zg+ AT € qriC,

e qriC = qri(qriC).
Dinh 1y 1.7. (Dinh lj tach Cammaroto—Bella [5]) Gia st A va B la cdc tap

10i khac rong ciia X. Gid st qriA # 0, qriB # 0 va clcone(qriA—qriB) khong
la khong gian con tuyén tinh cia X. Khi dé, ton tai 0 # ( € X* sao cho

(¢,2) < (C,y) (Vo € A,Vy € B).

Nhan xét 1.1. Dinh 1y 1.7 khong can diéu kién intA # () hodc intB # 0.
Diéu kién nay dugc thay béi qrid # 0 hodc qriB # (. Trong khong gian
hitu han chiéu, diéu nay tu dong théa man, bdi vi véi A, B khac rong 16i thi
qriAd = riA # () va qriB = riB # 0.

Vi du sau day minh hoa cho Dinh ly 1.7.

Vidu 1.1. Cho X = R, A = {(21,...,0,1,1) € RP : 0 < a; < 1,i =
L...,p—1}va B={(x1,...,2p-1,0) e RP: 2; >0,i=1,...,p—1}. Khi
do, qrid = {(z1,...,2p-1,1) eRP: O<x; < 1,i=1,...,p—1} #0, qriB =
{(z1,...,2p-1,0) e RP: x; > 0,0 =1,...,p— 1} # 0 va clcone(qriA — qriB)
khong 1a mot khong gian con tuyén tinh ctia RP. Vi vay, ta c6 thé 4p dung

Dinh Iy 1.7 dé tach cac tap A va B bdi mot siéu phang.
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1.5. Ham 16i suy rong

Ham thuc Lipschitz dia phuong f tréen X dudc goi 1a 0—gia 10i tai T trén
C clia X néu (xem [23])

(H € df(@) (Cr—2)=20= f(z) - f(x) 20 (Vzel).
Néu f kha vi Fréchet tai z, f gia 16i tai 7 trén C, thi
(Vf(@),r—2)>0= f(z)— f(z) >0 (Vzel).

Ham thyc Lipschitz dia phuong f dudc goi 1a 0—tua 16i tai 7 tréen C cua
X néu (xem [20])

flo)— f(@) 0= (E,2—7) <0 (V¢ € df(T),Va € ).

Ham f & 0—tya lom tai T trén C néu —f 1a O—tya 16i tai 7 tréen C. Ham
f duoc goi 1a O—tua tuyén tinh tai Z tréen C' néu f 1a d—tua 16i va O—tua
lom tai z trén C.
Tinh 16i theo nén ctia mot anh xa f tit tap A vao khong gian Y duge dinh
nghia nhu sau.
Mot 4nh xa f: A — Y duge goi 1a C-16i trén A néu véi moi z,y € A, t €
0, 1], ta ¢
tf(x)+(1—1t)f(y) € fta + (1 —t)y) + C. (1.1)
Truong hop Y = R, C' = R, quan hé¢ phu thudc trong (1.1) trd thanh bat
déng thic:
L)+ (1= 1) > [t + (1 - ty), (12)

va anh xa f dudc goi 1a 10i trén A theo nghia thong thuong.

Vi du 1.2. Cac ham s6 thyc f,¢g : R — R dugc dinh nghia tuong ttng béi
f(x) = 2? va g(z) = |z| v6i moi # € R 1a 16i trén tap xac dinh ctia n6. Tuy

nhién, cic ham —f va —¢g la khong 16i trén tap xac dinh ctia do.

Vidu 1.3. Cho A= {z € R: |z| <1} va ham s6 thyc f : A — R xéac dinh
béi f(x) = —2*4+622 Vo € A. Tacé f1al1di tren A bdi vi f/(z) = —4a®+12x,
f(x) = =1222 + 12 = 12(1 — |z])(1 + |z|) > 0 moi x € A.
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Cho anh xa f: A — Y va diém 7 € A. Khi dé,
(a) V6i moi h € X, néu gidi han sau:

_ . f(x+th)— f(x
DI (H) = tim T ZIE)
ton tai, thi ta n6i Df(Z)(h) 1a dao ham theo huéng clia ham f tai diém z
theo huéng h. Néu gi6i han nay ton tai v6i moi h € X, thi f dude goi 1a kha
vi theo huéng tai diém 7.
(b) V6i m6i T € A va moi h € X, néu gidi han sau:

Dof(@)(h) = lim f@+ ti;) — [(@)

ton tai va Do f(Z) : X — Y la mot anh xa tuyén tinh lien tuc, thi Dg f(T)
goi 1a dao ham Gateaux clia f tai diém z. Truong hop nay, ham f dudc goi

13 kha vi Gateaux tai diém Z.
Meénh dé 1.3. Cac khang dinh sau la ding:
(i) Néu f kha vi Gateaux tai diém T thi n6 kha vi theo hudéng tai diém doé.

(i) Néu f 1a C-16i tren X va kha vi theo huéng (tuong ting, kha vi Gateaux)
tai moi diem 7 € X thi Df(Z) : X — Y (tuong ting, Daf(T) : X — Y)
1a C-16i trén X.

Chitng minh. Truong hop (i): St dung dinh nghia, két qua thu dugc 1a hién
nhién.

Truong hop (ii): Ta chi xét cho truong hgp anh xa f khé vi theo huéng tai
moi diem T € X, va trudng hgp con lai duge suy ra tryc tiép tit (i). Deé
chiing minh ta lay tiy y 2,y € X, t € (0,1], A € [0,1] va d&at x(¢t) = T + tz,
y(t) = T + ty. St dung tinh C- 16i ctia ham f trén khong gian X, ta c6 biéu

dién sau:

f@+te+ (1 -MNy) - f(@) _
t
fQx(t) + (1= Ny(t)) — f(@)
t
c M) +( —t/\)f(y(t)) —f@ 4




S
t
—C
A @) T60) 1)
—C.

Cho t — 07 va st dung tinh déng ctia nén C' ta nhan dugc:
f@+iAz+ (1= Ny)) — f(T)

lim
t—0+ t
L) @)
t—0+ t
- g{g)\f(y(t)) —f@ _

Theo dinh nghia dao ham theo huéng ciia ham f tai = ta thu dugc
ADf(7)(x) + (1 = A)Df(T)(y)
e Df(z)( Az + (1 - N)y) +C.

Diéu nay cho ta két qua can chitng minh.

Vi du 1.4. Xét ham gia tri thuc f xac dinh trén tap A = R? v6i

flo,y) =" W 420yl + 30 -1 V(z,y) € A

Chon diém T = (0,0) va ap dung khai niém dao ham theo huéng cia f tai

diém nay, ta tinh dudc

Df(@)(x,y) = Daf(T)(x,y) = 4x + |y|

V(z,y) € A

Tiép theo ching t6i nhac lai khai niém co s§ clia nén, nghiém hitu hieu

Henig va siéu hitu hiéu clia bai toan can bang vecto c¢6 rang budc, va dude

phat bicu nhu sau:

Mot tap 16i B C Y duge goi 1a mot co s6 ciia nén C néu C' = coneB va

0 & cl B, trong d6 cl B ky hiéu bao déng cua tap B va cone B la hinh nén

sinh bdi tap B véi
coneB ={th:t >0, b € B}.
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Néu B 1a mot co s6 ctia nén C' thi ton tai mot phiém ham tuyén tinh lien tuc
y* € Y*\ {0} sao cho

r=inf{(y",b) : b€ B} > (y*,0) = 0.
Tiép theo ching toi xét mot 1an can 16i md can doéi ctia goc O trong Y :
. r
Ve={yeY |y l<3}

D@ thay, v6i méi lan can 161 U ctia O thdéa man U C Vp, ta c¢6 cone(U + B) 1a
né6n 16i nhon va cl(U+ B) khong chita goc O. Do d6, C'\{0} C int cone(U+ B).
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Chuong 2

Diéu kién toi vu cho bai toan can

bang vectd véi rang budc can bang

Chuong 3 trinh bay cac két qua vé diéu kién can Fritz John cho nghiém
hitu hiéu yéu ciia bai toan can bang vecto khong tron véi rang budc can bang
(VEPEC) duéi ngon ngit dudi vi phan Clarke. V6i cac diéu kién chinh quy
thich hgp cho bai toan véi rang budc can bang, cac diéu kien can Kuhn —
Tucker dude thiét lap. Cac diéu kién du cho nghiém hitu hiéu yéu véi cac gia
thiét vé tinh 16i suy rong dude chitng minh. Chu y rang dé thiét lap dicu kién
can cho (VEPEC) trén tap chap nhan dugc K, ta xét bai todn can bang vecto
(VEP1) trén tap K; v6i K C K. Dé thiét lap diéu kien di cho (VEPEQ), ta
xét bai toan can bang vecto (VEP2) trén tap Ky véi K C K. Cac két qua
duge dya vao cong trinh cia D.V. Luu — D.D. Héang (2015) (SCIE).

2.1. Diéu kién can tbi uvu Fritz John

2.1.1 Phat biéu bai toan

Gia st X la khong gian Banach, FF: X x X - R", g: X - R"™ h: X —
R, G: X - R, H: X — R". Gid st C la tap déng ctia X, Q) 14 nén 16i
déng nhon trong R"™ véi int(@ # (). Dat
K :={zecC:g(x) <0, h(z) =0, G(2) >0, H(z) >0, G(x)" H(z) = 0},

trong d6 G(z)T 1a chuyén vi ctia G(x).
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Xét bai toan can bang (VEPEC): Tim z € K sao cho

F(x,y) ¢ =P\ {0}, (2.1)
trong d6 P 1a no6n 1oi trong R" (VEPEC trén K). Néu P = int@ thi x € K
thoa man (2.1) dugc goi 1a nghiem httu hieu yéu ctia bai toan (VEPEC). Nhu
vay, x 1a nghiém httu hi¢u yéu ctia bai toan (VEPEC) néu

F(z,y) ¢ —intQ (Vy € K).
Diéu nay tuong duong véi
F(z, K) N (—intQ) = 0.

Gia st L(X;R™) 1a khong gian cic anh xa tuyén tinh lien tuc tu X vao R™,
T 1a anh xa tit X vao L(X;R"). Bai toan bat dang thic bién phan (VVIEC)
la truong hop dic biet clia bai toan can bang (VEPEC): Tim z € K sao cho

(Tx)(y —x) ¢ —P\{0} (Vy € K). (2.2)

Néu P = intQ, vecto x € K thoa man (2.2) sé duge goi 1a nghiém hitu hi¢u
yéu ctia bai toan (VVIEC). Néu F(x,y) = f(y) — f(z) (z,y € K), trong d6
f :x — R", bai toan can bang (VEPEC) trd thanh bai toan tdi uu vecto
(VOPEC):
min{ f(x) : v € K}.

Néu P = intQ, nghiém ctia bai toan (VOPEC) dudc goi 1 cuyc tiéu Pareto
yéu. Flegel — Kanzow [5] da nghién cttu bai toan (VOPEC) cho truong hgp
n=1, C =X, dimX < oo va cac ham la kha vi lién tuc.

Taco F = (F1,...,F,), 9=(91,---,9m), h=(h1,...,hy), G=(Gy,...,G,),
H=(Hy,...,H). V6iz € K,dat F;(y) := F(z,y)val(z) :={ie{l,...,m}
: g;(Z) = 0}. Dé trinh bay diéu kién can t6i wu cho bai todn (VEPEC), ta

dua vao gia thiét sau:

Gia thiét 2.1. Cac ham Fz(.), g1, -+, Gm, M1, -, hy, G1,...,G,, Hy,..., H,
Lipschitz dia phuong tai x.

V6i T € K, ta dit

A= A@@)={ie{1,...,rYGi(z) = 0, Hi(z) > 0},



B:=B():={ic{l,....r}Giz) =0, Hi(z) = 0},
D:=D(@):={ie{1,....r}|Gi(z) > 0, Hi(z) = 0}.

Véize K,tac6 AUBUD ={1,...,r}. Xét mot phan hoach (Bj, By) clia
B, nghia la B = B1 UB2 va, Bl ﬂBg == @ Dét

={zeC:g9(x) <0, h(z) =0,Gaup,(x) =0, Gpugp,(x) >0,
Haup, (z) > 0, Hpup,(x) = 0},
trong d6 G 4up, () 1a vecto con ctia G(x), bao gom céc thanh phan G;(x) véi
i € AU B;. Cha ¥ rang K, phu thuoc 7 va K; C K.
2.1.2 Diéu kién can t6i vu Fritz John cho bai toan (VEPEC)

Bay gio ta xét bai toan can bang vecto (VEP1): Tim x € K sao cho
F(z,y) ¢ —intQ (Vy € K1).

Mot diéu kién can kiéu Fritz John cho (VEPEC) duge phat biéu nhu sau:
Dinh 1y 2.1. Gid sit T la nghiém hiu hiéu yéu cia bai toin (VEPEC);
Fy(z) = 0 va gid thiét 2.1 théa man. Khi dé, ton tai 7 > 0, A € R™, \; > 0
Viel(z),ne R, v eR, 7 >0 (Vk e By), xeR", vy, >0 (VI € By)
khong dong thoi bang 0, va ham dudi cong tinh thuan nhat duong lién tuc
A :R"™ — R théa man tinh chat (M):

Yo — Y1 € intQ) = A(yg) < A(yl)

sao cho

0€7O(No Fp)(T)+ Y Nidgi(z +Zujah

iel(z)
— > mIGH(E)— Y xi0H(z)+ N(C, ), (2.3)
ke AUB le DUB

trong dé N(C,T) la nén phdp tuyén Clarke ciia C tai T.

Ching minh. B6i vi T 1a nghiém httu hiéu cia (VEPEC) va K; C K, ta suy
ra T la nghiem httu hig¢u yéu ctia bai toan (VEP1). Dinh 1y vo huéng héa clia
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Gong (Dinh 1y 3.1 [8]) da chi ra ton tai mot ham thuan nhat duong dudi cong
tinh A € R" thda méan tinh chat (M), va

Ao Fy(xz) >0 (Vze Ky). (2.4)
Vi F;(z) = 0, cho nén Z la citc tiéu ctia bai toan t6i wu vo huéng (SOP):
min A o Fz(x),
g(x) <0,h(x) =0,
Gaup, (7) = 0, Haup, (z) > 0,
Gpus,(z) > 0, Hpup, () = 0,
xeC.

Ap dung Dinh 1y 6.1.1 [4] cho bai toan (SOP), ta suy ra ton tai 7 > 0,
)€ R™, A >0, p € RP, v € R", UDuB, = 0, x € R", XAUB;, = 0 khong d@ng
thoi bang 0, sao cho

0 € 7O(A o Fy) —I—Z)\ﬁgl +Zujah Zukac;k

— ) Xi0H(T) + N(C, ), (2.5)
=1
Ag(Z) =0 (2.6)
vpuB,GpuB,(Z) = 0, (2.7)
Xaus, Haus, () = 0. (2.8)

Nhuvay, vp > 0,vp, > 0, x4 > 0, xp, > 0. Vle( )>O(\V/]€ED) H[(f) > 0
(Vie A), tuw (2.7) va (2.8) tasuyra v, =0 (Vk € D), x; =0(Vl € A).
Ta cé6 \; = 0(Vi ¢ I(z)). Vi vay, (2.5) trd thanh

0€7O(No Fp)(T) + Y Xidgi(z —I—Z,ujahi

iel(z)
— > ndGKE)— > x0H(Z)+ N(C,x).
ke AUB leDUB
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2.1.3 Dieéu kién can Fritz John véi diéu kién chinh quy (VEPEC-
RC)

Dé nhan dugc (7, \) # (0,0) trong didu kien Fritz John (4.3), ta dua vao
diéu kién chinh quy (VEPEC-RC) cho bai toan (VEPEC) nhu sau:

p
0€ ) wohj(x)— > wdGHE)— > xi0H(T)+ No(z)
j=1

ke AUB le DUB

=pui=v=x=0(=1,...,p; ke AUB; l€ DUB).

Nhan xét 2.1. Dieu kién chinh quy loai nay da dugc nghién cttu bdi Jiménez
— Novo [11] cho bai toan t6i uu vecto. Trong truong hgp C' = X, diéu kien
(VEPEC-RC) tr6 thanh: V6i bat ky ¢; € 0h;(Z) (j =1,...,p), nx € OGk(T)
(ke AUB), v € 0H(z)(l € DU B), hé cac vecto (; (j = 1,...,p), e (k €
AU B), v (I € DU B) doc lap tuyén tinh.

V6i dicu kien (VEPEC-RC), ta nhan duge diéu kién can Fritz John nhu

sau:

Dinh 1y 2.2. Gid st T la nghiém hiu hiéu yéu cia bai toin (VEPEC);
Fi(z) = 0; gid thiét 2.1 théa man va dieu kién chinh quy (VEPEC-RC)
ding. Khi do, ton tai 7 > 0, A€ R™, \; > 0 (Vi € I(z)), i € R?, v € R",
vy >0 (Vk € Ba), x €R", vy > 0 (VI € By) vdi (7,\) # (0,0), va mot ham
dudi cong tinh thuan nhat duong lien tuc A : R — R théa man tinh chat (M)

sao cho

0€7O(No Fp)(T) + Y Nidgi(z +Zujah;z

iel(z)
— Z VkaGk» Z XlaHl —G—N(C,f).
ke AUB leDUB

Chitng minh. Theo Dinh Iy 2.1, ton tai 7 > 0, A € R™, \; > 0 (Vi € (%)),
peERP. veR" v, >0 (Vk € By), x€R", x; >0 (VI € By) khong dong thoi
bang 0, vd mot ham dudi cong tinh thuan nhat duong liéen tuc A : R* — R
théa man tinh chat (M) sao cho

0 € 7O(A o Fy) Z Xi0gi(T) + Zuﬁh — > 30Gy(z)

el(x ke AUB



— > x0H(z)+ N(C, 7). (2.9)
Néu (7,)) = (0,0), tit cong thiic (2.9) suy ra
p
0> [ohi() — Y mIGHz) — Y Xi0H(z)+ N(C,x)
Jj=1 ke AuB leDuB

Tu dieu kién chinh quy (VEPEC-RC), ta suy ra
Li=v,=x1=0(=1,...,;;ke€ AUB;l € DUDB).

Vi vay, v6i (7,A) = (0,0), ta di dén mau thudn véi gid thiét 7 > 0, A € R™,
N >0 (Vielz),ieR, R, >0 (k€ B), xR, vy >0
(VI € B;) khong dong thoi bang 0. O

Vidu 2.1. Gid st X =R?, C =[0,1] x [0,1], @ =R%, = (0,0), trong do
R? 1a orthant khong am trong R Cho ham F : R? x R? — R? dugc xac dinh
nhu sau:

F = (f1, f2, f3),
filz,y) =yl + 2| — 1],

2 s
yslcos -|, y2 # 0,
fo(z,y) = 2leosy ). v 7
07 Ys = 07

f3(z,y) = —y1 + 22,
(z = (z1,22) € R%y = (y1,12) € R?). Dat fiz(y) = fi(z,y) (i = 1,2,3).
Khi 6, Fs(z) = (0,0,0), df1a(z) = [0,1] x [0, 1], dfas(z) = {0} x [, 7],
Ofsz(z) = {1} x {0}. Cho céc ham g, G, H : R* — R dugc xac dinh nhu sau:
9(y) =i — .

G(y) = —|n| + 2,
H(y) = =2" +y2 + L.

Diém 7 = (0,0) la nghiém hitu hiéu yéu cia bai toan can bing vecto:

F(x,y) ¢ —intQ (Vy € K),
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trong do
K={yeR*:g(y) <0,G(y) > 0,H(y) >0,G(y)H(y) = 0}.

Ta thay céc gia thiét ctia Dinh 1y 2.1 déu thoa man. Ta c¢6: dg(z) = {0} x{—1},
0G(7) = [-1,1] x {1}, OH(z) = {-1} x {1}, N(C,z) = R?, trong d6 R? =
—R?

..
Diéu kién can t6i vu (2.3) dang véi A = (1,0,0), O(A o F3)(Z) = [—1,1] x
[-1,1],7=3, A=p=x=1:

(0,0) € 3.[~1,1] x [~1,1] + 1.{0} x {1}

—1.[-1,1] x {1} = 1.{—1} x {1} + R2%.

2.2. Diéu kién can t6i wvu Kuhn — Tucker

2.2.1 Cac diéu kién chinh quy (VEPEC-CQ1) va (VEPEC-CQ2)

Dé dan diéu kién can t6i wu Kuhn — Tucker cho nghiém hitu hi¢u yéu cta
bai toan (VEPEC), ta dua vao diéu kién chinh quy (VEPEC-CQ1) nhu sau:

(a) 0.€ >0 1jOh; () = 3 hc 4 VkOGK(T) — X e pup XtOHI(Z) + N(C, )

=u=v=x=00U=1,....p; k€ AUB;l € DUB,).
(b) Ton tai mot vecto v € T (T) sao cho
(G v) =0 (V¢ €dhi(z), j=1,...,p),
(e, v) =0 (Vi € 9G(Z), Yk € AU B),
(y,v) =0 (Y € H(Z), Vl € DU B),
(& v) <0 (V& € 0gi(x), Vi € I(x)).
Nhan xét 2.2.
(a) V6i cac bai toan (VVIEC) va (VOPEC), diéu kién chinh quy (VEPEC-
CQ1) duge goi la (VVIEC-CQ1) va (VOPEC-CQ1).

(b) Trong truong hgp C = X, diéu kién chinh quy (VEPEC-CQ1) c6 truong
hop dac biét 1a (VEPEC-CQ2) nhu sau:
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(i) Véi méi ¢; € 0hj(z), (j = 1,...,p), Tk € OGi(Z) (k € AUB), 5 €
0H;(z)(l € DU B), hé cac vecto ¢ (j = 1,....,p), mu(k € AU
B), v (I € DU B) doc lap tuyén tinh.

(ii) Ton tai vecto v € X sao cho
(Grv) =0 (VG € 0hi(z), j =
(Mg, v) =0 (Y, € 0GR(Z), Vk € AU B)
<’71,U> =0 (V’W S 8]‘[1(%), Vie DU B)
(& v) <0 (V& € 0gi(T), Vi € 1(2)).

"7p)7

Nhan xét 2.3. Trong truong hop dim X < oo, C = X, bang mot 1y luan
tuong ty da st dung dé ching minh Ménh dé 4.2 [12], ta suy ra diéu kién
chinh quy (VEPEC-CQ2) kéo theo diéu kién chinh quy sau day: V6i moi
AeR™ N >0Miel(z),ue R veR, v, >0 (Vke AUB,y), x € R,
x: > 0 (VI € DU By) khong dong thoi bang khong, sao cho

0¢ Z Xi0gi(Z +Zﬂjah — > ndGLE) - Y xi0H(z

el(x ke AUB le DUB

2.2.2 Diéu kién can Kuhn — Tucker cho nghiém hitu hiéu yéu cta
bai toan (VEPEC)

Mot diéu kién can Kuhn — Tucker cho nghiém hitu hiéu yéu ctia bai toan
(VEPEC) dugc phat biéu nhu sau:

Dinh 1y 2.3. Gid si T la nghiém hitu hiéu yéu cia (VEPEC); Fy(Z) = 0;
gid thiét 2.1 va dieu kién chinh quy (VEPEC-CQ1) théa man. Khi dé, ton
tai N ER™, N\, >0 (Vi € I(z)), € R?, v €R", i, > 0 (Vk € By), Y €ER",
Xt > 0 (VI € By), va mot ham dudi cong tinh thuan nhdt duong lién tuc
A :R"™ — R thda man tinh chat (M) sao cho

0€d(AoFy)(z)+ Y Ndgi(z +Zujah

iel(z)

— > mIGHE) - Y x0H|(Z)+ N(C, 7).

ke AUB leDUB
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Chatng minh. Ap dung Dinh 1§ 2.2 ta suy ra ton tai 7 > 0, A € R™, \; > 0
Vie I(Z), ne R, v eR", 1, >0 (Vk € By), x € R", 5y >0 (VI € By)
v6i (7,A) # (0,0), vd mot ham dusi cong tinh thuan nhat duong lién tuc
A :R" — R théa méan tinh chat (M) sao cho

0€7O(AoFy)(T)+ > Nidgi(® -+§:Mmz — Y %0Gy(z)
1€l(z) ke AUB
—-}2;@am@n+Amaf) (2.10)
le DUB

Gia st ngugc lai, 7 = 0. Khi do, A # 0. Tit (2.10) ton tai &; € dg;(z) (i € 1(z)),
(; € 0nhi(z) (j=1,...p), Nk € 0G(z)(k € AUB), 3, € 0H)(%) (1 € DU B),
o € N(C,z) sao cho

0= Z Nii + Zﬂj@ Z Uiy — Z XtV + 0. (2.11)
icl(z) ke AUB leDUB
Do diéu kién chinh quy (VEPEC-CQ1), ton tai vecto v € T (%) sao cho
(Grv) =0 (VG €0hi(z),j =1,...,p),
(M, v) =0 (Y, € 0G1,(7), ¥k € AU B);
(vi,v) =0 (Vv € 0H|(Z),Vl € DU B);
(&, v) <0 (V& € 0gi(), Vi € I(T)).
Tu do, ta suy ra

> Nil&,v)

1€l(T)

Ai{Gv) = > mi ) — Y i ,v) <0,

ke AUB leDUB

\\t’j%

Di¢u nay mau thuin vé6i (2.11). Vi vay, 7 > 0, va khong mat tinh chat tong
quat ta co the lay 7 = 1. ]

Trong truong hop Fz(.) khé vi chit tai Z, ta nhan duge diéu kién can Kuhn

— Tucker sau day:
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2.2.3 Diéu kién can Kuhn — Tucker cho trudng hop Fy(.) kha vi
chat

Dinh ly 2.4. Gid st & la nghiém hitu hiéu yéu cia (VEPEC) va cac gid thiét
cia Dinh ly 4.3 thoa man; Fz(.) khd vi chdt tai T vdi dao ham chat DyFz(T).
Khi dé, ton tai p € Q*\ {0}, N € R™, \; >0 (Vi € I(z)), i € RP, v € R",
v, >0 (Vke By), xR, \y >0 (VI € By) sao cho

0 € [D; erE:)\é?gZ +Z,uj(9h

i€l(z)
— ) ndGLE)— > x0H(Z)+ N(C,x). (2.12)
ke AUB le DUB

trong dé [DsFz(Z)]* la dnh za lién hgp cia DsFy(T).

Chitng minh. Ap dung Dinh 1y 4.3, ta suy ra ton tai A € R™, \; > 0 (Vi €
I(Z), neR. veER, i, >0 (Vk € By), x €R", x; >0 (VI € By) , va mot
ham dudi cong tinh thuan nhat duong lién tuc A : R® — R thoa méan tinh
chat (M) sao cho

0€ (Ao Fe)(Z)+ Y Ndgi(T +Zujah — Y 30G(T)
iel(z) ke AUB
— > x0H(z)+ N(C, 7). (2.13)
leDUB

Béi vi F;(.) kha vi chit tai z, theo Dinh 1y 2.3.10 [4], ta c¢6
O(A o F3)(Z) C [DsFz(Z)]"O(A(Fz(T)) (2.14)

T (2.13) va (2.15) suy ra

0 € [DF(2)] O(NF:)(2) + Y Xidgi(x +th
1€1(z)
— > mdGKE)— > xiOH(Z)+ N(C,T).
ke AUB leDUB

Tu do, ta suy ra ton tai p € (A(Fz)(Z)) sao cho

0 € [DF:(@)]'p+ Y Nidgi(z +Zujah — > 50G(z)

1€1(z) ke AUB
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— > x0H(x)+ N(C, 7). (2.15)
leDUB
Ta sé chira p € Q*\ {0}. That vay, v6i mdi y € int@ ta c6 0 — (—y) € intQ.
Vi vay,

(0, —y) = (p, Fe(T) —y) — Fe(7)) < A(Fa(T) —y) — AMF2(7))

2.3. Diéu kién du cho nghiém hitu hiéu yéu

2.3.1 Diéu kién da cho nghiém hitu hiéu yéu ctia (VEPEC)
Xét tap Ky = {z € C : g(x) < 0,h(x) =0, G(z) > 0, H(z) > 0}. Dé dan

diéu kién du cho nghiém hitu hiéu yéu ctia bai toan (VEPEC), ta xét bai toan
can bang vecto (VEP2): Tim x € K3 sao cho

F(r,y) ¢ —int@Q (Vy € K»).

Cha ¥ rang néu Z 14 nghiem hitu hiéu yéu cta bai toan (VEP2) thi z la
nghiém httu hiéu yéu ciia bai toan (VEPEC), béi vi K C K. Dat

Ig(a_j) = {k c {1, ce ,7"} : Gk(f) = 0},

Iy(z) ={le{1,...,r}: H(z) = 0}.
Khi do, v6i z € K, taco AUB = Ig(z),DUB = Ig(Z).

Mot diéu kién di cho nghiem hitu hidu yéu ctia bai toan (VEPEC) c6 thé
phét biéu nhu sau:

Dinh 1y 2.5. Gid sit 7 € K, Fz(Z) = 0 va gid thiét 2.1 théa man. Gid si
ton tai N €R™, \; >0 (Vi € [(%)), n € R?, v € R", i, > 0 (Vk € AUB),
X €R", vy >0 (VI € DU B), va mot ham dudi cong tinh thuan nhat duong
lien tuc A : R" — R théa man tinh chat (M) sao cho

0 € O(Ao Fy)(T) + Z \i0gi(z +Zujah

iel(z



25

— ) BIGKE) — > 0H|(T) + N(C, 7). (2.16)
ke AUB leDUB
Gia st C la tap loi, dnh za A o Fy la 0—gid o3 tai T trén C, cdc dnh za
gi (i € I(z)) la O—tva loi tai T tréen C, Gy, (k € AUB), H; (Il € DUB) la
O—tua lom tai T tréen C, h; (j = 1,...,p) la O—tua tuyén tinh tai T trén C.
Khi dé, & la nghiém hitu hiéu yéu cia (VEPEC).

Chatng minh. Béi vi A 16i lién tuc, cho nén A Lipschitz dia phuong. Vi vay,
Ao F; Lipschitz dia phuong tai z. Tt (2.16), ta suy ra ton tai § € (Ao Fy)(Z),
& € 0gi(z) (1 € I(z)), ¢ € Ohj(z) (i =1,...,p), i € OGk(Z) (k € AU B),
v € O0H(Z) (Il € BUB) va 0 € No(%) sao cho

0e Z )‘€z+ZN]CJ Z UMk — Z X +o=0.

iel(z) ke AUB leDUB

T do suy ra véi x € C,

p
<9,x—f>—|—25\£i, - > Z C], - Z Uy, nk,x—x
1€l(x) 1=1 ke AUB
o Z Xl ’}/Z,.T_.T +<O’,.T—.f> :0 (217)

leDUB
Mit khéc, véi x € Ky, ta ¢6 g;(x) < 0 = ¢;(Z). Do tinh chat d—tya 16i cia
ham g;, ta c6
(€2 —7) <0 (Vie ) (2.18)

V6i © € Ky, ta c6 hj(z) —hj(Z) = 0. St dung tinh chat 0—tua tuyén tinh cta
h;, ta nhan dugc

(Go—z)=0(¥j=1,...,p) (2.19)
Bdi vi cac ham Gy (k€ AUB) va H; (Il € DU B) la 0—tya 1om tai T € Ko,
cho nén

(g, x — ) >0 (Vk € AU B), (2.20)

(v,z—x) >0 (Ml € DUB,). (2.21)
Bdi vi C 161, cho nén T'(C;z) = R, (C — z). Tu do, ta suy ra

(0,2 — 7) < 0. (2.22)
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T (2.17) - (2.22) ta suy ra v6i moi x € Ko,
<O,x—x>>0.
Do tinh chat —gid 16i ctia anh xa A o F}, ta nhan dugdc
Ao Fi(x) > Ao Fi(z) =0 (Vo € K>). (2.23)

Ta chi ra Z 1a nghiém hitu hi¢u yéu ctia bai toan (VEP2). That vay, gid st

nguoc lai sé ton tai 1 € Ky sao cho
Fz (1) € —intQ.

Do Fy, (11) = 0— (—Fz, (1)) € int@ va st dung tinh chat (M) ctia A, ta nhan
dugce
Ao Fi(xy) < A0) =
Diéu nay mau thudn véi (2.23). Vay Z 1a nghiém httu hieu yéu ctia bai toan
(VEP2). Tu do, ta suy ra Z la nghiém hitu hiéu yéu ctia bai toan (VEPEC).
]

Trong truong hop Fj(.) kha vi chat tai z, ta c6 dieu kien du t6i uu sau day
cho bai toan (VEPEC):

Hé qua 2.1. Gia stz € K; Fp(%) = 0; Fz(.) kha vi chdt tai T; g1, ..., gm,
hi,...,hy, G1,...,Gy, Hy,..., H, Lipschitz dia phuong tai T; ton tai p €

Q*\{0}, \eR™, N\, >0 (VicI(z)), icR, v cR", 1, >0 (Vk € AUB),
X€R", x; >0 (Vl € DUB) sao cho

p
0€ [DET)"p+ Y Ndgi(z Z
i€l(T) J=
— Z 0Gy(T) — Z XiOH(7) + ( )
ke AUB leDUB

Gid st C la tap loi, cic danh za g; (i € 1(x)) la O—tua loi tai T tren C,
Gr (ke AUB),H; (l€ DUB) la 0—tua lom tai z tren C, h; (j=1,...,p)
la O—tua tuyén tinh tai T trén C. Khi dé, T la nghiém hitu hiéu yéu cia
(VEPEC).

Ching minh. Bdi vi &nh xa [DsFz(T)]*p tuyén tinh, cho nén gia 16i tai T trén
C. Ap dung Dinh 1y 2.5, ta suy ra diéu phai ching minh. ]
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2.3.2 Vidu

Dinh 1y 2.5 dugc minh hoa bdi vi du sau day:

Vi du 2.2. Liy X = R? C = [-1,0] x [-1,0], @ = R%, 7 = (0,0). Cho
anh xa F : R? x R? = R? dugc xac dinh bdéi

F=(f1, f2),
Fi(ay) = { v+ nylg, (y1,92) € R_ x R,
—2y1 — 2%y, (y1,2) € Ry xR,
fala,y) = —In(1 + yo) + 23|yl
(z = (z1,79) € R y = (y1,92) € R?). Dat fiz(y) = fi(T,y) (i = 1,2). Khi
46 Fi(7) = (0,0), 0f1.5(7) = [~2,0] x {0}, Dfo.s(7) = {0} x {1}, Q" = 2.
g,G, H : R? — R dugc xac dinh nhu sau:

(y) — yl + y%? (y17 y2) E ]R_ X R?
07 (yly y?) € R-l— X Ra

Gy =1 1 v, (y1,92) € R xR,
07 (y17y2) € R+ X Rv

H@y:'%%—yi(mwﬂeR_xK
yi — vy, (Y1, 42) € Ry xR

Xét bai toan can bang vecto:

F(z,y) ¢ —intQ (Vy € K),
trong do
K={yeR:g(y) <0,G(y) 20, H(y) = 0, G(y)H(y) = 0}.
Khi d6, 7 = (0,0) € K. Véi A = (1,0), ta c6 d(A o Fi(7)) = [~2,0] x {0},
va A o F; 1a 0—gia 10i tai T trén C; g 1a O—twa 16i tai 7 tréen C; G va H 1a
J—tua 1om tai z trén C. Ta ¢6 dg(z) = [0,1] x {0}, 0G(z) = [—1,0] x {0},
OH(z) = [-1,0] x {0}, T(C,z) = R%, N(C,z) = R2. Diéu kien (2.16) diing

v6i A= (1,0, \=v=x=1:
(0,0) € [=2,0] x {0} +1.[0, 1] x {0} — 1.[=1,0] x {0} — 1.[—%,0] « {0} + R,

Nhu vay, cac gid thiét ctia Dinh 1y 2.5 théa man. Vi vay, 7 1a nghiém hitu

hiéu yéu cua bai toan treén.
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Chuong 3
Ap dung

3.1. Diéu kién tbi wu cho bai toan bat dang thitc bién phan vectd

va bai toan tbi uwu vecto qua phan trong tuwa tuong déi

Trong muc nay trinh bay céc diéu kién t6i wu cho bai toan bat déng thic
bién phan vecto va bai toan t6i uu vecto bang cach sit dung Dinh 1y tach ctia
Cammaroto — Bella [3], ching toi chiing minh diéu kién t6i vu cho nghiem
hitu hiéu ctia bai toan khong c¢6 rang budc dudi ngén ngit dudi vi phan Clarle.
Cac dieu kien du téi wu dude dan véi cac gid thiét ve tinh 0—gia 16i clia ham
muc tieu. Stt dung két qué ctia Jiménez — Novo [11] vé nén clia giao hai tap,
ching t6i ching minh diéu kién can cho nghiém hitu hiéu ctia bai toan c6
rang buoc ding thiic, bat dang thitc va rang budc tap qua cac dudi vi phan
Clarke va Dini. Cac dieu kién du cho nghiém hitu hiéu ciia bai toan d6 ducc
dan véi cac gia thiét vé tinh 0—gia 10i va dp—tua 16i. Cac két qua dé ducc
ap dung dé dan céac diéu kién t6i wu cho bai toan bat dang thiic vects va bai
toan t6i wu vecto. Cac két qua duge trinh bay dua vao cong trinh ctia D.V.
Luu — D.D. Hang ([16]) (SCIE) va cong trinh ctia Dinh Dieu Hang (2015).

3.1.1 Diéu kién t6i uwu cho bai toan can bang vectd cé rang budc

Gia st X = RP)Y = R", F' la anh xa tu R” x R? vao R"; g : R — R";
h: R? — R% @ 1a nén 16i déng nhon trong R™; C' la tap con déng khong rong
citaRP.Khid6g = (g1,.--,9m), h = (h1,...,h¢), trong d6 g1, ..., Gm, h1,..., Iy
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14 cac ham gia tri thuc xac dinh tréen RP. Dat I = {1,...,m}, L ={1,...,{},
K={yeC:g(y) <0Gel), hjly) =0(j€L)}
Xét bai toan can bang vecto (CVEP): Tim x € K sao cho
F(x,y) ¢ —Q\{0} (Vy € K). (3.1)
Cong thic (3.1) tuong duong véi:
F(z, K) N (=Q\{0}) = 0.

Diém 7 théa man (3.1) duge goi 1a nghiém hitu hiéu ctia bai toan (CVEP).
Dat

I(z) :={i € 1:g:(T) =0},
H:={xeR:g(x) <0 (Viel(x)),hj(r)=0(Vje L)},
D(H) :={v e R”: Dg;(z;v) <0 (Vi € I(T)),(Vh;(Z),v) =0 (Vj € L)}

D(H) dugc thiét 1ap tit cac dao ham cia g;(i € I(T)) va h;(j € L). Nhu vay
K=HnC.
Gia sit T 1a anh xa tit R? vao L(R?, R"). V6i

F(I,y) = (TI)(y o I’) (I,y S Rp)7

(CVEP) trd thanh bai toan bat dang thitc bién phan vecto, ky higu 1a (CVVI).
Gia su f la anh xa tu R? vao R". Véi song ham

Flz,y) = fly) = f(z) (z,y € RY),
(CVEP) trd thanh bai toan t6i uu vecto (CVOP):

min{ f(z): = € K}.

Diéu kién can cho nghiém hiu higu ciia (CVEP)

Két qua sau day ctia Jiménez — Novo [11] dudc st dung dé chting minh
Dinh 1y 3.1 dudi day.

Ménh dé 3.1. Gid su T € K,C 1oi; h lien tuc trong mot lan can cia T va
khd vi Fréchet tai T vdi dao ham Fréchet Vh(z) = (Vhi(T),...,Vhe(T)); Vi
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moi i € 1(T), g; la tua 107 trong mot lan can cia T va khd vi Dini tai T, hodc
khd vi Hadamard tai T, trong cd hai truong hop dao ham deu la ham 107 theo
bién phuong. Gid si dieu kién chinh quy sau ding:
(CQ6) 0€ Y pwidpgi(T) + Y 7 Vhi(®) + No(E), >0 (Vi € I(T))
1€l(T) jeJ
= pi =0 (Vi€ I(T)),7; =0 (j € L).
Khi do,
Thnc(T) = Tu(T) N Tc (),

Npune(T) = Nu(T) + Ne(T)
= coneco(Ucrz0pgi(T)) + lin{Vh;(T) : j € L} + Nc(T),

trong dé conecoA la nén sinh bdi bao l0i ctia A, lin ki hiéu bao tuyén tinh.

Cht ¥ rang néu trong bai toan khong c6 rang buoc bat ding thic, C = R?,
h thugc 16p C! trong mot 1an can ctia T va Vh((Z), ..., Vh(T) doc lap tuyén
tinh thi Diéu kién chinh quy (CQ6) dung. Tu Menh deé 3.1 ta nhan dudc

Ty (%) = kerVh(T).

Day chinh 14 Dinh 1y Ljusternik c6 dién.
Bay gio ta phat biéu diéu kien can cho nghiém hitu hiéu ctia (CVEP).
Dinh 1y 3.1. Gid s¢ T la nghiém hdu hiéu cia bai toin (CVEP); Fz(.)
Lipschitz dia phuong tai T, Fx(T) = 0, va tat cd gid thiét cia Meénh dé 3.1
théa man. Gid si qriFz(K) # 0, qriQ # 0 va clecone[qri(coFz(K)) + qriQ]
khong la khong gian con tuyén tinh cia RP. Khi dé, ton tai A € Q*\{0},
p; >0 (Viel(T)),7; €R (j € L) sao cho

0 € Xo 0y F%(T) + Z 1,0pgi(T) + Y 7, 9h;(T) + Ne(T)

el(T jeJ

Chiing minh. Theo ching minh Dinh 1y 3.3 [11], ta c6
Ty(x) ={ve R : Dgi(T;v) <0 (Vi e I(T)),(Vh;j(T),v) =0 (Vj e L)}

Béi vi v6i méi i € I(T), g; tua 101 trong mot lan can ctia T va kha vi Dini

hoac kha vi Hadamard tai Z, trong ca hai truong hop dao ham déu 16i theo
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phuong, ta suy ra T(H;Z) 16i. Vi vay, Tync(T) 16i, ton tai A € Q*\{0} sao
cho
0 € Ao OF(T) + Nunc (). (3.2)

Mt khac, theo Ménh dé 3.1, ta c6

Nyno(T) = coneco(U icl(z )3Dgl( T))+lin{Vh;(Z):j e L} + Nc(z). (3.3)
Tu (3.2) va (3.3) suy ra ton tai A € Q*\{0}, 7, > 0 (Vi€ I(z)) va7, € R (j €
L) sao cho

0€ o dsF5(T) + Z 1;0pgi(T)) + Z%Vh + No(7).

i€l(T) jeL

[l
Néu trong bai toan khong c6 rang buoc bat dang thic va C' = R?, ta nhan
duge hé qua sau day cta Dinh 1y 3.1.
Heé qua 3.1. Gid st cdc gid thiét cia Dinh ly 3.1 théa man, trong dé
khong c6 rang budc bat ding thic, C = RP va (CQ6) duoc thay bdi hé
Vh(T), ..., Vh(z) doc lap tuyén tinh. Khi do, ton tai X € Q\{0}, 7; € R
sao cho
0€XodFx(T) + Y 7;Vh;(T)
jeL
Chiing minh. Néu trong bai toan khong c6 rang budc bat déng thic, C' = R?
va he Vhi(T), ..., Vhy(T) doc lap tuyén tinh thi (CQ6) ding. Ap dung Dinh
Iy 3.1 ta nhan dufoc diéu phai ching minh. ]
Néu trong bai toan khong c6 rang buoc bat ding thic, ta co
D(H)={v e RP: Dg;(z;v) <0,Vi € I(T)}.
Khi doé ta c6 Hé qua sau
Hé qua 3.2. Gid su cdc gid thiét cia Dinh lyj 3.1 théa man trong dé khong
c6 rang buoc bat dang thic va (CQG6) dugc thay thé bdi
(CQ) DH)N(C —7) # 0.
Khi dé, ton tai X € Q*\{0},71; > 0 (i € I(T)) sao cho

0€XodsFe(T) + Y m0pgi(T) + Ne(z).
1€1(T)
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Chiing minh. Tt Nhan xét 3.4 [11] ta suy ra (CQ6) tuong duong véi (CQT).
Vi vay, ap dung Dinh 1y 3.1 ta suy ra diéu phai chiing minh. ]

Diéu kién di1 t6i uwu cho bai toan (CVEP)

Bay gio ta phat biéu mot diéu kién du cho nghiém hitu hiéu ctia (CVEP).
Dinh 1y 3.2. Gid sux € K; Fr: X — Y Lipschitz dia phuong tai =, h kha
vi Fréchet tai T. Khi do, ton tai A € Qf, 1; > 0 (i € I(T)), 7, € R (j € L)
sao cho

0€X0d,Fx(T)+ > Wopgi(T) +Y_7,h;(T) + Ne (). (3.4)
iel(T) jeL

Gid st C' 10i, dnh za Mo Fy la 0—gid 10i tai T trén C, cdc dnh za g; (i € 1(T))
Op—tua 107 tai T trén C, cdc dnh za hq, ..., h tua tuyén tinh tai T trén C.
Khi do, T la nghiém hiu hiéu cia bai toan (CVEP).

Chaing minh. Do (3.4) ton tai £ € 0;Fx(T), ¢; € Opg:(T) (1 € 1(T)), n € No(T)
sao cho

XNo&+ Y TG+ 7, Vhi(@) +n=0. (3.5)

i€l(T) jeL

Tt d6 suy ra véi bat ky x € C,

No&z—T)+ > W{Gx—T)+ Y 7, (Vhj(T),x—F)+((,z—F) = 0. (3.6)
iel(z) jeL
Véi z € K, taco g;(x) < 0= g(T) (Vi € I(T)). Do tinh dp—tuya loi clia g; tai
T, ta suy ra
(Giyo—T) <0 (VielI(T)). (3.7)
V6i z € K, ta ¢6 hj(x) = 0 = h;(Z). Do tinh tya tuyén tinh cta +h; tai
T (j € L), ta suy ra
(Vhi(@),2 —7) =0 (j € L)) (338)
Mat khéc, béi vi C' 101, ta suy ra Tk (T) = R (C — ). Do do,

(n,z —7) <0. (3.9)
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Thay thé (3.7)-(3.9) vao (3.6), ta nhan duge
Ao,z —7) 20 (Vo € K).
Do tinh 0—gia 16i clia X o Fy, ta c6
Ao Fy(z) = 0 (Vz € K). (3.10)

Ta chi ra rdng T 13 mot nghiem hitu hieu ciia (CVEP). That vay, néu diéu
nay khong dung thi ton tai x; € K sao cho
F(z,z1) € —Q \ {0}.
Béi vi A € @} cho nén
X o Fy(z) < 0.
Diéu nay mau thuan véi (3.10). O

Vi du 3.1. Cho F' 1 4nh xa tit R? x R? vao R? dude xéc dinh nhu sau:
1 1
F(a:,y): <| x2|2 +|y1 ‘7§|y3‘_|x2 ’,—$2+y2>,

(fL' - (331739271:3) € Rg) Yy = (y17y27y3) S R?)) Léy Q = R-i- X {O} X R+7 C =

0,1] x [0,1] x [0,1],7 = (0,0,0), v& g dugc xac dinh trén R3 nhu sau:
9. L 2
9(0) = (012), o)) = (s — o= ).

1

Khi d6, K = C,Q* = R_. xR xR_, Tx(T) = Ry x Ry x Ry, Ng(Z) =
R_oxR_xR_, va

1 _
Fat) = (1 1. Lom ow ) Fa) =o.

Ta co6 quFf(K) = (07 1) X (07 1) X (07 1) 7£ ®7 quQ - R-H— X {O} X R-l—-i— 7é wa
cleone|qri(coFy(K)) + qriQ] khong 1a mot khong gian con tuyén tinh ciia R3.

Ta co

aJFf(f) =

DO | =

<P <

OOQ
N | —

0 0
0 fl:—-1<a<]1, -
10
0

aDgl(f) = {(0707 )}7 Ipg2(T) = {(07 _170)}'
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Diém 7 = (0,0, 0) 14 mot nghiém hitu hiéu ctia bai todn can bang:

F(z,y) ¢ —Q \ {0} (Vy € K).
Khi d6 cac gia thiét ctia Dinh 1y 3.1 théa man va diéu kién can da phat bicu
trong Dinh ly 3.1 ding véi A = (1,1,1), fi; = 1, iy = 2.

3.1.2 Ap dung cho bai toan bit ding thic bién phan vecto va bai
toan t6i vwu vecto

Diéu kién t6i wu cho bai toan bat dang thitc bién phan vecto

Bay gio ta phat biéu mot diéu kién can cho nghiém hitu hiéu ciia bai toan
bat dang thitc bién phan vecto (CVVI).
Dinh 1y 3.3.

Gid suT la nghiém hiu hiéu ciia bai toan (CVVI) va cac gid thiét ciia Ménh
de 3.1 théa man. Gid st qriT(T)(K) # 0, griQ # 0 va cleonelgri(coT (T)(K)+
qriQ)] khong la khong gian con tuyén tinh ciia X. Khi do, ton tai A € Q*\{0},
p; >0 (Viel(T)),7;, € R (j€ L) sao cho

0cAoT(T %—Z:ul@pgZ +Z%Vh )+ N(C; 7).
1€l(T) jeJ

Ching minh.

B6i vi T(Z) 1a anh xa tuyén tinh lién tuc R? — R", cho nén T(Z) kha
vi chat va Lipschitz dia phuong. Khi d6, 0;F5(T) = {T'(Z)}. R6 rang la véi
Fo(y) =T(@)(y — 7), ta c6 F3(T) = 0.

Do qriT(z)(K) # 0, ta suy ra qriT(7)(K — %) # 0, tic 1a qriFz(K) # (.
Theo gia thiét, clecone|qri(coT (T)(K)) + qriQ] khong la khong gian con clia
R?| ta suy ra clcone[qri(co(T(Z)(K —T) + qriQ] khong 1a khong gian con ctia
R?. Diéu d6 c¢6 nghia la clcone|qri(coFz(K)) + qriQ] khong 1a khong gian con
ctia R?. Nhu vay, tAt cd cac gia thiét clia Dinh 1y 3.1 théa man. Ap dung
Dinh 1y 2.1, ta suy ra

0€X0d;Fe(T) + Y mOpgi(T) + Y _7;Vhi(T) + N(C;7)

i€l(T) jed

=XoT(T)+ Z ;0pgi(T +Z’ijh )+ N(C;7)
iel(T) jed
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Dinh 1y dugc chiing minh. ]

Mot diéu kien du cho nghiém httu hi¢u ctia bai toan (CVVI) dugc phat
biéu nhu sau:
Dinh 1y 3.4.
Gid su T € K; h khd vi Fréchet tai T; ton tai X € Qf, 1; = 0 (i € 1(T)),
7, €R (j € L) sao cho
0€XoT () + Z 1;0pgi(T +Z%Vh )+ N(C;7) (4.1)

el(T JEL

Gia st C 10, anh za A\oT(T) la O—gid 107 tai T trén C, cdc dnh va g; (i € I1(T))
la Op—tua loi tai T trén C, cdc dnh xa hq, ..., h tua tuyén tinh tai T trén C.
Khi do, T la nghiém hiu hiéu cia bai toan (CVVI).
Ching minh.

Véi Fr = T(T)(y — @), ta ¢c6 Fz(.) Lipschitz dia phuong tai T, béi vi T'(T)
kha vi chat. Dong thoi,

0;Fx(7) ={T(7)}.

Anh xa X o T(Z) 1a 9—gia 16i tai T trén C, bdi vi né tuyén tinh. Do dé, anh
xa Ao Fy 1a O—gid 15i tai 7 tren C. Theo gia thiét, ton tai A € QF, f; > 0
(Vi € I(T)),7; € R (j € L) sao cho (4.1) ding. Do do6 (3.4) ding. Nhu vay
tat c cac gia thiét clia théa man. Ap dung Dinh 1y 3.2 ta suy ra Z la nghiém
hitu hiéu cta bai toan (CVVI). O

Diéu kién t6i uwu cho bai toan tbi wu vecto

Trong muc nay ta sé trinh bay cac diéu kién can va du cho nghiém hitu
hi¢u ctia bai toan t6i uu vecto (CVOP),
Dinh 1y 3.5.

Gia st T la nghiém hiu hiéu cia bai toan (CVOP); f Lipschitz dia phuong
tai T, va gid thiét cia Ménh dé 3.1 théa man. Gid st qrif(K) # 0, qriQ # ()
va cleconelgri(cof (K)) + qriQ] khong la khong gian con tuyén tinh cia RP.
Khi dé, ton tai X € Q*\{0}, m; >0 (Vi € I(z)),7; €R (j € L) sao cho

0€ X0, f(T)+ Y MOpg:i(T) + Y 7;Vhi(@) + N(C;7).  (4.2)

iel(z) jed



36

Ching minh.
V6i Fr(z) = f(x) — f(T), ta ¢6 T la nghiém hitu hiéu ctia bai toan (CVEP)
va F(T) = 0. Hon nita,
01F#(T) = 0, /(). (4.3)
Néu grif(K) # 0, ta suy ra qrif(K) — f(T) # 0, ttc 1a qriFz(K) # (). Theo
gia thiét, clconelqri(cof(K)) + qriQ] khong 1a khong gian con ctia R? suy ra
clconelqri(co(f(K) — f(T)) + qriQ] khong 1a khong gian con ciia RP. Diéu
d6 ¢6 nghia la clconeqri(coF(K)) + griQ] khong 1a khong gian con ciia R?.
Nhu vay, tat cd cac gia thiét cia Dinh 1y 3.1 déu théa man. Ap dung Dinh ly
3.1 ta suy ra ton tai A € Q*\{0}, ; >0 (Vi € I(7)),7; € R (j € L) sao cho

0€NXod (T +Z,uﬁpgz )+ > 7;Vhi(@) + N(C;T)

€l(T jedJ

=Xody(f — f(ZT)(T) + Z 1;0pgi(T +Z%Vh )+ N(C;7T)

icl(@) jed
Tt (4.3) ta suy ra
0eXodyf(T)+ z:,uﬁpgZ —I—Z’ijh )+ N(C;7T)
icl(z jed
Dinh 1y dugc ching minh. [l
Mot diéu kién du cho nghiém hitu hi¢u ctia (CVOP) c¢6 thé phat biéu nhu

sau:
Dinh 1y 3.6.

Gid st T € K; f Lipschitz dia phuong tai T; h khd vi Fréchet tai ©. Khi
do, ton tai A € Qf, m; =0 (i € I(T)), 7; € R (j € L) sao cho

0€Nodyf(z)+ Z 7,0pgi(T) + > 7,;h;(T) + N(C; 7). (4.4)

i€l(T JEL

Gida st C 103, dnh za Mo f la O—gid 10i tai T trén C, cdc dnh za g; (i € I1(T))
O—tua 103 tai T trén C, cdac dnh xa hq, ...,y tua tuyén tinh tai T trén C. Khi
do, T la nghiem hiu hiéu cia bai toin (CVOP).

Chiing minh.
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Vé6i Fr(y) = f(y)—f(T) ta cé F(.) Lipschitz dia phuong tai 7, va 0, F5(T) =
07 f(T). Theo gia thiét, &nh X o f la 0—gia 16i tai T trén C, cho nén anh xa
Ao Fy(.) la 0—gia 16i tai T tren C. Theo gia thiét, ton tai A € Qj, 1; = 0
(Vi € I(7)),7; € R (j € L) sao cho (4.4) ding. Do do6 (3.4) ding. Nhu vay
tat ci cac gid thiét ctia Dinh 1y 3.2 théa man. Ap dung Dinh 1y 3.2 ta suy ra
Z la nghiém httu hiéu cia bai toan (CVOP). O

3.2. Diéu kién tbi vu cho bai toan bit dang thic bién phan vecto
(VVIEC)

Tu cac diéu kién can va di cho nghiém htu hi¢u yéu ctia (VEPEC) trong
cac phan truée, ta c6 thé dan cac diéu kién t6i wu cho bai toan bat dang thic
bién phan vecto (VVIEC) va bai toan t6i wu vecto (VOPEC). Trude hét ta
trinh bay diéu kién can Kuhn — Tucker cho nghiém hitu hiéu yéu ctia bai toan
bat dang thic bién phan (VVIEC). Gia st (By, B2) 1a mot phan hoach ciia
B, tic 1a B = By U By v By N By = .

Dinh 1y 3.7. Gid st T la nghiém hiu hiéu yéu cia bai todn (VVIEC);
Gy s Gms 1y By, Ga, ..o, Gy, Hy, ... H, Lipschitz dia phuong tai T; Dieu
kién chinh quy (VVIEC-CQI1) ding. Khi dé, ton tai p € Q*\ {0}, A € R™,

N >0 MMielz),peR, veR, >0 (Vk € By), x €ER", x;, >0
(VI € By), sao cho

0€T(x)p+ Z AiOgi(Z +Zﬂjah — > 30G(z)
€l(z ke AUB
- Z Yi0H(Z) + N(C, z). (3.11)
leDUB

Chitng minh. Dat F(z,y) = T(z)(y — ). Khi d6, F3z(Z) = 0. Béi vi anh xa
T(z)(.) tuyén tinh lien tuc, cho nén n6 kha vi chit tai Z. Vi vay, anh xa Fi(.)
kha vi chat tai T va

D.F;(z) =T(z). (3.12)
Ap dung Dinh 1y 2.4 cho bai toan (VVIEC), ta suy ra ton tai g € Q* \ {0},
AMNER™ >0 MicIz),ga € R, 0ER, ip >0 (Vk € By), Y € R,



38

x: > 0 (VI € By), sao cho

— Y mdGKE)— > x0H(Z)+ N(C,z).

ke AUB leDUB
Tt bao ham thitc nay va (3.12) ta suy ra (3.11). O

Diéu kién du cho nghiém httu hieéu yéu ciia bai toan bat dang thic bién
phan (VVIEC) c6 thé phat biéu nhu sau:

Dll’lh 15’ 3.8. Gia su T € K; g1, ..., 9m, hl,...,hp, Gl,...,Gr, H, ... H,
Lipschitz dia phuong tai T; ton tai p € Q*\ {0}, A € R™, \; > 0 (Vi € I(7)),
peER veR v, >0 Veke AUB), x€R", x;, >0 (Yl € DUB) sao cho

0eT(z ,OJrZ:/\ﬁgZ +Zu]3h

icl(z
— > mIGHE) - Y xiOH(Z)+ N(C, 7).
ke AUB leDUB
Gid st C la tap loi, cic dnh za g; (i € I(z)) la O—tua loi tai T trén C,
Gy (k€ AUB),H(l € DUB) la 0—tua lom tai T tren C, hj (j=1,...,p)
la O—tua tuyén tinh tai T trén C. Khi dé, T la nghiém hitu hiéu yéu cia
(VVIEC).

Chatng minh. Dinh 1y 3.8 1a hé qua tric tiép cia He qua 2.1. ]

3.3. Diéu kién téi wu cho bai toan téi vu vects (VOPEC)

Sau day, ching toi trinh bay diéu kién can Kuhn — Tucker cho nghiém hitu
higu yéu ctia bai toan t6i uu vecto (VOPEC).

Dinh 1y 3.9. Gid st T la nghiém hiu hiéu yéu cia bai toan (VOPEC); ham
f la ham kha vi lién tuc Fréchet tai & vdi dao ham Fréchet V f(x); cic ham
Gy ey Gms 1y oo hy, Gh, .o, Gy, Hy,y ..o H, Lipschitz dia phuong tai T; Dieu
kién chinh quy (VOPEC-CQ1) ding. Khi dé, ton tai p € Q*\ {0}, A € R™,
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N >0 (MicI@),acR,veR, >0 VkeEB), xR, x>0
(VI € By), sao cho

i€l(z) J=1
— > mIGHE) - Y xi0H(Z)+ N(C, 7). (3.13)
ke AUB leDUB

Chiing minh. V6i F(x,y) = f(y) — f(x), ta ¢ Fx(T) = 0 va f kha vi chat tai
T, trong do

D.f(@) =V f(T). (3.14)
Ap dung Dinh 1y 2.5 cho bai toan (VOPEC), ta suy ra ton tai 5 € Q*\ {0},
AER™ N >0(NielI@),acR,veR, >0 (Vk € By), Y € R,
x: > 0 (VI € By), sao cho

0 € [DF(@)]'p+ > Nidgi(z )+Zﬂj0hj(9?“)

i€l(T)
— > mIGH(E)— Y xOH(z)+ N(C, 7).
ke AUB leDuB

T bao ham thiic nay va (3.14), ta suy ra diéu phai chiing minh. O

Sau day, ching to6i trinh bay mot diéu kién du cho nghiém hitu hiéu yéu
cia bai toan t6i wu vecto (VOPEC).

Dinh 1y 3.10. Giada si x € K; f la ham kha vi lién tuc Fréchet tai &; cdc
ham g1,...,9m, h,....hy, G1,...,G,, Hy,..., H, Lipschitz dia phuong ta

z;ton tai p € Q*\ {0}, A € R™, \; >0 (Vi € I(z)), i € R?, v € R",
v, >0 (Vke AUB), x€R", x; >0 (Vl € DU B) sao cho

p
0epVf(z +ngz T)+ Y [;0h;(z)

i€l(z

— > mdGKE) - > x0H(Z)+ N(C,z).

ke AuB leDUB
Gid st C la tdp 101, cic ham g; (1 € I(Z)) la O—tva 101 tai T trén C, cdac ham
Gr(ke AUuB), H(l e DUB) la 0—tua lom tai T trén C, hj (j =1,...,p)
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la O—twa tuyén tinh tai T trén C. Khi dé, T la nghiém hitu hiéu yéu cta bai
toan (VOPEC).

Chiing minh. Dinh 1y 1& hé qua truc tiép ctia He qua 2.1. ]

3.4. Diéu kién téi vu cho nghiém héu hiéu Henig va siéu hitu
hiéu ctia bai toan can bang vectd cé rang budc
Bai toan can bang vecto ¢6 rang budc (CVEP) duge dinh nghia nhu sau:

Cho song ham F : A X A — Y thoa man diéu kién can bang F(xg,zg) = 0

v6i moi xg € A, va cac ham muc tiéu
g A—Z h:A—>W
Tap chap nhan dugce ciia bai toan (CVEP) duge ky hi¢u bdi
S={reA:g(x) e —K, h(z) = 0}.
V6i moi T € X ta ky hiéu

Fx(8) = F(z,9) = | JF(z,2).
zesS

Dinh nghia 3.1. Mot vecto ¥ € S dudce goi la nghiém siéu hitu hiéu cta bai
toan (CVEP) néu v6i méi lan can V' ctia 0, ton tai mot lan can U ctia 0 thoa
man

cone(F(z,9)N (U —-C) CV.
Dinh nghia 3.2. Mot vecto £ € S duge goi la nghiém hitu hiéu Henig ctia
bai toan (CVEP) néu ton tai mot lan can 16i can d6i U ciia 0, U C Vp thoa
man

cone(F(Z,S)) N (—int cone(U + B)) = 0.
Mbi quan hé gitta nghiém siéu hitu hiéu va nghiém httu hiéu Henig:

Meénh dé 3.2. Cho B la mét co 56 ciia non C. Ta c6

(i) NeuT € S la nghiém siéu hitu hiéu cia bai toan (CVEP) thi né cing la
nghiém hiu hiéu Henig.
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(ii) Néu B déng va bi chan, thi mot nghiém hiu hiéu Henig cia bai todn
(CVEP) ciing la nghiém siéu hitu hiéu ctia bai todn dé. Ngoai ra, ding
thitc sau ding intC* = C*(B).

Chi y 3.1. Chung toi chi nghién cttu diéu kién can va du téi uu cho nghiém
hitu hiéu Henig bai toan (CVEP) véi rang budc tap va nén (xem h = 0). D6i
v6i diéu kién can va du tdi wu cho nghiém siéu hitu hiéu ching t6i xem nhu
hé qua triuc tiép.

Dinh 1y 3.11. Gia suz € S, Fx(.) = F(T,.) : A=Y la ham C—1oi trén A,
g la ham K—loi trén A va ton tai Ty € S sao cho Dg(T)(z; — T) € —intK.
Gid sit them rang nén C ¢6 co sé B, K la nén loi déng va nhon trong Y va
cac dnh za Fy(.) va g la khd vi theo hudng tai diem T. Khi do, vecto T la mot
nghiém hitu hiéu Henig cia bai toan (CVEP) khi va chi khi ton tai cdc phiém
ham tuyén tinh lien tuc y* € C*(B) va z* € K* théa man

Z*(9(7)) = 0,
minge 4 |ys DF=(T) + z{)kDg(E)} (x —7) = 0.

Chiing minh. Diéu kién can. Gid st vecto T € S 13 mot nghiém hitu hieu
Henig ctia bai toan (CVEP). Khi d6, ton tai mot lan can 16i can déi U cla
goc O trong Y v6i U C Vg théa man
cone(Fx(S)) N (—int cone(U + B)) = (.
Diéu nay tuong duong véi
Fz(S) N (—int cone(U + B)) = 0.
Dit D = clcone(U + B). Khi d6 D 14 mot nén 16i dong va nhon trong Y thoa

man C' C D do
C'\ {0} Cintcone(U + B) C D

F(S) N (—intD) = 0, (*)

bdi vi int cone(U+ B) = int cl cone(U+ B). Tt Ménh deé ??, suy ra D F(T)(z—
7) 1a C— 16i trén A nén n6 ciing 1a D-16i trén A, va ¢(z) + Dg(T)(z — T) 1a
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K— 10i trén A. Ta thay rang hé phu thudc sau

DFy(7)(x — ) € —intD,
9(%) + Dg(@)(z — T) € —intK

khong c6 nghiem trong A. That vay, ta giad st ngugc lai ton tai £ € A thoa

man hé
DFy(z)(z —7) € —intD,
(7)(& — ) ()
9(%) + Dg(z)(2 — T) € —intK.
Hién nhién he (H1) tuong duong voi
lim, g ZEHED)-FE) ¢ e, )
(@) + limy_yqr LT it g,

Vi intD va intK 1 cac tap md nén ton tai ty € (0,1) thda man

Ff(fﬂo(:?:t—f))—Ff(f) c —intD
; ’ (H3)

g(f) + 9(54—150(56;05))—9@) e —intK.

Heé (H3) trén kéo theo
9T+ ty(z—7T)) € —intK. (3.15)
B6i vi A 1a mot tap con 16i va T, 2 € A, to € (0,1), nén tu (3.15) suy ra
T+t(z—7) €S (3.16)
Mt khac, F(T) = 0, tpintC = intC, ta nhan duge
Fz(T + to(z — 7)) € —intD. (3.17)
Két hop diéu kién (3.16)-(3.17), ta nhan duge sy mau thuan véi (*). Didu nay
dan dén két qua sau ding:
DF(A —7) x (9(7) + Dg(z)(A —T))N
(—intD) x (—intK) = 0.

Do do,
(DF:(A—7)+ D) x (9(T) + Dg(Z)(A —T) + K)N
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(—intD) x (—intK) = 0.
Ap dung dinh 1i tach cac tap 161, ton tai (y*, 2*) € Y* x Z*\ {(0,0)} sao cho
moide D.ke K,z e A:
(", —d) + (=", =k) < (y", DFs(z — 7)) +
(z%,9(7) + Dg(T)(x —T) + k).

Dé dang thiy ring y* € C2(B), z* € K* vé6i (2*, g(T)) = 0 va

(", DF5(7)(z — 7)) + (", Dg(T)(z — 7)) 2 0

Vo e A

Mot diéu kién can va du tdi uu cho nghiém siéu httu hiéu ctia (CVEP) ¢6
thé duge phat bicu nhu sau.
Dinh 1y 3.12. Gid siT € S, F(.) = F(z,.): A=Y la ham C—1oi trén A,
g la ham K—1oi trén A va ton tai x1 € S sao cho Dg(T)(x1 — T) € —intK.
Gid st thém rang nén C cé co sd déng va by chian B, K la nén 101 déng va
nhon trong Y wva cac dnh za Fz(.) va g la khd vi theo hudng tai diem T. Khi
do, vecto T la mot nghiém siéu hiu hiéu cia bai todn (CVEP) khi va chi khi

ton tai cdc phiém ham tuyén tinh lien tuc y* € intC* va z* € K* théa mdn
Z(9(z)) =0,

minge 4 |ye DFs(T) + z;;Dg(f)} (z —7) =0.

Chiing minh. Ap dung Meénh dé 3.2 va Dinh 1y 3.11 ta thu dugc két qua can
chiing minh. [
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KET LUAN

Dé tai da trinh bay mot s6 van dé sau day:
1. Cac dieu kieén can Fritz John cho nghiém hitu hiéu yéu clia bai toan can
bang vecto khong tron ¢6 rang budc can bang (VEPEC) duéi ngon ngit dudi
vi phan Clarke;
2. Cac diéu kién can Kuhn-Tucker cho nghiém httu hiéu yéu ctia bai toan
(VEPEC) dué6i ngon ngit dudi vi phan Clarke véi cac diéu kién chinh quy
thich hogp;
3. Céc diéu kien du cho nghi¢m hitu hiéu yéu ciia bai toan (VEPEC) véi cac
gia thiét vé tinh 16i suy rong;
4. Ap dung cho cac bai toan bat ding thiic bién phan vec to va bai toan t6i
uu vectao.

Diéu kién can va di cho cac loai nghiém hitu hiéu ciia bai toan can bang
vecto khong tron 1a dé tai c6 tinh thoi sy, da va dang dugce nhiéu tac gid quan

tam nghién ctiu.
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